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Abstract and keywords

On the Computations of Homological Holes
where topology, geometry and combinatorics meet

Homology is a branch of algebraic topology that intuitively captures information
about the holes of an object. This thesis is dedicated to the study of homology compu-
tations from both combinatorial and geometric perspectives. Our work is centered on
homological discrete vector fields (HDVFs), a combinatorial structure that computes
homological information and encompasses several approaches, including discrete
Morse theory, standard persistent homology, and tri-partitions.

We first investigate the combinatorial properties of HDVFs. In particular, we charac-
terize the homology and cohomology bases computed by HDVFs and related methods.
We then adopt a global perspective, refining the connection between filtrations, persis-
tent homology, and HDVFs, and proving that the graph of perfect HDVFs is connected.

We further explore the interaction between homology and combinatorics by devel-
oping a constructive version of Alexander duality. To study the resulting constructions,
we introduce homology configurations, which classify HDVFs and provide a higher-
level point of view on homology computations. In particular, we show that homology
configurations define a topological invariant for objects of dimension at most 3.

Finally, we shift our focus to the geometry of homological holes. We introduce the
thickness and breadth of a homological hole, which quantify complementary aspects
of its geometry. We propose theoretical methods for computing these measures,
implement practical discretizations, and present results on three-dimensional objects.

Overall, this thesis demonstrates that HDVFs provide a relevant framework for
studying the combinatorics of homology computations. More generally, it investi-
gates homology computations from different global perspectives and introduces new
representations of homological holes.

Keywords: computational homology, combinatorial topology, algebraic topology,
persistent homology, discrete geometry, geometric modeling.



Résume et mots clés

Sur les Calculs des Trous Homologiques
lorsque topologie, géométrie et combinatoire se rencontrent

L’homologie est une branche de la topologie algébrique qui permet de capturer intu-
itivement les informations liés aux trous d'un objet. Cette thése est dédiée al’étude des
calculs d’homologie sous un angle a la fois combinatoire et géométrique. Nos travaux
sont centrés sur les champs de vecteurs discrets homologiques (HDVF), une structure
combinatoire qui calcule des informations homologique et englobe plusieurs ap-
proches, notamment la théorie de Morse discrete, ’homologie persistante standard et
les tri-partitions.

Nous étudions d’abord les propriétés combinatoires des HDVFs. En particulier,
nous caractérisons les bases d’homologie et de cohomologie calculées par les HDVFs
et les méthodes associées. Nous adoptons ensuite un point de vue globale, en affinant
le lien entre filtrations, homologie persistante et HDVFs, et en démontrant que le
graphe des HDVFs parfaits est connexe.

Nous explorons ensuite plus profondément l'interaction entre homologie et com-
binatoire, en développant une version constructive de la dualité d’Alexander. Pour
étudier les constructions qui en résultent, nous introduisons les configurations d’homo-
logie, qui classifient les HDVFs et offrent un point de vue de plus haut niveau sur les cal-
culs d’homologie. En particulier, nous montrons que les configurations d’homologie
définissent un invariant topologique pour les objets de dimension au plus égale a 3.

Enfin, nous déplacons I'attention sur la géométrie des trous homologiques. Nous
introduisons I'épaisseur et la largeur d’'un trou homologique, qui quantifient des
aspects complémentaires de sa géométrie. Nous proposons des méthodes théoriques
pour calculer ces mesures, implémentons des discrétisations pratiques et présentons
des résultats sur des objets tridimensionnels.

Dans I'ensemble, cette these démontre que les HDVFs constituent un cadre per-
tinent pour I’étude de la combinatoire des calculs d’homologie. Plus généralement,
elle explore les calculs d’homologie sous différents angles et introduit de nouvelles
représentations des trous homologiques.

Mots clés: homologie computationelle, topologie combinatoire, topologie algébrique,
homologie persistante, géométrie discréte, modélisation géométrique.
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Introduction (Francais)

La topologie étudie les propriétés des formes, considérées comme des espaces, qui
sont préservées par déformations continues. Parmi elles figurent la connexité, '’adjacence,
les lacets et les trous. L'un des objectifs centraux de la topologie est de déterminer si
deux espaces sont équivalents a déformation continue prés. Deux tels espaces sont
dits homéomorphes.

Pour répondre a cette question, les mathématiciens ont introduit des invariants
topologiques. Ce sont des objets mathématiques définis sur les espaces, qui demeurent
équivalents sur des espaces homéomorphes. Parmi ces invariants, I’ homologie, per-
sonnage principal de ce manuscrit, capture intuitivement I'information liée aux trous
d’un espace. Une intuition fondamentale est que deux espaces possédant un nombre
de trous différents ne sont pas homéomorphes.

Linteraction entre combinatoire et topologie apparait lorsqu'un espace est dis-
crétisé, c’est-a-dire décomposé en cellules élémentaires. Etudier la topologie a travers
des discrétisations amene des idées fructueuses. Un exemple classique est la carac-
téristique d’'Euler, qui capture de I'information topologique en comptant simplement
les cellules d'une discrétisation.

D’un point de vue historique, la topologie algébrique était désigné sous le nom de
topologie combinatoire durant la premiere moitié du 20éme siécle. Ce nom reflétait
I’approche courante consistant a étudier les variétés a travers leurs triangulations.
Plus tard, au milieu du siecle, la discipline s’est orientée vers 'algebre, suivant le
développement de nouveaux outils algébriques tels que la théorie des catégories. Plus
récemment, les interactions entre combinatoire et topologie ont donné naissance a
I’homologie computationnelle, qui produit aujourd’hui de nombreuses applications
en analyse topologique des données.

Cette thése explore I’homologie et ses calculs, principalement d'un point de vue
combinatoire, mais également géométrique. Plus largement, elle étudie différentes
interactions entre topologie, combinatoire et géométrie.

Une part importante de cette thése est consacrée a I'interaction entre combinatoire
et homologie, a travers le prisme des champs de vecteurs discrets homologiques (HDVEF).
Les HDVFs sont des objets hybrides a I'interface entre combinatoire et algebre, qui
encodent de I'information homologique. Ils sont apparus comme une généralisation
de la théorie de Morse discrete, enrichie d’idées issues de '’homologie effective. Tout
au long de cette these, les HDVFs sont a la fois considérés comme objets d’étude et
comme outils théoriques pour I'analyse des calculs d’homologie. Nous résumons
brievement le contenu des chapitres, voir la Figure 1 pour une illustration.
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Introduction (Frangais)

Chapitre 1. Contexte et Notions Préliminaires

Le Chapitre 1 introduit les notions préliminaires et le contexte scientifique de cette
these. Nous commencons par un exemple introductif. Nous introduisons les prin-
cipales discrétisations des espaces topologiques, la théorie de '’homologie et les
complexes de chaines associés. Nous présentons ensuite différentes approches de
calcul homologique, ainsi que '’homologie persistante. Nous concluons par une
introduction aux HDVFs.

Chapitre 2. Propriétés Combinatoires des HDVFs

Le Chapitre 2 (premieére contribution) étudie les propriétés des HDVFs sous un angle
«local ». Nous montrons tout d’abord I’équivalence entre les tri-partitions, introduites
par H. EDELSBRUNNER and OLSBOCK 2020, et les HDVFs parfaits. Cette équivalence
apporte une meilleure compréhension de ces deux concepts en tant que structures
combinatoires.

Dans un second temps, nous caractérisons les bases d’homologie et de cohomologie
calculées par les HDVFs. Précisément, nous introduisons les bases de (co)homologie
explicites, combinant a la fois combinatoire et algébre et généralisant les bases stricte-
ment fondamentales en théorie des graphes. Nous montrons qu’elles correspondent
exactement aux bases d’homologie calculées par les HDVFs. Cette caractérisation se
transfere naturellement aux méthodes similaires.

Enfin, nous établissons une condition nécessaire et suffisante pour qu’'une paire de
bases explicites d’homologie et de cohomologie soit induite par un unique HDVE

Chapitre 3. LEspace des HDVFs et des Calculs Homologiques

Le Chapitre 3 (deuxieme contribution) adopte une perspective plus « globale » sur
les HDVFs et les calculs d’homologie. Nous commencons par approfondir la relation
entre homologie persistante et HDVE en montrant qu’une filtration induit un unique
HDVE et que tout HDVF est induit par au moins une filtration.

Nous étudions ensuite 'espace des HDVFs. Lensemble des HDVFs peut étre muni
d’une structure de graphe dont les arétes correspondent a des opérations élémentaires
d’échange. A 'aide d’'une preuve constructive, nous montrons que le graphe des
HDVFs parfaits est connexe. De plus, nous proposons un algorithme permettant de
parcourir ce graphe afin d’adapter un HDVF donné a une base explicite donnée.

Chapitre 4. Au-dela de I'Information Homologique Standard
Le Chapitre 4 (troisieme contribution) explore des interactions plus profondes entre
combinatoire et topologie algébrique. Nous utilisons le cadre combinatoire des HDVFs
pour retrouver des résultats classiques de topologie algébrique. En particulier, nous
proposons une version constructive et combinatoire de la dualité d’Alexander.

Cette approche motive I'introduction des configurations d’homologie, qui visent
a classifier les HDVFs et fournissent une compréhension plus globale des calculs
d’homologie. Nous démontrons qu’elles définissent un invariant combinatoire. En
particulier, 'ensemble des configurations d’homologie de dimension maximale con-
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stitue un invariant topologique pour les espaces de dimension au plus 3. Nous discu-
tons également des aspects computationnels ainsi que des perspectives associées.
Nous concluons ce chapitre en reliant les deux travaux précédents. Nous montrons
comment les configurations d’homologie aident a characteriser les isomorphismes
d’homologie constructibles par HDVFs, en particulier ceux liés a la dualité d’Alexander.

Chapitre 5. Mesures Géométriques pour les Trous Homologiques
Le Chapitre 5 (quatrieme contribution) déplace I'attention de 'homologie combina-
toire vers I'interaction entre géométrie et topologie.

Contrairement a la topologie, qui étudie les propriétés a déformation continue pres,
la géométrie étudie les formes avec des notions de distance et de mesure, notamment a
travers des questions de taille, de proximité, de courbure et de volume. Ainsi, topologie
et géométrie étudient les mémes objets, mais selon des points de vue différents.

Lintégration de géométrie dans I'’homologie conduit a des questions telles que
la localisation, la taille ou encore la position des trous. Ces questions se situent
a l'intersection de la géométrie, de la topologie et de notre intuition humaine des
trous. Elles motivent le travail de ce chapitre, ol1 nous introduisons des mesures
géométriques associées aux trous homologiques. Précisément, nous utilisons ’homologie
persistante pour associer a chaque trou la plus grande boule qu’il contient, ainsi que
la plus petite boule nécessaire pour I'ouvrir. Nous proposons des méthodes de calcul
effectives ainsi que des résultats expérimentaux. Le chapitre se conclut par des per-
spectives autour de la définition et du calcul de la « forme » des trous homologiques.
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Figure 1 - Illustrations des chapitres et contributions de ce manuscrit.
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Contribution Additionnelle. Stabilité et Extension de la Persistence Steady
et Ranging

Cette derniere contribution n'est pas développée dans ce manuscrit, bien qu'elle ait été
réalisée durant la période de doctorat. Elle a pour point de départ un séjour de recherche
a I'Université de Bologna (Italie), au printemps 2023, effectué en collaboration avec
Massimo FERRI et Patrizio FROSINI. Un bref résumé est présenté ici, pour plus de détails,
nous renvoyons a GAZULL 2025.

Au cours des dernieres décennies, ’homologie persistante a été largement général-
isée, étendant son champ d’application au-dela du domaine de la topologie. Parmi
ses extensions, les persistances steady et ranging ont été développées afin d’étudier
une grande variété de propriétés des graphes. Plus précisément, étant donnée une
propriété d’intérét sur les graphes, il est possible de construire deux types de persis-
tance (la persistance steady et la persistance ranging) qui décrivent I’évolution de cette
caractéristique le long de filtrations de graphes. Dans GAZULL 2025, nous étendons
les persistances steady et ranging a d’autres objets a I’aide de la théorie des catégories
et étudions la stabilité de telles persistances. En particulier, une caractérisation des
propriétés qui induisent des persistances steady et ranging équilibrées est proposée.
Les principaux résultats de ce travail sont illustrés a I’aide d’'une implémentation dans
le cas des hypergraphes.
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Topology studies properties of shapes, considered as spaces, that are preserved under
continuous deformations. These properties include connectivity, adjacency, loops,
and holes. A central goal of topology is to determine whether two spaces are equivalent
up to continuous deformation. Two such spaces are said to be homeomorphic.

To address this question, mathematicians have introduced topological invariants.
They are mathematical objects, defined on spaces, that remain equivalent on homeo-
morphic spaces. The study of such algebraic invariants is the main subject of algebraic
topology. Among them, homology, the main character of this manuscript, intuitively
captures information about the holes of a space. A strong intuition is that spaces with
different types or numbers of holes are not homeomorphic.

The interaction between combinatorics and topology arises when a space is de-
composed into elementary pieces. Such a decomposition is called a discretization.
Studying topology through discretizations has led to many fruitful ideas. A classical
example is the Euler characteristic, which captures topological information by simply
counting the cells of a discretization.

From a historical point of view, algebraic topology was primarily named combina-
torial topology during the first half of the 20th century. Many results were conceived
in the setting of triangulated piecewise-linear manifolds. This name reflected the
approach of understanding spaces through their discretizations. Later, in the mid-
century, the field shifted towards algebra, following the development of new algebraic
tools, such as category theory. More recently, interactions between combinatorics and
topology have led to the field of computational topology, in particular computational
homology, which now finds many applications in topological data analysis.

This thesis explores homology and its computations, mainly from a combinatorial
point of view, but also from a geometric one. More generally, it investigates several
interactions between topology, combinatorics, and geometry.

A significant part of this thesis focuses on the interaction between combinatorics
and homology, under the lens of Homological Discrete Vector Fields (HDVFs). HDVFs
are hybrid objects, in between combinatorics and algebra, that encode homological
information. They emerged as a generalization of discrete Morse theory, with ideas
from effective homology. Throughout this thesis, HDVFs are both considered as
objects of study and as theoretical tools for investigating homology computations. We
now briefly present the chapters. See Figure 1 for an illustration of each of them.

Chapter 1. Common Background
Chapter 1 introduces the background material and the scientific context of this
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manuscript. We begin with an introductory example. We then present standard dis-
cretizations of topological spaces, and introduce the theory of homology. In particular,
we present chain complex constructions derived from spaces and their discretizations.
Next, we review computational homology approaches, as well as persistent homology.
We conclude this chapter with an introduction to HDVFs.

Chapter 2. Combinatorial Properties of HDVFs
Chapter 2 (first contribution) studies the properties of HDVFs from a “close” point of
view. First, we present tri-partitions, introduced by H. EDELSBRUNNER and OLSBOCK
2020, which are combinatorial objects that capture homological information. We
prove that tri-partitions and perfect HDVFs represent the same concept, but respec-
tively adopt a horizontal and a vertical point of view. This equivalence provides new
insights and improves the understanding of HDVFs as a combinatorial structure.
Second, we characterize the homology and cohomology bases computed by HDVFs.
Precisely, we introduce explicit (co)homology bases, which generalize the strictly
fundamental bases from graph theory. These bases combine both combinatorics and
algebra, and we show that they are precisely the homology bases computed by HDVFs.
This characterization naturally transfers to related computational homology methods.
Finally, we establish a necessary and sufficient condition for a pair of explicit ho-
mology and cohomology bases to be induced by a single HDVE

Chapter 3. The Space of HDVFs and Homology Computations

Chapter 3 (second contribution) adopts a more “global” perspective on HDVFs and
homology computations. We begin by developing a deeper understanding of the
relationship between persistent homology and HDVFs. We show that every filtration
induces a unique HDVF encoding its persistent homology information. Conversely,
every HDVF is induced by at least one filtration.

We then study the space of HDVFs itself. The set of HDVFs can be equipped with a
graph structure, whose edges correspond to elementary swapping operations. Using a
constructive proof, we show that the graph of perfect HDVFs is connected. In addition,
we provide an algorithm that navigates this graph to adapt a given HDVF to a given
explicit basis.

Chapter 4. Beyond Standard Homology Information

Chapter 4 (third contribution) explores deeper interactions between combinatorics
and algebraic topology. We first recover classical algebraic-topological results with
the combinatorial framework of HDVFs. In particular, we derive a constructive and
combinatorial version of Alexander duality.

This approach motivates the introduction of homology configurations. Homology
configurations aim to classify homology computations, to provide a broader under-
standing of the possible computations given a discretized space. We prove that they
define a combinatorial invariant. In particular, this implies that the set of homol-
ogy configurations of maximal dimension is a topological invariant for spaces of
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dimension at most 3. We also discuss computational aspects and related prospects.
We conclude this chapter by connecting the two previous works. We show how

homology configurations help to describe the homology isomorphisms that can be

constructed using HDVFs, in particular the Alexander duality isomorphisms.

Chapter 5. Geometric Measures for Homological Holes
Chapter 5 (fourth contribution) shifts the focus from combinatorial homology to the
interaction between geometry and topology.

Unlike topology, which studies properties up to continuous deformations, geometry
studies shapes through notions of distance and measurement. It considers questions
related to size, proximity, curvature and volume. Hence, topology and geometry often
study the same objects, but they do so with different points of view.

Incorporating geometric information into homology naturally leads to questions
such as the location, size and relative position of holes. These questions confront
geometry, topology, and our human intuition about holes. This motivates the work
presented in this chapter, in which we introduce geometric measures associated with
homological holes. Precisely, for each homological hole, we use persistent homology
to define the largest ball contained in it, and the smallest ball necessary to open it. We
propose practical methods for computing these hole balls, and experimental results.

We conclude this chapter with ongoing works about defining and computing the
“shape” of homological holes.
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Additional Contribution. Stability and Extension of Steady and Ranging
Persistence

This last contribution is not developed in this manuscript even though it was conducted
during the PhD period. It started during a research stay in the university of Bologna
(Italy), in spring 2023, working with Massimo FERRI and Patrizio FROSINI. Here we
present a short summary, please refer to GAZULL 2025 for more details.

During the last decades, persistent homology has been widely generalized, extend-
ing its scope beyond the field of topology. Among its extensions, steady and ranging
persistences were developed to study a wide variety of graph properties. Precisely,
given a feature of interest on graphs, it is possible to build two types of persistence
(steady and ranging persistence) that follow the evolution of the feature along graph
filtrations. In GAZULL 2025, we extend steady and ranging persistence to other objects
using category theory and investigates the stability of such persistence. In particular,
a characterization of the features that induce balanced steady and ranging persis-
tence is provided. The main results of this study are illustrated using a practical
implementation of the theory for hypergraphs.
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1.1. An Introductory Example

In this work, we study shapes, which are formalized in mathematics as fopological
spaces. Shapes can be studied from different points of view. For instance, geometry
studies shapes through notions such as distance, curvature, area and volume. By con-
trast, topology studies properties that are preserved under continuous deformation
of the shape, such as connectivity, loops and holes. In this thesis, we mainly study
holes, which constitutes a topological property. Precisely, we investigate holes from
algebraic, combinatorial and geometric points of view.

A fundamental concept for studying holes in the “algebraic world” is homology.
Within the framework of homology, holes have an associated dimension. Depending
on the dimension, the holes correspond to different intuitive features. For instance,
0, 1, and 2-dimensional holes correspond to connected components, tunnels (or
handles), and cavities (voids), respectively (see Figure 1.2).

To obtain homological information from a topological space, we first translate the
space into an algebraic structure called chain complex. A chain complex consists
of a sequence of vector spaces (or modules) K, together with boundary operators
04 : K4 — K41, that satisfy the relation d, 004+ = 0. Every chain complex induces
a collection of algebraic objects called homology groups, which encode information
about the holes of the underlying space.

Figure 1.1 — A shape (left) and a discretization of it (right).

Connected component Handle, tunnel Cavity, void
0O-hole 1-hole 2-hole

Figure 1.2 — Illustration of the intuition behind homology.

There exist several ways of building a chain complex from a topological space. The
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most general construction is the singular chain complex. However, singular chain
complexes are usually infinite and therefore not suitable for computation.

A computable alternative is to construct a chain complex from a discretization of the
space. A discretization is a finite representation of a topological space, composed of
elementary building blocks, called cells. For example, Figure 1.1 shows a continuous
shape X together with a discretization of X using vertices, edges, and triangles. Such a
discretization is usually called a mesh in geometry, a simplicial complex in algebraic
topology, or more generally a triangulation.

c&dfs—\ b

not %o\e-s
Figure 1.3 — An illustration of chains, cycles, and boundaries. In the left image, a
is the sum of the red edges. The chain b, the sum of the two blue vertices, is the

boundary of a, that is, d(a) = b. Similarly, d = d(c). The right image shows chains
that are cycles (a and b) and chains that are not cycles (c and d).

In this setting, a chain in K is a formal sum of g-dimensional cells of the discretiza-
tion, which intuitively encode paths, see Figure 1.3 for an example. The boundary
operator 0 is defined to capture the notion of the boundary of a face. For instance, the
boundary of a triangle is the sum of its three edges.

A cycleis a chain x whose boundary 0(x) is equal to zero. Intuitively, 1-dimensional
cycles correspond to loops, whereas 2-dimensional cycles correspond to closed sur-
faces. Now, a boundary is a chain that can be written as the boundary of another chain,
see for instance the chain b in Figure 1.3.

<l
*hole® «~ 4 G-s\) Boun&arﬁ

Figure 1.4 — An illustration of holes and homology groups. The left image shows a
cycle thatis aboundary, and a cycle that surrounds a hole. The right image represents
the homology group of dimension 1. Each homology class is represented with a
cycle: The cycles a and b surround the left and right holes, respectively. The cycle d
surrounds both holes. The cycle ¢ does not surround any hole, as it is a boundary.
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Since the boundary operators satisfy d, 00,441 = 0, every boundary is necessarily a
cycle. Alternatively, the boundary of a boundary is zero. Cycles that are not boundaries
intuitively “surround” a hole (or several holes). Homology groups are obtained by
identifying cycles that differ by a boundary. Thus, homology groups intuitively classify
the different ways of “surrounding” holes, see Figure 1.4.

The remainder of this chapter develops these ideas more formally. Next section
introduces common discretizations of topological spaces, including simplicial com-
plexes and CW-complexes, which are gathered under the term geometric complex.
The following section presents the theory of homology. In particular, it explains how
topological spaces are translated into chain complexes, both from continuous and
discrete points of view.

The concepts of both these sections are illustrated in Figure 1.5. In particular,
it distinguishes the realm of topology from the realm of algebra, and displays the
common relations between them.

Chain complex

co K K— e dedo

Singular chain complex
Topological space iﬁ@
@ ‘ Combinatorial chain complex
K={w...nd

Geometric complex 6 ‘ A L- “

Geometric chain complex

|-|:R—->X

\ Cellular chain complex

CW-complex

h\@' - —
Simplicial complex

3% Qeing|

A\ 3
- 'ZI:l:DL —

\ Simplicial chain complex

bical 1
Cubical complex Cubical chain complex

\ o 34 R
¢ 1 IR R
as I ceee

Figure 1.5 — The topological and algebraic concepts introduced in the following sec-
tions. Section 1.2 introduces concepts on the left part, precisely geometric complexes,
which correspond to discretizations of topological spaces. Section 1.3 introduces
the right part, in particular how geometric complexes translate into their algebraic
counterparts, geometric chain complexes.

The chain complexes that are considered in the remaining chapters may vary: Chap-
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ter 2 and Chapter 3 are exclusively about combinatorial chain complexes. Chapter 4
mainly considers combinatorial chain complexes, but some results only apply to geo-
metric chain complexes or simplicial chain complexes. Chapter 5 considers singular
chain complexes and geometric chain complexes, as it is about both continuous and
discretized geometric objects.

1.2. Geometric Complexes: Discretizations of
Topological Spaces

In this part, we present several discrete constructions of topological spaces. We begin
with simplicial complexes, whose building blocks are simplices (points, edges, trian-
gles, tetrahedra, etc.). Then, we introduce the more general and more abstract notion
of a CW-complex. We conclude with a brief discussion about related constructions,
including cubical and polyhedral complexes. We gather all these constructions under

the term geometric complex, see Figure 1.6.
(a) (b) (d)

Figure 1.6 — A simplicial complex (a), a CW-complex (b), a cubical complex (c) and a
polyhedral complex (d). They all can be considered as geometric complexes. Note
that simplicial, cubical and polyhedral complexes prohibit multi-incidence, whereas
CW-complexes allow it.

S

(9]

1.2.1. Simplicial complexes

Let vy, ..., v4 be points in RY, for some fixed N, and denote by [vy, ..., v4] their convex
hull. If these points are in general position (i.e., the family {v; — vo}?:1 is linearly
independent), [vy,..., V4] is called a g-simplex. Intuitively, 0-simplices are points,
1-simplices are edges, 2-simplices are triangles, and 3-simplices are tetrahedra.

The faces of a simplex [vy,..., V4] are the simplices obtained from all subsets of
{vo,...,v4}. We denote by Alvy,...,v4] the set of all faces of [vy,...,v4]. For each
i €0,...,q9, we denote by [vy,..., D;,...,v4] the simplex obtained by removing the
vertex v;. Such a simplex is called a facet of [vy, ..., v4]. The set of facets of a g-simplex
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[vo,..., Vgl is the set:
5o, ..., vgl ={[vo,..., Di,..., Vgl | i=0,...,q}

Definition 1.2.1 (simplicial complex). A simplicial complex is a finite set of simplices
X satisfying the following conditions:

1. Every face of a simplex in X also belongs to X.

2. The intersection of any two simplices in X is either empty or a common face of
both simplices. Precisely, if 7,7’ € X satisfy TN 7’ # @, then T N7’ is a simplex that is
aface of both 7 and 7'.

X is naturally associated to the topological space given by the union of all its sim-
plices. See Figure 1.6 for an illustration of a simplicial complex.
A simplicial subcomplex of X is a subset X’ € X that is still a simplicial complex.

1.2.2. CW-complexes

We now introduce CW-complex'. Contrary to simplicial complexes, the cells of CW-
complexes are not required to be simplices, but can be arbitrary topological spaces that
are homeomorphic to disks. A CW-complex is defined inductively with respect to the
dimension. Precisely, we construct a sequence of topological spaces (X7) 4o, called
the g-skeletons, where each X7 has dimension g. See Figure 1.7 for an illustration of
the process.

1. We start with a finite set of points 6, = X°, whose elements are called 0-cells.

2. Given X4, we construct X7*! by attaching (g + 1)-cells to X7. Let €+ be a finite
set whose elements are called (g + 1)-cells. For each 7 € €1, we associate a set B;
homeomorphic to the open (g + 1)-dimensional ball BI+1,

The boundary of B; is defined as 0B; = B; \ B;, where B, denotes the closure of By,
and is homeomorphic to the g-sphere S7. Each cell 7 € 6, is attached to X7 via
a continuous map ¢ : 0B; — X9, called the gluing map.

The space X a+1 is then defined as the quotient of the disjoint union of X9 and
Lree 1 Br under the identification x ~ ¢;(x) for all x € 0B; and all T € € 4.

3. This process is iterated up to a fixed dimension n, yielding the space X = X".

As a set, X is the disjoint union of the open cells B; for all 7 € €, and all g (where B,
is simply a point when 7 € €6)).

CW-complexes form a large class of topological spaces that generalize many discrete
constructions. In particular, polyhedra and differentiable manifolds admit a CW-
complex structure.

A CW-subcomplex of X is a closed subset X’ € X that is a union of open cells B, for
7 in a subset of U, 6. The fact that X’ is closed ensures that whenever a cell belongs

For simplicity, we restrict our definitions to finite-dimensional CW-complexes with finitely many
cells.

26



1. Common Background - 1.3. Chain Complexes and Homology

X2=Xx

Figure 1.7 — [llustration of a CW-complex construction process.

to X', all cells to which it is attached also belong to X’. Thus, a CW-subcomplex X’
inherits the CW-complex structure from X.

1.2.3. Other geometric complex constructions

Other geometric complexes have been introduced in the literature.

A common example is cubical complexes, whose cells are cubes of various dimen-
sions in a regular grid. In digital topology, cubical cells are often encoded using
Khalimsky coordinates, which provide a useful representation. Another example is
provided by A-complexes, which generalize simplicial complexes by allowing more
flexible “gluing” options. A more general construction is given by polyhedral complexes,
which allow arbitrary polyhedra. Polyhedral complexes include for instance linear cell
complexes (DAMIAND 2026), whose combinatorics is encoded using a combinatorial
map or a generalized map.

In the next section, we present how topological spaces can be translated into al-
gebraic objects called chain complexes. In the specific case of geometric complexes,
these chain complexes are referred to as geometric chain complex. These algebraic
structures encode topological information and allows us to define and compute ho-
mology, which intuitively captures the holes of the topological space.

1.3. Chain Complexes and Homology

We now shift our focus from topological spaces to the algebraic structures used to
study them.

We start with the general notion of chain complex and homology groups. We then
introduce singular chain complexes, which provide the most general way of translating
a topological space into a chain complex. Although singular chain complexes are use-
ful theoretically, they are usually infinite and therefore not suitable for computations.
Hence, we introduce combinatorial chain complexes, which form a computationally
suited class of chain complexes, that also incorporate combinatorics via the notion of
cell. Finally, we introduce geometric chain complexes, which are combinatorial chain
complexes built from the geometric complexes introduced in Section 1.2. In particular
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this class includes simplicial chain complexes and cellular chain complexes.

After introducing all these chain complexes constructions, we discuss the intuition
underlying homology, and briefly introduce the related notions of cohomology and
homotopy.

Homology is defined with coefficients in a fixed ring #. The information captures
by homology depends on the choice of coefficients. On one hand, when Z is a field,
homology intuitively provides the number holes. On the other hand, when £ is not a
field, homology may contain additional information, known as torsion. In the absence
of torsion, we obtain the same information, regardless of the specific choice of ring.
In practice, homology is computed with coefficients in either the ring Z or the field
Z127.

In this section, we first present the general definition with coefficients in an arbitrary
ring Z. Later, we will restrict to homology with coefficients in a field, in particular
with Z = Z/pZ. For more details about homology and algebraic topology, please refer
to HATCHER 2002.

Notations. We fix aring . Given a Z-module A and a submodule B < A, we denote
by ip the inclusion map from B to A. Similarly, we denote by jp the projection map
from A to B. The identity map on A is denoted by id4 or simply id.

The compositions of two compatible maps ¢ and v is denoted ¢ o v, or simply ¢y.
Moreover, when no confusion arises, we sometimes write ¢t instead of ¢(7), for an
element 7.

Depending on the context, the symbol “0” can mean the zero element of a %-
module, a zero map (that sends every element to zero), or simply the trivial group

{0}.

1.3.1. General chain complexes

The definition of homology is purely algebraic and is formulated in terms of algebraic
objects called chain complexes.

Definition 1.3.1 (chain complex). A chain complex (K,0) is a sequence of Z-modules
(K4)q € Z together with maps 0, : K; — K41 such that 0,004+, =0 for all g.

The module Ky is called the g-chain group, and its elements are called g-chains. The
mabp d is called the g-boundary map. The elements of kerd, are called the g-cycles,
whereas the elements of imd,; are called the g-boundaries.

In many situations, K, = {0} for g <0 and g > n, for some integer n. In this case, a
chain complex is represented as

0 0 0g+1 04 0g-1 01 0

Ky K S Ky = Ky —

Often, we omit the dimension and consider the direct sum K = @Z:o K4, whose
elements are simply called chains. Similarly, the map 0 = ®Z:O 04: K — Kis called the
boundary operator.
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We often consider chain complexes that are obtained as a restriction of another
larger chain complexes. In this case, we call them chain subcomplexes.

Definition 1.3.2 (chain subcomplex). Let (K,0) be a chain complex. (K’,d’) is a chain
subcomplex of (K,0) if (K',0") is a chain complex, K, is a submodule of K, for all g,
and @7, is the restriction of 94 to Ky, i.e. 97, = k., ° 0goigy.

We now introduce chain morphisms, which are morphisms between such chain
complexes.

Definition 1.3.3 (chain morphism). A chain morphism (or chain map) ¢ : (K,0) —
(K',0") is a sequence of maps ¢, : Ky — K, for all g such that 07,0 ¢pg = Pg-1004.
Equivalently, the following diagram commutes:

0g+1 04
cese H Kq+]_ > Kq > Kq_l H coe

\L(Pqﬂal \L‘/’q 5 \Lﬁbq—l

q+1\

q
o Ky = Ky~ KL —— .

In particular, there is a canonical chain morphism from a subcomplex to its parent
complex, defined by the inclusion maps.

1.3.2. Homology groups

The condition 0, 00,41 = 0 implies that imd ;. S kerdy, that is, every g-boundary is
a g-cycle. We can therefore define an equivalence relation on g-cycles by declaring
two cycles equivalent if their difference is a boundary:

for x, x" e kerdy, x~x & x—x'€imdgn

The equivalence classes of this relation define the homology groups.

Definition 1.3.4 (homology group). The g-homology group of a chain complex (K, 0),
denoted H,;(K; %), is defined as

Hy(K; ) =kerdg/ ~ equivalently: Hy(K; ) =kerd,/imd g1

When they are finitely generated, homology groups have a known form. Precisely,
when Z is a field, the g-th homology group is a vector space of the form %84K%,
where [4(K; %) is called the g-th Betti number of K. When Z is a general ring,
H4(K; %) is more informative:

Proposition 1.3.1. Homology groups can be decomposed as follows:
Hy(K;R) =~ RP1EP & RlasR &0 R, R

RP1EA) s called the free part, whereas Ty=RIa1R& &R a,R, asum of cyclic
groups, is called the torsion part of Hy(K; ).
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A fundamental result is that the homology groups computed with % = Z completely
determine the homology groups computed with other coefficients. This is known as
the universal coefficient theorem, see HATCHER 2002.

Remark. In the presence of torsion, f,(K; %) may depend on the choice of Z.
A simple example is the Klein bottle K, where we have f,(K;Z,) = 1, whereas
P2(K;Z) = $2(K;Z3) = 0. Though, as stated in Corollary 3A.6 of HATCHER 2002, it is
always possible to recover Hy (K; %) from Hy(K; Z).

Notations. In the whole manuscript, we omit mentioning % and simply write H;(K)
and f4(K). Sometimes we also write §, instead of §,(K) when no confusion arises. In
most of our works, we will set Z to be a field (for instance Z/pZ).

We denote by [-]I; : kerd; — Hy(K) the canonical projection sending a g-cycle to
its homology class, and by qu : Hy(K) — kerd, a map that assigns to each homology
class a representative cycle. In particular, [-]Iq( o sg = id, and for all x € kerd, there
exists y € K441 such that 35 [-]I; (x) = x+04+1(y). For clarity, we sometimes omit the
superscript K, or the subscript g, when there is no confusion.

A chain morphism ¢ : (K,0) — (K’,0') induces homomorphisms on homology
groups. More precisely, for each g we define H,¢ : Hy(K) — Hy(K') by Hy¢p =
[-]5/ opgo qu . If each ¢, is an isomorphism, then K and K’ have isomorphic homology
groups.

Remark. From a categorical point of view, it is possible to consider the category
whose objects are chain complexes and whose morphisms are chain morphisms.
Homology then defines a functor from this category to the category of groups,
sending chain complexes to their homology groups and chain morphisms to the
induced group homomorphisms.

At first glance, the definition of chain complexes and homology is purely algebraic
and its connection with topology is not immediate. This connection arises when we
encode the topological structure of a space into a chain complex. The homology of
the resulting chain complex then encodes topological information about the space.

Several such constructions have been developed, and are presented in this chapter.
We begin with singular homology, which provides the most general construction of ho-
mology for topological spaces. Then, Section 1.3.4 introduces a specific class of chain
complexes, equipped with a notion of cell, called combinatorial chain complexes. This
framework generalizes chain complexes derived from geometric complexes, which
we refer to as geometric chain complexes, and which are presented in Section 1.3.5. In
particular, geometric chain complexes includes simplicial chain complexes, which are
derived from simplicial complexes, and cellular chain complexes, which are derived
from CW-complexes.

Importantly, the focus of this manuscript is on the homology of finite geometric and
combinatorial representations of topological spaces.
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Remark. Other approaches exist, including Cech and de Rham cohomology, but we
do not cover them in this manuscript. More generally, since chain complexes and
homology are purely algebraic, they can also be defined in contexts unrelated to
topology, such as group homology.

1.3.3. Singular chain complexes

We describe here a general construction that associates a chain complex to a topo-
logical space X. This construction is based on the notion of simplex, defined in Sec-
tion 1.2.1.

Let A9 be the standard g-simplex, defined by A9 = [ey, ..., 4], where ey, ..., e, are
the vectors of the canonical basis of R7*+!,

Let X be a topological space. A singular q-simplex in X is a continuous map o :
A7 — X, see Figure 1.8 for an illustration. The boundary of o, denoted 94 (0), is defined
as a formal sum of singular (g — 1)-simplices obtained by restricting o to the facets
of A9, To ensure that , 00,1 = 0 and take into account orientation, we need to add
signs. More precisely,

q .
04(0) =) (-1)'00ife,..o1.eq0-
i=0

Definition 1.3.5 (singular chain complex). Given a topological space X, let K; be the
free Z-module generated by the singular g-simplices in X. The boundary operator d,
extends linearly to a map from K, to K;—1. (K, 04) thus forms a chain complex, called
the singular chain complex of X.

c:8->X

Figure 1.8 — Illustration of a singular 2-simplex o : A?> — X,

The g-th homology group of this chain complex is called the singular homology
group of X and is denoted by H (X).

From a computational perspective, singular homology is not directly computable,
as it involves chain modules of infinite dimension. The next section introduces com-
binatorial chain complexes, which are finite-dimensional and therefore more suitable
for computation.
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1.3.4. Introducing combinatorics: combinatorial chain
complexes

A combinatorial chain complex is a chain complex equipped with a specific choice of
generating elements, called cells. Formally, it is a chain complex whose modules of g-
chains K, are generated by a finite and fixed set I?q of linearly independent elements,
called g-cells.

Definition 1.3.6 (combinatorial chain complex). A combinatorial chain complex (K, 0)
is a chain complex together with, for each g, a finite set ITq forming a basis of K.
We write K; = SpanITq. The elements of fq are called the g-cells. We denote by
K:= |_|Z:0 K, the set of all cells.

Remark. Combinatorial chain complexes are also referred to as free chain complexes
with a basis, see for instance KozZLov 2005. In SELLERS 2013, which is about theory
of algorithms, they are simply referred to as combinatorial complexes. Though, this
later term is currently used for another structure, see for instance HaJj1j et al. 2023,
that is why we choose the term combinatorial chain complexes for the rest of this
manuscript.

The choice of cells allows us to incorporate combinatorial structures to the chain
complex. In particular, it induces a canonical bilinear form ¢:,-) : K x K — %, defined
on the cells by (7,7) = 1 and (z,7’) = 0 for T # 7’ in K, and extended by bilinearity.

This allows the definition of the associated cells of a g-chain x as the set

X:={reK,|(x,T)#0}

If 7 € X, we say that 7 is a cell of x. If T € (x), we say that 7 is a facet of x.

Given a chain compley, different choices of bases may lead to different combinato-
rial chain complexes, with potentially different combinatorial properties. However, in
most practical situations, there is a canonical choice of cells induced by the construc-
tion of the chain complex. This is the case for standard examples such as simplicial
chain complexes and cellular chain complexes, discussed in the next subsection.

In these common cases, the combinatorics of cells admits an intuitive interpre-
tation. For example, 1-dimensional combinatorial chain complexes correspond to
graphs, where 1-cells represent edges and their facets correspond to their endpoint
0-cells. However, more general combinatorial chain complexes may have less intuitive
behavior. For instance, a 1-cell may have only one, or strictly more than two facets.
This phenomenon is an important subtle point and is illustrated in Figure 1.9.

We now introduce the notion of combinatorial chain subcomplex, which is a chain
subcomplex that preserves the notion of cell.

Definition 1.3.7 (combinatorial chain subcomplex). Let (K,0) be a combinatorial
chain complex. A combinatorial chain subcomplex (K',d') of (K, d) is a chain subcom-
plex such that (K’,d") is itself a combinatorial chain complex with K’ K.

For notation, we simply write (K’,d") < (K, 0).

32



1. Common Background - 1.3. Chain Complexes and Homology

(@ (b) () (d)

Figure 1.9 — Examples of three combinatorial chain complexes and a non valid
one. The 0, 1, 2 dimensional cells are represented using points, lines and surfaces,
respectively. They are glued together according to the boundary map. We consider
complexes over Z/27Z: a gq-cell appears in the boundary of a (g + 1)-cell if they are
glued together an even number of times. (a) corresponds to the chain complex of
a CW-complex, and exhibits intuitive behavior. (b) and (c) exhibit exotic behavior,
for instance, there are 1-cells whose boundary is equal to a single 0-cell (b) or to the
sum of three distinct 0-cells (the two lower 1-cells in (c)). (d) is a subset of cells of (c)
that do not form a valid combinatorial chain complex, as 00 # 0.

It is important to note that every subset K’ € K does not necessarily produce a
valid combinatorial chain complex, as shown in (d) of Figure 1.9). A common type of
combinatorial chain subcomplexes are the ones that are closed under the boundary
operator:

Definition 1.3.8. Let (K’,0') be a combinatorial chain subcomplex of (K,d), hence
0' = jyrodoig. We say that (K',d") is closed under 0 if for all x € K’, 8'(x) = d(x).
Equivalently, the boundary in K of every cell of K is a chain composed of cells of K'.

Being closed under 0 is typically implicitly required in standard constructions of
subcomplexes, such as simplicial and cellular subcomplexes, which are introduced
in Section 1.3.5.

Combinatorial chain complexes provide a framework in which topology and combi-
natorics meet. They constitute the main objects of study throughout this work.

In the next subsection, we relate geometrical structures to this combinatorial frame-
work. Precisely, we introduce geometric chain complexes, the subclass of combinatorial
chain complexes that are derived from geometric complexes. In particular, we present
simplicial chain complexes, as well as cellular chain complexes.

Notation. Unless specified otherwise, all chain complexes considered in the remain-
der of this manuscript are combinatorial chain complexes, which we simply call “com-
plexes”. In particular, when we write “let (K, ) be a complex”, we implicitly assume
that (K, 0) is equipped with a set of cells K. Similarly, a subcomplex (K’,d") of (K, ) is
implicitly a combinatorial chain subcomplex satisfying K' € K and 8’ = jgr0doigr.
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1.3.5. Geometric chain complexes

We now introduce a class of combinatorial chain complexes that arise from geometric
constructions. In these complexes, cells are associated to simple geometric objects,
homeomorphic to balls, and the boundary operator is induced by the geometric
notion of face. An important property of these complexes is that their homology
agrees with the singular homology of the underlying topological space.

To unify several commonly used constructions, we introduce the following def-
initions. Although they are not standard, these definitions provide an convenient
framework to encompass common chain complex constructions, as they exhibit
similar properties.

Definition 1.3.9 (geometric realization). Let (K,0) be a combinatorial chain complex.
A geometric realization of (K, ) consists of amap |-|: K — X, where X isa topological
space, typically RN for some integer N. The realization extends naturally to subsets of
cells by taking unions. In particular, we define |K]| := K| = U,z Tl

For the purposes of this work, geometric realizations are assumed to satisfy the
following properties.

1. Foreverycell T € I?q, the set |7| is homeomorphic to a g-dimensional ball.
2. For any two distinct cells T and 7, the sets |7| and |1'| are disjoint?.

3. For every integer g, H,(K) = Hy4(|K|). In other words, the homology of (K,0)
coincides with the singular homology of the topological space |K| < X.

Definition 1.3.10 (geometric chain complex). A geometric chain complex is a combi-
natorial chain complex that admits a geometric realization satisfying the assumptions
of Definition 1.3.9 and that arises from a geometric complex construction. Typical
examples include simplicial, cellular, cubical, polyhedral, and A chain complexes.

Given a geometric chain complex (K, 0), a geometric chain subcomplex is a combi-
natorial chain subcomplex that is itself induced by a geometric substructure of the
underlying geometric complex. For instance, if (K, 0) is the simplicial chain complex
induced by the simplicial complex X, then, a geometric chain subcomplex (K’,9’) of
(K,0) is induced by a simplicial subcomplex X’ of X.

Importantly, geometric chain subcomplexes inherit the geometric realization of
their parent complex, which also satisfies the assumptions of Definition 1.3.9.

Remark. Every combinatorial chain subcomplex of a geometric chain complex
inherits a geometric realization. However, the isomorphism H,(K") = H,(|K'|) does
not hold for arbitrary combinatorial subcomplexes. This property is guaranteed
only for geometric chain subcomplexes. See Figure 1.10 for an illustration.

The common geometric chain complexes constructions also share several additional
properties.

2This assumption may differ from the literature, where geometric realizations of cells may intersect on
lower-dimensional faces. In our work, the realization associates to each cell its open geometric cell.

34



1. Common Background - 1.3. Chain Complexes and Homology

(K,0) (K',0") (K",0")

Figure 1.10 — Illustration of three combinatorial chain complexes. (K,0) is a geo-
metric chain complex, derived from a cubical complex. (K’,d’) is a geometric chain
subcomplex of (K, d), and is thus also derived from a cubical complex. (K”,3") is a
combinatorial chain subcomplex of (K, ), as 8" 09" is equal to 0. However, it is not a
geometric chain complex itself.

Proposition 1.3.2. Let (K,0) be a geometric chain complex:
1. ifitis not empty, (K,0) contains at least one 0-cell and satisfies Hy(K) # 0;

2. removing a cell of maximal dimension from (K, 0) yields a geometric chain subcom-
plex;

3. every geometric chain subcomplex (K',0") of (K,0) is closed under 0 (see Defini-
tion 1.3.8).

Moreover, when there are no multi-incidences (for instance for simplicial, cubical and
polyhedral chain complexes), the converse of 3. also holds. Precisely, every combinato-
rial chain subcomplex that is closed under 0 is a geometric chain subcomplex.

We now present two fundamental examples of geometric chain complexes. We first
construct simplicial chain complexes from simplicial complexes. We then construct
cellular chain complexes from CW-complexes.

1.3.5.1. Simplicial chain complexes

Given a simplicial complex X, we define an associated combinatorial chain complex
(K,0), called simplicial chain complex. For each q, we define fq to be the set of g-
simplices of X. The chain module is then defined as K, := Span (K_q). Thus, X = K, so
the cells of (K, 0) directly correspond to the simplices of X.

The boundary operator d, is defined from the facet operator 4, in analogy with the
singular chain complex, see Definition 1.3.5. Precisely, for a g-simplex [vy, ..., v4], we
have

q .
04v0,...,vg1 =) (=D'[vo, ..., D, ..., vg]
i=0
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This definition is then extended linearly to chains. This choice of signs ensures that
aq o 0q+1 =0.

We now define the geometric realization of (K,0). For a simplex [vy,...,v4], its
realization is the corresponding open simplex:

q
|[vo,...,vq1|::{2 tiv;

i=0

q
ti>0and2ti:1}

i=0

The geometric realization of the entire simplicial complex is then defined as |K| =
L cxlTl-

A standard result is that the homology of the simplicial chain complex are isomor-
phic to the singular homology its geometric realization, that is, H;(K) ~ H,(|Kl). For
a proof of this result, see HATCHER 2002, Chapter 2. All in all, this definition satisfies
the assumptions of Definition 1.3.9, which ensures that simplicial chain complexes
can be considered as geometric chain complexes.

A simplicial subcomplex X’ of X induces a simplicial chain complex (K’,d’) that
is a combinatorial chain subcomplex of (K,0). However, as mentioned above, gen-
eral combinatorial chain subcomplexes of (K,0) may not correspond to simplicial
subcomplexes of X.

1.3.5.2. Cellular chain complexes

Given a CW-complex X, we define its associated combinatorial chain complex (K, d),
called cellular chain complex. Its construction relies on singular homology, relative
homology, and the degree of continuous maps. We refer the reader to HATCHER 2002
for a detailed explanation. Here, we only briefly present the main ideas.

For each dimension g, the set of g-cells ITq is identified with the set € of g-cells
of the CW-complex. The boundary operator is defined from the gluing maps of the
CW-complex, together with the notion of degree. Intuitively, the boundary of a g-cell
is the sum of the (g — 1)-cells on which it is attached, with coefficients depending
on how many times, and with which orientation, the gluing map wraps around each
(g —1)-cell.

The geometric realization of a CW-complex is given by the space itself. Precisely, the
realization of a cell T is |7]| := B; € X, therefore |K| = X. A fundamental result is that
the homology of (K, 0) is isomorphic to the singular homology of the space X. Thus,
cellular chain complexes satisfy the assumptions of Definition 1.3.9, and therefore can
be considered as geometric chain complexes.

Every CW-subcomplex X’ of X induces a cellular chain complex (K’,d") that is a
combinatorial chain subcomplex of (K, d). Conversely, not every combinatorial chain
subcomplex of a cellular chain complex is induced by a CW-subcomplex. See Fig-
ure 1.10 for an illustration.
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1.3.5.3. Other geometric chain complexes

It is possible to also define geometric chain complexes from other geometric complex
constructions. A standard construction is cubical chain complexes, derived from
cubical complexes. Another example is A chain complexes, built from A-complexes.

Regarding polyhedral complexes, it can be more challenging to build a proper
boundary operator. A common idea is to triangulate the polyhedral complex and infer
the boundary from the resulting simplicial chain complex. However, this approach is
usually computationally expensive. ALAYRANGUES, PELTIER, et al. 2009; ALAYRANGUES,
DAMIAND, et al. 2015 propose alternative approaches to compute a boundary operator
(and so a combinatorial chain complex) for combinatorial and generalized maps.

In all cases, these constructions (when using a finite number of cells) can be consid-
ered as subclasses of geometric chain complexes.

Notation. Throughout our work, we identify a geometric complex with its associated
geometric chain complex, when no confusion can be made. In particular, we write
sentences like “let (K,0) be a geometric complex” to implicitly define (K,d) to be
the geometric chain complex of a defined geometric complex. Similarly, “let (K, 9)
be a simplicial complex” implicitly defines K to be a simplicial complex, (K,d) its
corresponding simplicial chain complex, and |- | the associated geometric realization.

1.3.6. Intuition, holes and homology bases

Connected component Handle, tunnel Cavity, void
0-hole 1-hole 2-hole

(

Figure 1.11 - [llustration of the intuition behind homology for geometric complexes.
Note that this intuition fails in general for general combinatorial chain complexes.

When considering common geometric complexes, the homology groups are in-
tuitively related to the holes of the underlying topological space. Depending on ¢,
the g-homology groups represents a different feature, that is counted by the Betti
number (4. For instance, in 3D, y gives the number of connected components (0-
holes), B, the number of tunnels (1-holes) and B, the number of cavities (2-holes),
see Figure 1.11.
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A way to intuitively visualize these holes is with the homology bases and generators.
They provide relevant algebraic representations of homological holes that can also
carry both a combinatorial and geometrical meaning, as explained in Chapters 2
and 4.

Definition 1.3.11 (homology bases and generators). A family {g; ?Zl of g-cyclesis a
g-homology basis of a chain complex (K, 0) if and only if { [gi]g}l_}ql is a basis of H, (K)3.
1=

The cycles g; are called g-homology generators. See Figure 1.12 for an illustration.

Intuitively, the homology generators correspond to closed curves (for dimension 1)
or closed surfaces (for dimension 2) surrounding the holes.

| 8| g
_E ] el [e] &
|g2 | 84

Figure 1.12 — Examples of three 1-homology bases for three different complexes.
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This intuition is an important aspect of our work, as we are interested in recovering
and computing it. For instance, in Chapter 4, we define four geometric representa-
tions of homology elements that are related to the intuition of holes. Precisely, we
define chains that intuitively surround, passe through, fill, and cut the holes. In addi-
tion, in Chapter 5 we compute the thickness and the breadth of holes obtained from
homology, and a current work is to define a shape of a homological hole.

1.3.7. Cohomology

We now introduce the dual notion of homology, namely, cohomology. Cohomology
can be understood as the homology we obtain when we reverse the boundary arrows
in the chain complexes.

Definition 1.3.12 (dual complex). Given a chain complex (K, d), its dual complex is the
chain complex (K, 0)* whose chains are the same but in reverse order, and equipped
with the coboundary operator 8%, which is the transpose of 0:

o o o

or o 1 -1 o7
{0} < Ky ... = Ky = Kyoq <— ... — Ky

Elements in ker8* and im0* are respectively called cocycles and coboundaries.

3Precisely, it is a basis of the free part of H,4(K). By abuse of notation, we consider it is a basis of H,(K),
as we mainly work over a field, and the torsion part is null in this case.
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When (K,0) is a combinatgial chain complex, the g-cells of (K, 0) are considered as
the (n— g)-cells of (K,0)*: K; = K,,_,. See Figure 1.13 for an illustration of the dual
complex.

Figure 1.13 — The first row shows a complex (K, d) together with a 1-homology basis
{g,,8,} (middle) and a 1-cohomology basis {f;, f»} (right). The second row represents
the corresponding dual objects: the dual complex (K,0)* (left), the duals of {g;, g,}
(middle) and {f,, f,} (right), which respectively are 1-cohomology and 1-homology
bases for (K,0)*. For the dual complex (K,9)*, every cell of I?q =K;_ q is visually
represented with a transversal cell of dimension 2 — g.

The g-cohomology group of (K, 0) is then defined as the (n — q)-homology group of
(K,0)*:
HY((K,0)) = Hp—4((K,0)") = kerdy,,/imady

This implies that a homology basis for (K,0)* is a cohomology basis for (K, 0) and vice
versa. In the remaining of this manuscript, to improve clarity, cohomology generators
are also represented by a dual path (with a lighter color) intuitively cutting through
the holes, see Figure 1.13.

If (K, 0) is finitely generated and without torsion, H,(K) is isomorphic to H 9(K).
In particular, dim(H,(K)) = 4 = dim(H 9(K)). When there is torsion, we can write
Hy(K) ~ %P1 e T, and Hy—1(K) ~ #P11 @ T,_,, and we have HY(K) = #P1 e T,_,,
see HATCHER 2002(corollary 3.3).

In general, cohomology gives as much information about the topology as homology,
which feels natural as the two concepts are dual of each other. This is in particular the
case for the results presented in the following chapters. However, counter-intuitively,
cohomology can be equipped with a product —: H”(K) x H9(K) — HP*4, called
cup product, which can be used to get some extra topological information. For in-
stance, MEMOLI et al. 2024; IVSHINA et al. 2025; LuPO et al. 2022 used the cup product
to differentiate homologous but non homeomorphic spaces, like a torus and two
circles and one sphere glued together.
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Cohomology also allows the statement of powerful duality results. For instance,
the Poincaré duality states that if X is an oriented closed n-manifold, then H9(K) is
isomorphic to H,4(X), for all g. Another duality result is Alexander duality, which is
introduced in Chapter 4, and also used in Chapter 5.

1.3.8. A word about homotopy

We briefly introduce homotopy for completeness, as we sometimes use homotopy
arguments and deformation retracts in our proofs. However, keep in mind that homo-
topy is only a side character in our work.

Given two topological spaces X and Y, a homotopy between continuous functions
fo: X =Y and f; : X — Y is a continuous function H : [0,1] x X — Y, such that
H(0,) = fo and H(1,-) = fi. H can be understood as a continuous deformation of
fo into fi. A homotopy equivalence between X and Y is a pair of continuous maps
f:X—Yand g:Y — X, such that there exists a homotopy between go f and idy,
and between f o g and idy. If such a pair exists, X and Y are said to be homotopy
equivalent. In particular, this implies that X and Y have isomorphic singular homology
groups for every dimension.

We present here a special case of homotopy equivalence, which is used in some of
the proofs of this manuscript.

Definition 1.3.13. A deformation retract from a space X to a subspace Y < X is a
continuous map H: [0,1] x X — X, such that:

H(0,")=id VxeX H(l,x)eY VyeY HQ,y)=y
If such a deformation retract exists, X and Y are homotopy equivalent.

Another approach to homotopy is via the definition of homotopy groups. The g-th
homotopy group 74(X) of X is the set of homotopy classes of continuous functions
from the g-sphere into X. For instance, 7, (X) intuitively classifies the loops on X, up
to continuous deformation.

It has been shown that homotopy groups are strictly stronger invariants than ho-
mology groups, that is, 74(X) = n4(Y) = Hy(X) = H4(Y). However, due to their
non-commutative nature, the homotopy groups are harder to compute. Indeed, de-
ciding if two finite CW-complexes have isomorphic homotopy groups is undecidable
by Turing machine, whereas it is decidable in polynomial time for homology groups
(see for instance RUBIO et al. 2002).

1.4. Computing Homology

Homology can be computed whenever the complex under study is finite, as in the
case of combinatorial chain complexes. Several approaches have been developed to
compute different types of homological information. These approaches constitute
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the field of computational homology. Given a combinatorial chain complex (K, 0)
and a fixed ring #, we introduce a hierarchy of homological information, as different
methods compute different levels of information. Every level can be deduced from
the higher ones.

¢ Level 0. The Euler characteristic of K.

Level 1. The Betti numbers of K.

Level 2. A decomposition of the homology groups, including torsion when working
over a ring.

 Level 3. Homology generators and bases of K.
* Level 4. Homology groups and bases, together with decompositions of cycles.

The Euler characteristic can be computed in O(N) time, with N being the number of
cells of K, as it is given by the alternating sum of the number of cells in each dimension.

Starting from Level 1, the computational complexity is generally cubic* in N. How-
ever, for low-dimensional complexes, faster algorithms exist. For instance, DELFINADO
et al. 1995 propose a quasi-linear time algorithm for computing Betti numbers of a
simplicial subcomplex of the 3-sphere. Similarly, GONZALEZ-LORENZO, JUDA, et al.
2016 introduce a linear-time algorithm for the Betti numbers of 3D cubical complexes.

For higher levels of information, several types of approaches can be considered.
The traditional way of computing homology groups relies on the computation of
the Smith normal form (SNF) of the boundary matrices. In its standard form, this
method provides Level 2 information, but can be slightly modified to compute level 3
information. This approach is discussed in Section 1.4.1.

Another approach is based on the concept of reduction, which aims to “simplify” a
large complex into a smaller one while preserving its homology. This concept emerged
from the theory of effective homology, introduced by RUBIO et al. 1986, which studies
the computability of algebraic topology concepts. When the reduction is perfect, this
approach computes Level 4 information. It is presented in Section 1.4.2.

Finally, discrete Morse theory, introduced by FORMAN 1998, generalizes Morse theory
to the discrete setting. In this theory, homological information is computed using
discrete gradient vector fields defined on the complex. This approach also relies on
effective homology and yields Level 4 information when no obstruction occurs. It is
presented in Section 1.4.3.

After presenting these three standard approaches, we dedicate a whole section to
persistent homology, a central object in computational homology and topological
data analysis, see Section 1.5. Persistent homology is usually computed over a field
and provides Level 1 or Level 2 information. Moreover, it also provides information of
other nature, encoded in a persistence diagram.

To conclude this first chapter, Section 1.6 introduces homological discrete vector
fields (HDVF), which constitute the central object of study and tool in the following
chapters. HDVFs generalize discrete Morse theory and also rely on effective homology.

4Matrix multiplication time algorithms are theoretically possible, see MILOSAVLJEVIC et al. 2011
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They compute Level 4 information when working over a field. Moreover, they provide
a combinatorial framework that unifies and encodes the previous methods, making
them a relevant tool for studying the computations of homology in general.

1.4.1. The Smith normal form

The boundary operator of a chain complex is linear. Therefore, for a combinatorial
chain complex (K, 0), each d, can be represented by a matrix, in the basis of g-cells.

The traditional method for computing homology groups consists in computing the
Smith normal form of these boundary matrices. See MUNKRES et al. 2025 for a detailed
exposition.

Definition 1.4.1 (Smith normal form). Let A be a matrix of M,,x,;,(%). The Smith
normal form (SNF) of A is the following matrix D € M}, (%):

. a; O 0

idi 0 0 a 0 0
D=|0 A 0 with A=

0 0 0 0 0

0 0 0 a,

such that a; divides a;.; for all i, and such that there exist invertible matrices P and
Q satisfying A= PDQ.

From the Smith normal form of the g-th boundary matrix d,4, we can directly read
the rank of g-homology group, hence the g-th Betti number.

Briefly, suppose that for all g, 9, is a matrix of size Ng x Ng4_1, with N; the number
of g-cells. The Smith normal form of 044+, and 0, produces:

ids,,, 0 0 ids, 0 0

. +1 +1 .
Dgi1= 0 dlag(a? ,...,a?qﬂ) 0 Ds=1| 0 dlag(af,...,afq) 0
0 0 0 0 0 0

Thus, the rank of kerd, is given by N; — s; — rq. The rank of im0g1 is 441+ rg+1. AS
H4(K) =kerd,/imd,41, separating the free and torsion part yields the following:

Byg(K) = Ny—s4—Tq—Sq41 Ty~ )" Re--0Rla]’ R

Computing the SNF can be achieved by an algorithm similar to Gaussian elimina-
tion, with the constraint that each pivot must divide all other entries. When working
over a field, this simply corresponds to standard Gaussian elimination. Note that,
for homology over a Z, this computation may produce very large integers, see for
instance PELTIER et al. 2006.

Importantly, this method does not straightforwardly provide homology and coho-
mology bases. Indeed, the choices of pivots, during the matrix reductions of boundary
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matrices, may lead to incompatible chain bases in between dimensions. This prevents
from extracting a homology basis from this computation.

To address this issue, it has been proven that one can perform simultaneous reduc-
tions of 0441 and 04 using the same chain bases. This leads to a similar form, known
as the modified Smith normal form (mSNF), see PELTIER et al. 2006. In this form,
homology bases can be extracted, even in the presence of torsion.

1.4.2. Reductions and effective homology

When a chain complex is too large for a direct SNF computation, an alternative ap-
proach is to use reductions. A reduction links two chain complexes, typically a large
one and a smaller one, while preserving their homology. This notion emerged from
the theory of effective homology, introduced in RUBIO et al. 1986, which studies the
computability of algebraic topology concepts. In particular, this theory investigates
the computation the homology of topological spaces where only local information
is available (e.g. neighborhood of cells). Similar approaches for reducing the size of
complexes have also been proposed, see for instance KACZYNSKI et al. 1998; MROZEK
et al. 2009; DrOTKO et al. 2011.

Definition 1.4.2 (reduction RUBIO et al. 1986). A reduction from a chain complex (K, 0)
to a chain complex (K', d) is a triplet of maps (f, g, h) with f: Kg — Ky, g4: Ky — Kq
and hg : K; — K41 satisfying the following properties:

1. f and g are chain maps, i.e. f0=df and 0g = gd;
2. fh=0,hg=0,and hh =0;

3. fg=idgs;

4. gf =idg—0h— ho.

aq+1 N aq aq—l

\
2 ? Kg 2 ? Kgop T——2 ...
hq hq—l hq_z
gti/l\\[fq gq—l/l\J/fq—l
dq+] dq dq—]
> K, > K ———— .

The existence of a reduction implies that, for all g, H,(K) = H,;(K'). An explicit
example of a reduction is given later in Section 1.6.

Definition 1.4.3 (perfect reduction RUBIO et al. 1986). A reduction (f, g, h) from (K, 0)
to (K’, d) is perfect if d = 0. In this case, for all g, we have H,(K) = Ké,.
In addition, when (K, d) is a combinatorial chain complex, {g, (Y)}Yd? isa g-homology
q

basis and {f; (Y)})/EK_(’Z is a g-cohomology basis.
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Perfect reductions satisfy several useful properties that we use extensively in our
proofs. For instance, since dg = 0, every element of the form g(x) is a cycle. Since
g*0* =0, the map g* sends coboundaries to zero. Note that g and f* plays a dual
role, in the sense of the duality homology-cohomology. Thus, we also have that every
f*(x) is a cocycle and f sends boundaries to zero.

Moreover, using 4. of Definition 1.4.2, a reduction induces a decomposition of cycles.
Indeed, given a cycle x we have x = g f(x) + dh(x), with g f(x) being a representative
of the homology class [x] and dh(x) being a boundary.

In the literature, reductions are also referred to as contractions (EILENBERG et al.
1953), chain contractions (GONZALEZ-DiAz et al. 2009), or trivialized extensions (MUNKHOLM
1974). The map h is usually interpreted as a chain homotopy map.

Besides the algebraic definition above, reductions have also been formalized in
more combinatorial settings, for instance with AT-models (REAL et al. 2009). They
have proved to be useful both in the study of complicated spaces, such as loop spaces,
and in applications including image analysis, see for example GONZALEZ-D1AZ, Maria
Jose JIMENEZ, et al. 2011.

1.4.3. Discrete Morse theory and DGVFs

Differential topology aims to obtain topological information about a space by studying
differentiable functions defined on it. A classical result of this theory is the Reeb sphere
theorem, which states that a compact differentiable manifold admits a smooth func-
tion with exactly two non-degenerate critical points if and only if it is homeomorphic
to an n-sphere.

In a similar vein, Morse theory relates the topology of a smooth manifold to the
critical points (assumed non-degenerate) of smooth functions defined on it. Discrete
Morse theory, introduced in the late 90’s by FORMAN 1998; FORMAN 2001, provides
a discrete analogue for CW-complexes. Its main object is the discrete gradient vector
field, defined from a matching on the Hasse diagram of the complex.

Definition 1.4.4. The Hasse diagram of a CW-complex (K, 0) is the directed graph
whose vertices are the cells of K, and where there is an edge from 7 to 7’ whenever 7’
is a facet of 7. This graph is acyclic and is denoted by .#°X. We also denote by Jff the

graph #X restricted to the cells of dimensions g and g + 1.

Definition 1.4.5. A discrete gradient vector field (DGVF) on (K, 0) is a collection of
edges X of #X such that:

1. no two edges in X share a common vertex;
2. reversing the edges in X does not create any directed cycle in X, for all g.

The graph obtained after reversing the arrows is called the Morse graph of X. DGVFs
are also referred to as acyclic matchings, see for instance HARKER et al. 2014 They are
also related to Morse sequences introduced in BERTRAND 2025. See Figure 1.14 for an
example.
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Figure 1.14 — A complex (left), its Hasse diagram (middle) and the Morse graph of a
perfect DGVF (right). Reversed edges are shown in red, and cells not incident to any
reversed edge (i.e. critical cells) are colored in pink.

Given a DGVE the cells that do not belong to any reverted arrows are called criti-
cal. DGVFs actually encode sequences of elementary collapses, and thus induce an
associated reduction from the original complex to a smaller complex generated by
the critical cells. The map £ is then expressed as an infinite sum over a nilpotent
expression (the nilpotency is actually guaranteed by the acyclicity assumption). For a
detailed construction of this reduction, refer to GONZALEZ-LORENZO, BAC, MAR]I, et al.
2017 or to BERTRAND 2025, where it is described using the notions of (co)reference
maps.

When the reduction is perfect, the DGVF is said to be perfect, and the number
of critical g-cells equals the g-th Betti number. In general, however, a DGVF only
provides an upper bound on the Betti numbers.

Building a perfect DGVF is often challenging. Indeed, greedily adding arrows to
a DGVF may lead to a dead end, even when alternative choices would give a better
or perfect DGVE This raises the question of whether a CW-complex admits a perfect
DGVE In general, the answer is negative. Indeed, a DGVF encodes a sequence of
elementary collapses. Hence, any contractible but non-collapsible complex (e.g. the
dunce hat or Bing’s house) does not admit a perfect DGVE This obstruction motivates
the introduction of homological discrete vector fields, which relax the acyclicity con-
straint and always allow the greedy computation of perfect reductions, see Section 1.6.

Discrete Morse theory is also closely related to persistent homology. Recent works
has explored how to extend it to more general persistence frameworks. These include
extension to zigzag persistence (MARIA et al. 2024), as well as to multiparameter
persistence (LANDI et al. 2022; ALLILI et al. 2019; BROUILLETTE et al. 2024).

1.5. Persistent Homology

In the 90’s, persistent homology emerged independently through the work of EDELS-
BRUNNER et al. 2002 (North Carolina), FROSINIT 1992 (Bologna), and ROBINS 1999
(Colorado), extending the study of homology to increasing sequences of complexes.
This later theory proved to have a wide range of applications in topological data
analysis and hence quickly developed and spread in the scientific community. It is now
widely used in data science. For instance, persistent homology can be incorporated as
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a feature in machine learning models and neural networks, see for instance CARRIERE
et al. 2020, or PUN et al. 2022 for a comprehensive survey. Other methods use persis-
tent homology for dimensionality reduction of high-dimensional data, see CLEMOT,
DIGNE, and TTIERNY 2025; DORAISWAMY et al. 2020. Applications in other fields include
biological data analysis (Maria José JIMENEZ et al. 2017), mathematical morphology
and image analysis (PASSAT et al. 2023; BOUTRY et al. 2022), neuroscience (CURTO et al.
2025), sketch contour completion (KURLIN 2014), and music analysis (M. BERGOMI
et al. 2020).

The strength of persistent homology relies on two key properties. First, it provides
a notion of “importance” for homology artifacts, allowing to distinguish meaningful
holes from noise. Second, it is stable under perturbations of the input data, which
makes it a robust tool for analyzing real-world data.

1.5.1. Definition

Persistent homology studies the evolution of homology groups in a filtration. For-
mally, a filtration is a growing sequence of chain complexes K < K! c--- < KV, The
inclusion maps between complexes induce maps between their homology groups. For
each dimension g we have:

0 1 N-1

L L L
Hy(K% = Hy(KY) =5 ... Hg(KN)

Given i < j, the image of Lii 0:::0 L{]_l represents the g-homology classes of K’ that
persist until K/. Intuitively, these correspond to g-holes of K’ that are not filled
between steps i and j. It is then possible to define a birth and a death index for each
homology class that appears in the filtration. Precisely, a g-homology class is born at
index i if it belongs to H, (KH\ im(tﬁ,‘l). Itdies atindex j if it belongs to ker(té o-- -0t{7_1)

but not to ker(:}, o+ o L{]_Z).

Thus, every homology class in the filtration is associated with a lifetime interval
[i, j], where j may be infinite if the class never dies. These intervals are summarized
in a persistence diagram, which can be defined as a multiset of points in R?. See H.
EDELSBRUNNER and HARER 2008; ZOMORODIAN et al. 2005 for a detailed presenta-
tion of persistent homology. See Figure 1.15 for an illustration of a filtration and its
persistence diagram.

Persistent homology can also be defined with other formalisms. These include a
categorical approach BUBENIK and SCOTT 2014, an algebraic approach using mod-
ules over polynomial rings ZOMORODIAN et al. 2005, and an approach using quiver
representations OUDOT 2015.

Remark. The framework of persistent homology also works in the continuous
setting. In this case, a filtration consists of a growing sequence of topological spaces,
and we consider singular homology.
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Figure 1.15 — A filtration and its associated persistence diagram. Blue and red points
correspond to homology classes of dimensions 0 and 1, respectively, that appear
and eventually disappear during the filtration.

1.5.2. Stability

A key advantage of persistent homology is its stability with respect to perturbations of
the input data. A small perturbation in the input filtration results in a small change in
the persistence diagram. The classical stability theorem for persistent homology was
established in COHEN-STEINER, H. EDELSBRUNNER, and HARER 2005 in the continuous
setting.

Theorem 1.5.1 (stability of persistent homology, COHEN-STEINER, H. EDELSBRUNNER,
and HARER 2005). Let X be a triangulable space, and let f,g : X — R be continuous
tame functions. Then,

dg(Dgm(f),Dgm(g)) <IIf — glleo

where dp is the bottleneck distance (or matching distance) and Dgm(f) and Dgm(g)
are the persistence diagrams obtained by the filtrations induced by f and g.

This result was later generalized in CHAZAL, COHEN-STEINER, GLISSE, et al. 2009
by removing the triangulable and continuous assumptions, and by weakening the
tameness condition. It was also extended to Wasserstein distance in the case of
Lipschitz functions in COHEN-STEINER, H. EDELSBRUNNER, HARER, and MILEYKO
2010.

Stability can also be formulated in algebraic and categorical settings, using for
example the notion of interleaving distance (or natural pseudo distance in D’ AMICO
et al. 2008), see for instance PATEL 2018; LESNICK 2015; CHAZAL, COHEN-STEINER,
GLISSE, et al. 2009 for more details.

1.5.3. Computing persistent homology

The computation of persistent homology can be performed using different approaches.
In practice, computations are mostly done with coefficients in the field Z/2Z.
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Common approaches relies on matrix reduction of the boundary matrices. They
are closely related to Smith normal form methods, but are adapted to filtrations. Such
methods include EDELSBRUNNER et al. 2002; ZOMORODIAN et al. 2005.

Another approach is via reduction techniques, for instance using elementary col-
lapses or discrete Morse theory. Such methods include MisCHAIKOW et al. 2013;
WILKERSON et al. 2014.

Other non common approaches usually incorporate combinatorial optimizations
and heuristics to speed up computations in practice, see for instance CHEN et al. 2011.

The worst-case time complexity of most methods is cubic in the number of cells
in the filtration. Though, it is faster in practice, for instance when the boundary
matrix is sparse. It is also known that persistent homology can be computed in matrix
multiplication time, see MILOSAVLJEVIC et al. 2011, but such approaches are not
used in practice. For a comprehensive survey about the computation of persistent
homology, please refer to OTTER et al. 2015, which also provides benchmarks of
persistent homology softwares.

Later, in Section 3.2, we present the standard abstract persistent homology algorithm
introduced by EDELSBRUNNER et al. 2002.

1.5.4. Extensions of persistent homology

Persistent homology provides useful information in many contexts. However, its
main restriction is that its input is a filtration of topological space, which may not
correspond to how data are naturally encoded. For this reason, persistent homology
has been extended in several ways, in order to provide a useful analysis tool for wider
contexts.

A natural extension of persistent homology is to ease the restriction that a filtration is
an increasing sequence of objects. One such extension is multidimensional persistent
homology (G. CARLSSON et al. 2007; BIASOTTI et al. 2008), which aims to generalize
persistent homology to multidimensional filtrations and is currently a fruitful topic
with applications in topological data analysis. Another is zigzag persistence (G. E.
CARLSSON et al. 2008), where the maps between two consecutive spaces in the filtration
can point in either direction.

A theoretical generalization of persistent homology is to develop the concept of
persistence itself. This induced the generalization of persistence using category the-
ory (BUBENIK and SCOTT 2014; BUBENIK, SILVA, et al. 2014; PATEL 2018). Within this
new paradigm, concepts related to homology have been replaced by other abstract
categorical concepts, and the focus has moved from homology to the persistence
function itself. From this point of view, persistence is seen as a process that takes a
filtration and produces a persistence diagram by analyzing how a specific concept
persists along the filtration.

Another extension was driven by the will to use a persistence diagram on objects
other than topological sets and for features other than homology, typically to study
certain properties of graphs. An approach is to build a topological complex whose
homology corresponds to the characteristics studied (see, for example, GRIGOR’YAN,
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MURANOV, and JIMENEZ 2021; GRIGOR’YAN, LIN, et al. 2020; GRIGOR'YAN, MURA-
NOV, and YAU 2014; BRESSAN et al. 2016). Another approach is to use the aforemen-
tioned categorical persistence framework to study persistent features without using
homology and topological objects. An example is the study of persistent hypergraph
attributes in L1U et al. 2021; L1U et al. 2024 and in BABU et al. 2024. Rank-based persis-
tence (M. G. BERGOMI and VERTECHI 2020) and graph persistence (M. G. BERGOMI
and FERRI 2023) were also developed in this context, as well as steady and ranging
persistence (M. G. BERGOMI, FERRI, and TAVAGLIONE 2023), which has been the topic
of a work made in parallel of this PhD thesis (see GAZULL 2025).

1.6. Homological Discrete Vector Fields

In this section, we present the homological discrete vector field (abbreviated as HDVF),
which is both an object of study and a tool throughout our work.

Historically, HDVFs emerged as a generalization of Discrete Morse Theory FORMAN
1998. Precisely, it was shown that DGVFs sometimes fails to compute homology, for
instance for the Bing’s house. In the 2D planar setting (in the context of images for
instance), this limitation does not occur, and works such as MOLINA-ABRIL et al.
2012a; MOLINA-ABRIL et al. 2012b about homological spanning forests highlight the
relevance of such combinatorial approaches. However, they could not be extended to
higher dimensions. HDVFs were first developed to overcome this limit, by relaxing
the acyclicity constraint of the Morse diagram. The key idea was to allow cyclic morse
diagrams that still produce valid reductions. A central observation is that, to construct
the associated reduction, the specific pairing of cells in a DGVF is less important than
the partition of cells it induces.

Coefficient choice. In the remainder of this manuscript, we work with coefficients
in a fixed field Z. In this case, chain groups are actually vector spaces. For examples
and illustrations, we consider the field Z/2Z, so that chains can intuitively be identified
with sets of cells.

Working with a general ring introduces complications, which constitute a major
challenge. Yet, in this section, most definitions and results are still valid. When working
over ring, the main limitation is that greedy completions of HDVF may fail to produce
a perfect HDVE More precisely, in this section, the propositions that are not valid in a
general ring are Proposition 1.6.4 and the completion results of Section 1.6.3.

Notations. We work exclusively with combinatorial chain complexes, which we
simply refer to as complexes. In particular, our formalism applies to geometric chain
complexes.

We now recall and clarify some notations. Let (K,d) be a complex. Given a subspace
E c K, we denote by ig is the inclusion map from the subspace E into K, jg the
corresponding projection map from K to E and idg the identity map on E. Now,
given a set of cells A< K, we also write i 4:= ispan4s jA:= Jspana and id s := idspan a-
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Moreover, given two sets of cells A and B, we denote aﬁ := jpo0oi, the boundary
induced by Span A restricted to Span B.

Recall also that we write (K’,d") < (K,0) to mean that (K’,d’) is a combinatorial
chain subcomplex of (K, d) i.e. it is the complex generated by the cells K’ < K with the
boundary map given by ¢’ := jx 000 ig. For simplicity, we often identify 0 and 0’ and
write (K’,0) instead of (K’,0") when no confusion arises.

1.6.1. Definition and main properties

A HDVF is a combinatorial object that computes homological information of combi-
natorial chain complexes. By nature, it intertwines the notions of cells and chains. For
this reason, it is important in the following to understand the subtleties between these
two notions.

Definition 1.6.1 (GONZALEZ-LORENZO, BAC, MAR], et al. 2017). Given a complex (K, ),
a homological discrete vector field is a triplet X = (B, S, C) with P, S, and C forming a
partition of K such that 6153 is invertible. The cells of P, S and C are respectively called
primary, secondary and critical cells. In figures, they are respectively colorized in
green, red and blue, see Figure 1.16.

Figure 1.16 — Four partitions of the cells of complexes into primary (in green),
secondary (in red) and critical (in blue) cells. The first three partitions are HDVFs
whereas the last one is not a HDVF: 8% is not invertible because 0% (01) = 8% (02) =
T+ 2.

As for discrete Morse theory, every HDVF induces a reduction from the initial com-
plex to a complex generated by the critical cells.

Proposition 1.6.1 (reduction induced by a HDVF GONZALEZ-LORENZO 2016). A HDVF
(B S,C) induces a reduction (f, g, h) from (K,0) to (SpanC, d) with:

C P s C

0\ P P S C 0 0 0\P C
g:=(c;) S [f=(F 0 id) C h:=(H 0 0) s d=(D)C

id) C 0 0 o0)C
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where H = (6?)‘1, F= —Gg-H, G= —H-GIC) and D = ag—ag-H-ag. Similarly we
can write:

h=igo(jpodoig) 'ojp

f=jco(id-0h)

g=(id—hd)oic
d=jco(@+0hd)oic=foloic=jcolog

An example of a simple HDVF and its associated reduction. Letus state Propo-
sition 1.6.1 again, with color code. A HDVF (P, S, C) induces a reduction (f, g, h) from
(K,0) to (SpanC, d) with:

C P s C
0) P P s C 0 0 0| P C
g:(G) S f=(F o0 id) C h:(H 0 o) s d:=(D) C
id) C 0 0 0)C

where H=(0%)"!, F=-0%-H, G=-H-0_and D=0%-05-H-0.

Figure 1.17 - AHDVF (P, S, C) on a complex (K, d) (left) and a representation of its
reduced complex (SpanC, d) (right).

In the example of Figure 1.17, Proposition 1.6.1 implies the following matrices:

a b c d e ql)a
1 1. 0 0 0y A b . B C
1 01 1 0] B 1 0) a
01 = 0y = H, = Hy =
101101C2(1)3 I OR O(I)b
0 0 01 1/ D
0) e
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A D
dllezagg—agf-Ho-aES d>»=0 d():(o 0)
(0 0y (1 1) (1 0) (10
11 0 0/ \0 1J\0 1
d e

As reductions preserve homology, the homology of (K, 0) is the same as the homol-
ogy of (SpanC, d). In particular:

kerd, Span{d+e}
imd, {0}

H(K) = =727

Perfect HDVFs.

Definition 1.6.2 (perfect HDVF). A HDVF X is said to be perfect if its associated
reduction is perfect, i.e. if d = 0.

Figure 1.18 — A perfect HDVF (B, S,C) with C; = {yo,y1} (left), its associated 1-

homology basis {g(yo),g(y1)} (middle) and 1-cohomology basis {f*(yo), f*(y1)}
(right).

In this case, a perfect HDVF provides detailed homological information. First,
SpanC, = H;(K), so the number of critical g-cells coincides with the number of
g-holes. Second, all properties of perfect reductions stated in Section 1.4.2 apply.

In particular, {g, (Y)}yecq is a g-homology basis, which we call the g-homology basis
induced by X, see Figure 1.18. Dually, {f7 (Y)}yec, is the g-cohomology basis induced
by X. The explicit isomorphisms Span C, = H;(K) and Span C, = H7(K) are given by
the following lemma.

Lemma 1.6.2. Let (P, S, C) be a perfect HDVF with reduction (f, g, h). Then, [-]50 g4 is
an isomorphism from Span C, to H,(K), and its inverse is fg 0 s,.
Dually, [-170 fy is an isomorphism from SpanCq to H 9(K), and its inverse is ggost.
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Proof. As the reduction is perfect, the map g induces a g-homology basis
{84(N}yec,, which directly implies that [-]4 0 g4 is an isomorphism from Span Cy to
H,(K). Then, we have the following equalities (we omit the subscript g):

[[lgofs=1[1(id—0h—h0)s by Definition 1.4.2
=[]s—[-]0hs—[-]hds
=id as[-]Jos=id,[]oc0=0anddos=0
Thus, fsis the inverse of [-]g. O

A particularly important property of perfect HDVFs, which we use extensively in our
work, is stated in Lemma 1.6.3. To formulate it we first define two maps which we call
the canonical cycle and cocycle maps, that generalizes g and f* for non-critical cells.
Given a HDVF (B S, C) with reduction (f, g, h), they are respectively defined as follows:

Figure 1.19 - A perfect HDVF (B S, C) with two highlighted cells y € C and 7 € P (left).
The canonical cycles z,4(y) and z4 () (right). z,4(y) (resp. z4()) is the only cycle
composed of secondary cells and y (resp. ). As y is critical, its canonical cycle is
equal to its corresponding generator g(y). For a primary cell, the canonical cycle
may or may not be a boundary. In the case of 7, it is a boundary. For a secondary cell,
the canonical cycle is 0: no cycle can be composed exclusively of secondary cells.

Lemma 1.6.3. In a perfect HDVF (P, S, C):

Vxe Ky (x +SpanS) nkerd = {z4(x)} (x +Span P) nkerd* = {z9(x)}

In other words, z,4(x) (resp. z9(x)) is the one and only cycle (resp. cocycle) composed of
x and secondary (resp. primary) cells (see Figure 1.19 for an illustration).
In particular, if p € Span P, s € Span S and c € Span C,; we have

(s +SpanS) nkerd = {0} = {z4(s)} (p +Span P) nkerd™ = {0} = {z9(p)}
(c+SpanS) nkerd = {g,(c)} (c+SpanP)nkerd” = {f; (c)}

Proof. We only prove the first equation as the second equation is the same result
stated on the dual complex (see Definition 1.3.12 and Proposition 1.6.5 for more
details on this duality).
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First, z4(x) € x + Span S because z,(x) = x — hd(x) and im h € Span S. Moreover,
as gf = id—0h— hd, we obtain z4(x) = g f(x) + 0h(x). Thus, z,(x) € kerd, because
g f(x) and 0h(x) are cycles (as the HDVF is perfect).

Second, suppose x+s € (x+Span S)nkerd. This implies that y := z,(x) - (x+s) is a
cycle in Span S. With the reduction properties we have y = g f(y) +0h(y) + ho(y) =
(because hoig=0,0(y) =0and foig =0, see Definition 1.4.2). Hence, x+ s = z4(x).

O

This lemma captures several key properties of perfect HDVFs, and is a central tool
in a lot of the proofs in the following chapters. Moreover, it establishes a direct links
between HDVFs and the notion of tri-partitions introduced later, see Section 2.2. A
more detailed discussion about this lemma is given in Section 2.2.3.

DGVF vs HDVF. Contrary to DGVFs, HDVFs satisfy the following central property.

Proposition 1.6.4 (Proposition 6.8 in GONZALEZ-LORENZO, BAC, MARJ, et al. 2017).
When homology is computed over a field, every combinatorial chain complex admits a
perfect HDVE

Moreover, a perfect HDVF can be computed greedily. We start with a partition
consisting of only critical cells, and we greedily pair critical cells, turning them into
primary and secondary cells, while maintaining the invertibility of Og . This procedure
is called a completion and is described in Section 1.6.3.

It was proved in GONZALEZ-LORENZO, BAC, MARI, et al. 2017 that every DGVF
induces a HDVE Precisely, primary and secondary cells correspond to sources and
targets of reverted arrows, respectively. Critical cells thus correspond to cells that do
not belong to any reverted arrows. A stronger result is that every iterated DGVF is
a HDVE Proposition 1.6.4 implies that HDVFs strictly generalize DGVFs. A simple
example of a HDVF that does not come from a DGVF is shown in Figure 1.20.

Note that it is still possible to represent a HDVF using arrows from primary to
secondary cells, as for the reversed arrows in DGVFs, but several choices of arrows
may be possible, see Figure 1.20. In this manuscript we represent HDVFs only through
their partition, with green, red and blue cells.

Duality and HDVFs. The duality between homology and cohomology also applies
to HDVF:

Proposition 1.6.5. If (P, S, C) is a HDVF for (K, 0) with reduction (f, g, h), then (S, P,C)
is a HDVF for the dual complex (K,0)* with reduction (g*, f*, h™).

* *
aq+1 0; aq 1

Vi yA
.3 S = >Kq1—><...

o £ /qu 85 q; fq 1T\qu 1

(— SpanCy (— SpanCy—; (—
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@ (b) (©

Figure 1.20 — HDVFs represented using arrows from primary to secondary cells,
mimicking the reversed arrows of DGVFs. The arrows of (a) actually form a (perfect)
DGVE whereas the arrows of (b) and (c) do not form valid DGVFs, as their induced
Morse graphs contain cycles. In fact, the HDVF displayed in (b) and (c) is perfect and
does not come from any DGVE (b) and (c) also illustrate two different arrow choices
for the same HDVE

See Figure 1.21 for an illustration.

In particular, (B, S, C) is perfect for (K, 0) if and only if (S, P, C) is perfect for (K,0)*.
Moreover, the homology generators induced by (B S, C) correspond to the cohomology
generators induced by (S, P, C), and vice versa.

Figure 1.21 - A perfect HDVF (B S, C) for the complex (K, 0) (on the left), and its dual
HDVF (S, P,C) for (K,0)* (on the right).

We conclude this subsection with another property of perfect HDVFs, which illus-
trates once again how HDVFs interleave the notions of cells and chains.

Lemma 1.6.6 (structure of (co)boundaries). A perfect HDVF (B,S, C) for (K, 0) satisfies
the following dual properties:
1. A boundary has at least one primary cell: im0 n Span (Su C) = {0}.

2. A coboundary has at least one secondary cell: im0* N Span (P u C) = {0}.
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Proof. Let x € im0 N Span (Su C): there exist y, s € Span S and ¢ € Span C such that
x =0y =s+c. We have:

foy)=f(+f(c)

df(y)=f(c) because fo=df and foig=0
0=f(c) because d = 0 as the HDVF is perfect
0=c because f oic = idc by Proposition 1.6.1

As aresult: x = se€ Span S and x € im0 < kerd. By Lemma 1.6.3 we obtain x = 0.
Doing the same proof with the dual objects (replacing f, 9, d, and P by g*, %, d*
and S) proves the second equality. O

About the name. The name of HDVFs has been debated since their introduction.
The name homological discrete vector field comes from its original definition as an
extension of discrete gradient vector field. However, unlike DGVFs, arrows are not
fundamental in HDVFs, only the status of cells matters. For this reason, the term can
be considered misleading and long. Thus, alternative names have been proposed.

* The term homological coloring highlights the labeling aspect. However, the term
coloring usually refers to labelings where colors play symmetric interchangeable
roles, which is not the case here.

e The term cellular reduction highlights that HDVFs come with a reduction defined
from a notion of cells. However, the term reduction is already widely used for many
different purposes, which may lead to confusion.

* The term tri-partition, used in H. EDELSBRUNNER and OLSBOCK 2020 for a related
concept, emphasizes the partition of cells into three classes. However, it lacks
explicit connection with homology.

Finally, because no alternative names seemed clearly better than the others, the
term homological discrete vector field remained in our daily usage and stayed as the
standard one.

1.6.2. Elementary swapping operations

In GONZALEZ-LORENZO, BAC, MARI, et al. 2017, the authors define several elementary
operations to modify locally a HDVE Notably, they define three swapping operations
M, W and ¢ which operate local modifications of HDVFs by swapping the status of
two cells. In general, swapping the status of two cells transforms a HDVF into a
simple partition (B, S, C), we say that an operation is valid for a HDVF X if the resulting
partition is also a HDVF (see Figure 1.22 for some examples).

Definition 1.6.3 (HDVF operations GONZALEZ-LORENZO 2016). Given a HDVF (B S, C)
with reduction (f, g, h):

1. The W operation swaps a secondary cell with a critical cell. If 0 € S and y € C:
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W) (RS,C)= (P, Sufyh\{o}, Cuioh\iy})

WZ is valid for X if and only if (g(y), o) is invertible®.
Equivalently, wg is valid for X if and only if (z,(y), o) is invertible.

2. The M operation swaps a primary cell with a critical cell. f r € P and y € C:
M7 (RS,C) = (Puiyh\in}, S, Culmi\ty})

M}’, is valid for X if and only if ( f (), y) is invertible.
Equivalently, M/ is valid for X if and only if (z9(y), ) is invertible.

3. The {) operation swaps a primary cell with a secondary cell. If r€ P and o € S:
07 (BS,C) = (Puioi\m}, Su{ni\o}, C)

07 is valid for X if and only if (0h(r),0) and (hd(x), o) are invertible.
Equivalently, {7 is valid for X if and only if (z,(r),0) and (z9(0), ) are invertible.

Note that these valid operations transform a perfect HDVF into another perfect HDVF
because they do not change the number of critical cells. In what follows, we will only
consider valid operations.

GONZALEZ-LORENZO 2016 also proved that the three operations M, W and { can be
generalized to sets of cells. Precisely, given a HDVF X = (B, S, C) with induced reduction
(f,8 h),and 1< P, X< Sand I ¢ C, we can define the generalized operations WL, ME
and Oﬁ which swap the status of set of cells as for Definition 1.6.3. The validity of
these generalized operations is similar to the validity conditions in Definition 1.6.3,
except that scalar products are replaced by matrix multiplications, and being different
from zero is replaced by being invertible. For example, wg is a valid operation for X if
and only if j> o goir is invertible.

Werl, el i@l
T T T
X, X X3

Figure 1.22 — Three perfect HDVFs on the same complex such that X, = M? X; and
X3 =W/ X,. As stated in Proposition 1.6.7, the M operation preserves the cohomology
generator (represented with purple dual edges): f*(y) in X; equals f*(r) in Xo.
Similarly, the W operation preserves the homology generator (represented in orange):
g(y) in X; equals g(o) in Xs.

5Tn a field, being invertible is equivalent to being non-zero. Thus, this condition is equivalent to
gegy.

57



1. Common Background - 1.6. Homological Discrete Vector Fields

Advanced properties of elementary swapping operations. We present some
more advanced properties of W, M and ¢. The two first properties are about how
(co)homology generators, as well as canonical (co)cycles, are modified after an opera-
tion. Interestingly, W (respectively M) operations preserve the homology (respectively
cohomology) generator while changing the cohomology (respectively homology) gen-
erator associated to the involved critical cell:

Proposition 1.6.7 (Proposition 3.20 in GONZALEZ-LORENZO 2016). Given a perfect
HDVF X = (B, S, C) with induced reduction (f,g,h) andmn € P, o € S, y € C we have:

1. the homology generator associated toy in X is the same as the homology generator
associated too inW), X;

2. the cohomology generator associated toy in X is the same as the cohomology gener-
ator associated to i in M% X.

This property is illustrated in Figure 1.22
Hence, it is possible to modify the cohomology generators while preserving the ho-
mology generators using M operations and vice versa with W operations. A complement

of Proposition 1.6.7 is the following lemma, which details the effect of the operations
M, W and ¢ on the canonical cycle and cocycle maps zq and z4.

Lemma 1.6.8 (canonical (co)cycles after operations). Let X and X' be two perfect
HDVF with canonical maps (z4, z9) and (zil, z'1), respectively Then we have for every
X€eEK:

1 IfX'= W(yI X, denote := (zq(y),a)_l, we have:

24 (X) = 24 (x) = (24 (xX) — x,0) 24(y) Z'(x) = 29 (x)
2. IfX'= M,Y,X, denote := (zq()/),n)_l, we have:

2g(%) = z4(x) 2'(x) = 29(x) = §(z7 (%) = x, M2 ()
3. If X' =09 X, denoteé ;= (zq(n),0) ™" and £9:= (z9(0), )™}, we have:

24(%) = 24(X) = g2 (%) = x,0) 24 (M) 2'(x) = 29(x) = { U2 (%) — x, M) 2% ()

Proof.
1. X' =W, X.
* Consider first the canonical cycle map z;. Let y:= z4(x) — {{z4(x) — x,0)z4(Y).
Our goal is to use Lemma 1.6.3 to prove y = zi, (x). yis a cycle, as a sum of the
two cycles z,(x) and z,4(y). Thus, it remains to prove that y — x € Span§’.

Denote S~ = S\{o} = §'\{y}. Using Lemma 1.6.3, we decompose z4(x) € x +
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Span S~ +Span{o} and z,4(y) € y + Span S~ + Span {o} as follows:
z2q(X) = X+ sx +{z4(x) — x,0)0 zq(y):y+sy+§_la

with sy and s in SpanS™.

To ease notation, denote A := (z,4(x) — x,0). We get the following equalities:

Y—x=24(x)—EAzq(y) — x
=sy+ Ao — EA(y + sy+€_10)
= sy —EMy+s)+ A1 - Do
= Sx—SA(y +5y)

Hence, asy € S’ and both s, and s, arein Span S~ < Span §’, we get y—x € Span §'.
Using Lemma 1.6.3 we get y = z;(x).

 Consider now the canonical cocycle map z’9. We have P = P/, hence,
Lemma 1.6.3 directly gives z9 = z'7.

2. X' =M" X. The proof of this case is the dual of the proof for X' = W}, X. Precisely,
the roles of z, and z9 are inverted, as well as the roles of P and S.

3. X'=07 X. For the canonical cycle map z;, the proofis the same as for X' =W, X,
but replacing y with 7. For the canonical cocycle map z'?, the proof is the same as
for X' =M. X, but replacing y with o. O

To conclude this subsection, we present a proposition that shows how we can
sometimes combine two consecutive operations.

Lemma 1.6.9 (ternary operations). Given X = (B, S, C) a perfect HDVF with induced
(co)cycle projections (zq4, z27):

1. 07 M) is valid for X if(zq4(y),0),(z9(y),n) and (z%(0), ) are invertible.

2. O% wz is valid for X if (z4(y),0), (z9(y), ) and (z4(m),0) are invertible.

Proof. We only prove the first assumption, as the second uses dual arguments.
Firstly, as (z9(y), m) is invertible, M}/, is a valid operation for X. Denote X' = M}f, X and
its associated canonical cycle map z;. By Lemma 1.6.8, we have zé,(x) = z4(x), and
2'9(x) = 27(x) - £(2%(x) — x,my29(y), with & = (z7(y),m) .

Note that y is a primary cell in X’. We obtain the following equalities:

(zé7 (y),0) =(z4(y),0) isinvertible by assumption
(Z2'10),7) =(29(0) - &z9(0) — 0, 1) 29 (y), )
=(z29(0),y) — &(z9(0), M)z (y),y) because (g,7) =0
= —&(z7(0), )z (y),7) as z7(0) € 0 + Span P but y ¢ Span P
=—¢(z"(0),m) as (z7(y),y) =1
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Thus, (z'9(c),y) is invertible as both ¢ and (z7(0), &) are invertible, by assumption.
As a result, by Definition 1.6.3, Q?, is a valid operation for X’. Hence, Og M! is valid
for X. O

1.6.3. Completion of HDVF

A core result of GONZALEZ-LORENZO 2016 is the following: in a non perfect HDVE with
coefficients over a field, it is always possible to pair two critical cells (i.e. transform
two critical cells to one primary and one secondary cell) in order to obtain HDVF with
fewer critical cells. This pairing operation is denoted by A.

Definition 1.6.4 (pairing operation). Given a HDVF (B S, C) with reduction (f, g, h)
from (K, 0) to (SpanC, d), the operation A transforms two critical cells into a primary
and a secondary. If re Cand o € C:

A7 (BS,C) = (Pu{nm}, Suio}, C\{m,a})

AZ isvalid for X if and only if (d (o), 7) is invertible.

X() X1 X2 X3 X4

Figure 1.23 — Five HDVFs on the same complex. Xj is the “empty” HDVE where
every cell is critical. Every other HDVF X; is obtained as a completion of the previous
HDVEF: X; = A7 X;_; for some cells 7 and 0. X, is a perfect HDVE

GONZALEZ-LORENZO, BAC, MARI, et al. 2017 also detailed how the reduction changes
after performing such a pairing.

Therefore, for homology over a field, it is always possible to greedily perform A
operations until obtaining a perfect HDVE This process is called the completion of a
HDVE see Figure 1.23.

Proposition 1.6.10 (completion of a HDVF GONZALEZ-LORENZO 2016). Given X =
(P.S,C) a HDVF for (K, 0), there exists X' = (P',S',C") a perfect HDVF for (K,d) such that
PcP andScS.

Every HDVF X’ such that P < P’ and S c §' is said to be a completion of X. In this
case, we write X < X'.

Given two complexes (K,0) < (K’,d"),aHDVF X = (P, S, C) for the subcomplex (K, 0)
can also be considered as a HDVF (B S, C U (K'\K)) for the bigger complex (K’,d").
Indeed, the invertibility assumption is still satisfied in this new HDVE Using this
observation, we get the following corollary.
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Corollary 1.6.11. Given two complexes (K,0) < (K',0") and a HDVF X for (K,0), there
exists a perfect HDVF X' for (K’,0") such that X < X'.

Advanced completion properties. We conclude this section with three additional
lemmas about this completion process.

First, the A operation can also be generalized for sets of cells. Given II, Z disjoint
subsets of critical cells of a HDVF (B S, C):

Aﬁ (PS,C)=(Pull, Suz, C\(IIux))

Lemma 1.6.12. Aﬁ is valid for X ifand only if jmod o iy is invertible, where d is the
reduced boundary of X.

Proof. The proofis the same as for Proposition 3.11 and 3.19 in GONZALEZ-LORENZO
2016, using block matrices. O

Second, during the completion process, it is possible to preserve some critical cells.
Precisely, every critical cell y such that g(y) is a cycle that is not a boundary can be
preserved. This is stated formally in the following technical lemma.

Lemma 1.6.13 (critical preservation during completion). Let X = (B, S, C) be a HDVF
for (K,0) with reduction (f, g, h). Suppose that there is C* < C, such that for ally € C*,
g(y) is a cycle, and such that ([g4 m1x )yec+ is linearly independent in Hy(K).

Then, there exists X' = (P',S’, C') a perfect HDVF for (K,0) such that X < X' and C* < C'.

“h

X C* ={yo,y1} C* =1{yo, Y2} X'

Figure 1.24 — Illustration of Lemma 1.6.13. The first image is a HDVF X = (B S, O),
with C; = {yo,71,72}. The second image represents a set C* = {yy,y;} that does
not satisfy the assumptions of Lemma 1.6.13. Indeed, although g(y,) and g(y;)
are cycles, {[g(y0)],[g(y1)]} is not linearly independent (they represent the same
hole). The third image shows a set C* = {y(,Y»} that satisfies the assumptions
of Lemma 1.6.13. The last image is the resulting perfect HDVF X' that preserves both
Yo and y> as critical cells, and such that X < X’.

Proof. This proof is long and technical. We decided to put it in appendix, to avoid
overwhelming the reader, see Proof of Lemma 1.6.13. Instead, we give an illustration
of this lemma, see Figure 1.24. O
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Considering two complexes (K, d) < (K’,0'), and a perfect HDVF for (K, ), Lemma 1.6.13
translates as follows: it is possible to complete a perfect HDVF for (K, 0) to a perfect
HDVF for (K’,0") while preserving the critical cells associated with holes of (K,0) that
were not filled in (K’,d"). This is stated in the following corollary.

Corollary 1.6.14. Let (K,0) < (K',0") and let X = (P,S, C) be a perfect HDVF for (K, 0)
with reduction (f, g, h). Suppose that there is C* < C, such that ([gq4 (y)]K/)yec* is
linearly independent in H,(K").

Then, there exists X' = (P',S',C") a perfect HDVF for (K',0') such that X < X' and
c*cC.

Proof. The corollary is obtained by considering X as a HDVF for (K’,d’) (not neces-
sary perfect) and applying Lemma 1.6.13. The fact that g(y) is a cycle is ensured by
the fact that X is perfect for (K, 0), which implies that 0g = 0. O

The last lemma that we present here is a direct consequence of the canonical cy-
cle Lemma 1.6.3. It states a condition under which a canonical (co)cycle is preserved
during a completion.

Lemma 1.6.15 (canonical (co)cycle preservation during completion). Suppose (K,0) <
(K',0"). Let X = (B, S, C) be a HDVF (non necessarily perfect) for (K,d) and X' = (P',S',C")
be perfect HDVFs for (K',0") such that and X < X'.

Then, V x € K such that z,(x) € kerd', we have z,(x) = zé, (x).

Dually, V x € K, such that z7(x) e kerd'*, we have z7(x) = Z'9(x).

Proof. Let x € K < K'. By definition of z; and because imh € Span S, we have
z4(x) € x+SpanS. As X < X', we have S< §' so z; € x+Span§'.

Now, if z4(x) € kerd’ we obtain z,4(x) = z;(x) by Lemma 1.6.3 (as X' is perfect).
With dual arguments we get z9(x) € kerd'* N (x + Span P’) = {2/ (x)}. O

1.6.4. Emulating standard computational homology methods

In this last subsection, we recall results from GONZALEZ-LORENZO 2016 showing how
HDVFs encode standard computational homology approaches.

Smith normal form. It has been proved that the algorithm that computes perfect
HDVF is equivalent to performing SNF reductions on the boundary matrix. Indeed,
each A-operation corresponds to a Gaussian elimination step. Precisely, SNF of the
g-boundary matrix d, can be emulated by a HDVE

Conversely, computing a perfect HDVF simultaneously computes an SNF of each
boundary map d,, with compatible bases in between dimensions. This is equivalent
to computing a modified SNE see PELTIER et al. 2006.

Discrete Morse theory. Since HDVFs strictly generalize DGVFs, they also encode
the homology computations of discrete Morse theory.
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Persistent homology. It is shown in GONZALEZ-LORENZO 2016 that the classical
persistent homology algorithm based on SNF can be computed with a variation of the
algorithm that computes perfect HDVFs. The idea is to perform A operations according
to the input filtration. We refine this observation in Section 3.2, where we detail how
HDVFs encode the standard abstract persistence algorithm of EDELSBRUNNER et al.
2002.

We further extend this list in Section 2.2, where we investigate the relation between
HDVFs and tri-partitions, introduced in H. EDELSBRUNNER and OLSBOCK 2020. These
results highlight that HDVFs provide a framework for studying the homology com-
putations themselves. To conclude, it is important to keep in mind that HDVFs are
hybrid objects, in between algebra and combinatorics, interleaving the notions of
cells and chains. This fact underlies the three following chapters.

63



2. Combinatorial Properties of
HDVFs

Sommaire
2.1. Introduction . . . . . .. ... e 64
2.2, Tri-Partitions . . . . . . . .. o e 65
2.2.1. Definition . .. ... ... .. ... . 65
2.2.2. Relation between Tri-partitions and perfect HDVFs . . . . . . .. 66
2.2.3. The canonical (co)cyclelemma . . . ... ... ... ........ 68
2.3. (Co)Homology Bases Computed by HDVF and Related Methods . ... 69
2.3.1. Explicithomologybases . . . ... ... ............... 70
2.3.2. Characterization of the homology bases computed by HDVFs . 73
2.3.3. Explicit cohomologybases . ... ... ............... 78
2.3.4. Combining explicit homology and cohomology bases . . . . .. 80
2.3.5. Characterization of homology bases computed by other methods 83
24. Conclusion . . . . . ... . 84

2.1. Introduction

This chapter aims to refine the understanding of HDVFs. More specifically, we develop
the combinatorial properties of perfect HDVFs.

First, Section 2.2 establishes a close relationship between perfect HDVFs and ¢ri-
partitions, a combinatorial structure introduced in H. EDELSBRUNNER and OLSBOCK
2020. Tri-partitions are defined using the concept of tree and co-tree. This connection
allows a more combinatorial interpretation of perfect HDVFs and their associated
homology and cohomology bases. Conversely, it also refines the understanding of
tri-partitions.

Next, Section 2.3 introduces the main contribution of this chapter: a characteri-
zation of the homology bases induced by perfect HDVFs. We introduce a class of
cohomology and homology bases called explicit bases. We show that HDVFs can only
compute explicit bases, and conversely, that every explicit basis can be computed by
a HDVE This characterization extends to other standard computational homology
methods, which proves that common approaches compute only a small set of the
possible homology bases.
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These results highlight the significant role of combinatorics in computational ho-
mology approaches. Throughout this chapter, we consider combinatorial chain com-
plexes, which we simply refer to as complexes. The results of this chapter were pre-
sented in the conference Discrete Geometry and Mathematical Morphology 2025,
see GAZULL, GONZALEZ-LORENZO, et al. 2025a, and have been submitted for the
corresponding special issue in Journal of Mathematical Imaging and Vision.

2.2. Tri-Partitions
2.2.1. Definition

H. EDELSBRUNNER and OLSBOCK 2020 introduced the notion of tri-partition. A tri-
partition is a combinatorial object providing homological information using the no-
tions of tree and cotree, which generalize the notion of tree for graphs.

Definition 2.2.1 (trees and cotrees). Let (K,0) be a complex. A g-treeis a set of g-cells
A that does not generate non-zero cycles, i.e. Span Ankerd = {0}. Similarly, a g-cotree
is a set of g-cells A that does not generate non-zero cocycles, i.e. Span Ankerd* = {0}.
A g-tree A (resp. g-cotree) is maximal if there is no other g-tree (resp. g-cotree) A’
such that Ac A,

Definition 2.2.2 (tri-partition). Given a complex (K,0), a tri-partition of dimension g
is a triplet (A9, Ag, Eg4) forming a partition of the g-cells I?q such that A7 is a maximal
g-cotree, A, is a maximal g-tree and |E4| = f,4. See Figure 2.1 for an example of a
tri-partition.

Note that H. EDELSBRUNNER and OLSBOCK 2020 introduced tri-partitions for poly-
hedral complexes. We directly present them for combinatorial chain complexes, as
the definitions and proofs also work in this context. The authors then proved the
following theorem about the existence of tri-partitions. This theorem was initially
proved for homology over Z/27Z, but it holds for other fields.

Theorem 2.2.1 (Theorem 3.1 in H. EDELSBRUNNER and OLSBOCK 2020). Let (K,0) be a
complex. Then, for all q, there exist a tri-partition of dimension q for (K,0).

In their article, the authors explain how to adapt Smith normal form algorithm to
compute tri-partitions. In addition, they show that every tri-partition induces bases
for homology, cohomology but also for cycles and cocycles. These bases are defined
using the following maps, which are called canonical (co)cycle maps, and coincide
with the canonical cycle maps defined for HDVE as explained later in Section 2.2.3.

Proposition 2.2.2 (canonical (co)cycle). Let (A9, Ay, Eg) be atri-partition for a complex
(K,0). IfT € ATU Ey, there is a unique q-cycle Z4(t) in T +SpanA,. By duality, if
T € AgU Ey, there is a unique q-cocycle Z%(t) in T + Span A9.

Z4(t) and z9(t) are called the canonical cycle and cocycle of T, respectively. They are
extended linearly to two maps Z, : K; — kerd, and z9: K, — keraz; +1°
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Theorem 2.2.3 (Theorem 4.3 in H. EDELSBRUNNER and OLSBOCK 2020).

. {z, (T)}T€Aqqu is a basis ofkerd;
« {z,(0} . , 18 @ q-homology basis;

. {Zq(T)}TeAqI_IEq is a basis ofkeraj;“;

. {Zq(r)}reEq is a g-cohomology basis.

Figure 2.1 — Three tri-partitions (AY, Ay, Eg4) of dimension g = 0, 1 and 2 respectively.
The fourth image is the perfect HDVF (B S, C) obtained by “stacking” the three
previous tri-partitions. Equivalently, the tri-partitions are the dimensional “layers”
of the perfect HDVE thatis (A9, Ay, E;) = (P4, S4,Cy). A9, Ay and E, are represented
in green, red and blue, respectively, to match the color scheme of HDVFs, according
to the result of Section 2.2.2. Note that the cotree A! is represented with transversal
edges.

2.2.2. Relation between Tri-partitions and perfect HDVFs

The following propositions state that tri-partitions are closely related to perfect HDVFs.
Precisely, they can be viewed as “dimensional layers” of perfect HDVFs. Conversely, a
perfect HDVF can be viewed as a “stack” of tri-partitions.

Proposition 2.2.4. If (B S,C) is a perfect HDVF for K, then (P4, S4,Cy) is a q-tri-
partition for every dimension q.

Proof. By Lemma 1.6.3, we have SpanSnkerd = {0}, so S, is a g-tree. Dually,
Span P nkerd* = {0}, so P is a g-cotree. Moreover, |C4| = f, because (B S,C) is
perfect.

It remains to prove the maximality of S; and P,. Let us consider S first: we prove
that if we add a cell 7 to S, it creates a cycle. Let T be a g-cell thatis notin S,. As
(Pg,Sq,Cq) is a partition of the g-cells, T € P, LI Cy.

Consider x := z4(t) = T — hd(z) (by Definition 1.4.2). (P, S, C) is perfect so x is a
cycle, by Lemma 1.6.3.

In addition, T ¢ Sy, T # 0, and x is composed of cells in S, U {7} (by Lemma 1.6.3).
Thus, x is a non-zero cycle of S, LI {1}, so S, is maximal.
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The proof of the maximality of P is similar: if 7 ¢ Py, then z9(7) is a non-zero
cocycle with cells in P, L {T}. O

We then show the converse: a “stack” of tri-partitions is a perfect HDVF:

Proposition 2.2.5. If forevery q, (A4, A%, E,) is a q-tri-partition of K, then (UA9,UA4,UE)
is a perfect HDVF for K.

Proof. We first prove that (B S,C) = (JUAY,U Ag,UEy) is a HDVE Thus, we need to
show that O‘f :=jaao001y,,,, is a square invertible matrix for every q.
q+1 q+

To begin with, we prove the injectivity of 6£Z+1. Let x € keraizﬂ. We have x €

Span A441 and 0(x) € Span A, @ Span E,;. Hence, there exists ¢ € Span A (a tree) and
e € SpanE, such that d(x) =t +e.

By Proposition 2.2.2, we have Z;(e) — e € Span A; and Z4(e) € kerd. This implies
the following equalities:

ox)—e=t
0x)—e—(Z4(e)—e)=t—(Z4(e)—e)
0(x) —Zg(e) = t—(Z4(e) — €)

0(x) and Zz,(e) are cycles, so d(x) — Z4(e) € kerd. In addition, ¢ and Z,(e) — e are in
Span Ag, so 0(x) — Z,(e) = t — (Z4(e) — e) € Span A,. Since Span A; nkerd = {0} (by
definition of a g-tree), we obtain 9(x) — Z4(e) = 0, so 0(x) = Z4(e).

This directly implies [Z;(e)] = [0(x)] = 0. By Theorem 2.2.3, {Z, (e)}eeEq is a ho-
mology basis, so e = 0 otherwise we would have [Z;(e)] # 0. Thus, we get d(x) = f,
so 0(x) € Span A, nkerd = {0}. Thus, d(x) = 0 and x € kerd. This implies that
x € Span Ag.1 Nkerd = {0}, so x = 0 and kelraflz+1 ={0}.

This directly implies the injectivity of ag:ﬂ and the fact that |Ag4| <| Ad|.

+1

By duality (doing the proof for x € kera*‘/}zﬂ), we obtain the injectivity of 6*‘2:

and the fact that [Ag41| = |A9|. This implies that Oﬁzﬂ is square and injective, so it is
invertible.
Hence, (P, S, C) is a HDVE It is perfect because we have |Cy| = |E4| = (4. O

Propositions 2.2.4 and 2.2.5 underline the fact that perfect HDVFs and tri-partitions
encode the same object. The former adopts a “vertical” point of view, whereas the
latter adopts a “horizontal” one. This correspondence immediately implies several
properties on both sides. For instance, consider two tri-partitions in dimensions g +1
and g, respectively. Then the boundary of the (g + 1)-tree restrained to the g-cotree is
invertible.

Another consequence is that perfect HDVFs can be mixed dimension-wise. More
precisely, let X and X’ = (P', §', C') be two perfect HDVFs. Replacing the g-dimensional
partition of X with (P, Sy, C) still produces a perfect HDVE
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Last, let us point out that this equivalence prove that the definition of tri-partitions
naturally extend to homology over a field, and not only for Z/2Z. Therefore, in what
follows we consider homology computed over a field.

2.2.3. The canonical (co)cycle lemma

Another important consequence is that the canonical (co)cycle maps defined for tri-
partitions (Proposition 2.2.2) coincide with those defined for HDVFs. Precisely, given a
tri-partition (with maps Z, and Z7) that is a layer of a given perfect HDVF (with maps
zq4 and z9), we have Z, = z, and z7 = z9. This follows directly from Propositions 2.2.4
and 2.2.5 together with Lemma 1.6.3.

Figure 2.2 — A tri-partition (AY, Ag, Eg) of dimension 1 (left), a perfect HDVF (B, S, C)
(middle) and a 1-homology basis (right). The homology basis is the one induced
by both the tri-partition and the HDVE it is given by {z,(1)} . g, I terms of tri-

partitions, and by {g,(7)} rec, in terms of HDVE The canonical cycle lemma states

that each generator is the unique cycle composed of a blue cell and red cells.

Historically, we realized the importance of the canonical (co)cycle maps after read-
ing H. EDELSBRUNNER and OLSBOCK 2020. Although this paper is more recent than
the ones introducing HDVFs and their associated reductions, it makes clear that these
maps generalize the reduction maps g and f* in a meaningful way, for primary and
secondary cells. This leads to the following central lemma, which has already been
presented and proved in Section 1.6.1.

Lemma (canonical (co)cycle lemma, Lemma 1.6.3). In a perfect HDVF (P, S,C):
VxeKy (x +Span S) nkerd = {z4(x)} (x+Span P) nkerd* = {z9(x)}
In particular, if ¢ € Span Cy4 we have:
(c+SpanS) nkerd = {g,(c)} (c+SpanP)nkerd” = {f7(c)}

This lemma is crucial because it provides a combinatorial characterization of
(co)homology generators. More precisely, the homology generator associated to a
critical cell y is the unique cycle composed of y and secondary cells (see Figure 2.1).
Dually, the cohomology generator associated to y is the unique cocycle composed of
Y and primary cells. See Figure 1.19 for an illustration in Chapter 1. As a result, this
lemma is used extensively in Section 2.3.
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The behavior of the lemma on primary and secondary cells is also of interest. For
example, in Section 3.2.3, we apply the lemma to primary cells to show that persistent
homology generators are encoded in a single perfect HDVE

All in all, the canonical (co)cycle lemma embodies a core aspect of our work: it
highlights the interaction between the combinatorics of cells and the algebraic concept
of homology.

We conclude with a related lemma providing a combinatorial characterization of
the maps g and f* for non-perfect HDVFs.

Lemma 2.2.6. Ina HDVF (P, S, C):
VceSpanCy (c+SpanS) nker(jpo) = {g(c)} (c+SpanP)nker(js0*) ={f*(c)}

Proof. We only prove the first equality, as the other is obtained by duality. First,
using Proposition 1.6.1, we have g(c) € ¢+ Span S. Moreover, Definition 1.4.2 gives
jp0g = jpgd = 0, because jpg = 0. Hence g(c) also belongs to (¢ + SpanS) N
ker(jp0).

It remains to prove the converse. Suppose that x € (c + Span S) nker(jp0d). We
prove that x — g(c) = 0. As x and g(c) are in ¢+ Span$§, let us write x = ¢+ s and
g(c)=c+5s'. Then,

0=jpd(x) - jpd(g(c) = jpd(s—s)
= jpOis(s—¢) because s— s’ € Span$

Thus, as jpdig is invertible by definition of a HDVE we have s — s’ = 0, hence,
x=g(c). O

2.3. (Co)Homology Bases Computed by HDVF and
Related Methods

A complex can admit a large number of possible homology and cohomology bases. Itis
known that computational homology approaches usually only compute a small subset
of them. In particular, the standard approaches introduced earlier (see Section 1.4)
can only produce elementary generators, i.e. cycles that are not the union of smaller
cycles.

This is also the case for HDVFs and related methods. Some homology bases can
be obtained using a perfect HDVF while others cannot, see Figure 2.4 for examples.
Thus, this section provides a characterization of the homology and cohomology bases
computed by HDVFs. This characterization highlights the importance of the role
combinatorics plays in homology computations.

First, Section 2.3.1 introduces explicit bases, which can be understood as as a gen-
eralization of strictly fundamental bases for graphs to arbitrary combinatorial chain
complexes. Then, Section 2.3.2 proves that a homology basis is explicit if and only if it
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is induced by a HDVE In particular, the proof provides an algorithm to compute a per-
fect HDVF given a specific explicit basis. Next, Section 2.3.3 establishes a similar result
for cohomology bases, and Section 2.3.4 proves a necessary and sufficient condition
under which a pair of explicit homology and cohomology bases can be computed by a
single HDVE Finally, we show in Section 2.3.5 how this result extends to other standard
approaches, including for instance discrete Morse theory and standard persistent
homology.

2.3.1. Explicit homology bases

In this subsection, we introduce explicit homology bases and their properties. The
following results tightly intricate combinatorics (cells) and algebra (chains), which
is consistent with the nature of HDVFs. Proposition 2.3.1 gives various equivalent
definitions of explicit bases and Proposition 2.3.2 shows that the generators of an
explicit basis are elementary.

Let us introduce the notion of subcomplex induced by a set of cells. First recall that
given a chain x, X denotes its associated set of cells:

X:={reKql|(x,T)#0}

Definition 2.3.1 (down induced complex). Given a set of g-cells A< I_<q in a complex
(K, ), we denote (K,d)'” the subcomplex of (K,d) generated by the cells of A together
with their (g — 1)-faces. Formally, if we denote 6 A := Uy 40(a) the set of (g — 1)-faces
of cells of A, (K,0) M s the following complex:

aﬁA

10y 2 ... % Span A -2 Spand A - {0} — ...

Precisely, if we denote (K’,d") := (K, )4, we have I?q = A, I?q_l =0Aand I?’p = @ for
every other dimension p. In addition, as (K’,d") is a subcomplex of (K, ), 8’ coincides
with 0, which gives 97, = ik, ° 0goig; = 0%/ and 0, =0if p # q. See Figure 2.3 for an
illustration.

Figure 2.3 — A representation of the down induced complex of A. The left image
represents a complex (K,0) and a set A of 1-cells (in purple). The right image
represents the subcomplex (K, 0) M induced by the cells of A together with the cells
in their boundary.
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Remark. In the first version of this work (see GAZULL, GONZALEZ-LORENZO, et al.
2025a), we considered a slightly different concept. Precisely, instead of only consid-
ering the g and g — 1 dimensions, we considered the complex closed downward for
all lower dimensions (by taking the faces, the faces of the faces, etc.). Although both
these choices yield coinciding definitions of explicit basis, we prefer to use Defini-
tion 2.3.1 as it is lighter, and eases some of the proofs (especially Proposition 2.3.7).

Let us fix (K, 0) a complex and simply denote §, := f,(K) its g-th Betti number. For

clarity, a collection of 8, objects is denoted by {a;};<p, instead of {a,-}fz"l.

Given a g-homology basis {g;}i<p, for a (K,0) and J = {1,..., B4} a set of indices,
we denote (K’,0) := (K,d)'Yic/8 the complex generated by the cells in the generators
indexed by J!. We denote L{7 the homology map induced by the inclusion (K’,8) <

induced by the whole basis (see Figure 2.4) and Li,g its associated homology map.

Definition 2.3.2 (Explicit homology basis). A g-homology basis {g;}i<p, for a complex
(K,0) is said to be explicit if it satisfies the following property:

vk, g\Ui 872  and By (Klg) =By

In other words, a homology basis is explicit if and only if no generator is included
in the others and the subcomplex induced by the generators has exactly the same
number of g-holes as in the initial complex (see Figure 2.4 for examples of non explicit
homology bases).

i =] — _—
gl [ el
HE R '—}—' } EIREN
& | | 5| B ||
(Ky) (K») (K3)

Figure 2.4 — Examples of 1-homology bases which are not explicit (right images: sub-
complexes down induced by the basis). By Theorem 2.3.4 they cannot be obtained
from a HDVE

In (K1), g5\(8 Ug,) = © so the basis is not explicit. In (K>), the complex (K'8,d)
induced by the basis has three 1-holes instead of two: 3 = dim (H, (K'8)) # f; = 2.
Similarly, in (K3), the complex induced by the basis has five 1-holes instead of four.

The following proposition introduces equivalent definitions, which are useful in
proofs of next subsections and next chapters.

INote that Ké is the span of a combinatorial object (U;cjg;); it is not necessarily equal to Span ({g,-}ie ])
(the “natural” algebraic object defined from generators).
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Proposition 2.3.1. Given a g-homology basis {gi}isﬁq for a complex (K,0), the three
following properties are equivalent:

1. Vk g\U, 8 #9 and V], t): Hy(K') — Hy(K) is injective of rank ||
2. VJ<il,...,Bql, kerdnK)c<Span(iglic))

3. vk E\UiuEi#0 and By(K'E)=p,

Proof. For simplicity, we write [-] instead of [-]I; , [')/ instead of qud and []'8 instead
of [-]Klg. Firstly, we state some results about the g-homology basis {g;};<g 4
J {[gi]}isﬁq is a basis of H;(K) (by Definition 1.3.11).

o L{,([x]] ) = [x] for every x in K J (by functoriality of the homology functor).

e Forevery J, {[g;]/}i¢; is linearly independent (because {[g;]};< B, is linearly inde-
pendent).

1. = 2. LetxekeraﬂKé, let us show that it is in Span{g;};c;

l{i has rank |J| and {[g;]}iej = {L{,([gi]])},-ej is a linearly independent set of cardinal
|J]in imt{,, therefore {[g;]} ;¢ is a basis of im t{]. Hence, there exist (¢;) ;c; coefficients

such that: 7
) =3 eilgl =1y ([Zidg"gi] )

By injectivity of L{,, we have [x]/ = [Z,-e JEi gi]] , therefore there exists a (q + 1)-chain
y € K’ such that x =Y ;¢ €; g; +0y. However, the maximal dimension of cells in K’
isqg,soy=0.Asaresult, x =} ;c;€;g; € Span{g;}ie;.
2. = 3. Firstly, by contradiction suppose that g, \U;.x g; = @.

Let J:={1,...,B4t\{k}. We then have g, < Ujc;g; = I?f, therefore g;. € K’. In
addition, g is a g-cycle (because it is a g-generator). By assumption, we obtain that
gx € Span{g;};c; which contradicts the fact that {[g;]'8},_ s, is linearly independent.

As a consequence g, \U;xkg; # @.

Then, {[g;]'8} . s, is linearly independent, let us show it is a basis for H (K le),
Let [x]'8 € H,(K'8). We have that x is a g-cycle in K'6. By assumption we get
that x € Span{g;};<p,, therefore [x]'€ € Span{[gi]lg}isﬁq. Hence, {[gi]lg}isﬁq gen-
erates Hy (K 18) and is linearly independent so it is a basis for Hy(K 18), As a result
dim(Hy, (K'8)) = B,.

3. = 1. GivenJ, {[gi]] } ieJ is linearly independent, we first show that it is a basis
for Hy(K”).

Consider a g-cycle x in K/ and its associated homology class [x]’ € Hy (K 7). Let
L{flg : Hy(K)) — H,(K'8) be the homology morphism induced by the inclusion
(K,0) < (K'&,0). We have ¢, *8([x)/) = [x]'€.
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Hy(K '€) has dimension B4 by assumption. {[g;] 1g}iS by is a linearly independent
set of Hy(K l&) with cardinal Pq so itis a basis of it. Hence, there exist (¢;) ;¢ coef-

ficients such that [x]'8 = Zisﬁq €ilg;l 18 Thus, there exists a (g+1)-chain y e Kﬁl

suchthatx=3;-p €ig; +0y. As Ktlﬁl = {0} we obtain y=0and x=}';<p, €;g;.
By contradiction: suppose that there is j ¢ J such that £; # 0. Then, as
g;\Uix;jg; # @, lety be a cellin g; that is not in the other g;. We have:

(X, 7) :Zisﬁq5i<gi»7”> =€j(g;1)#0  becauseyeg;ande;#0

Hence, y € x, which contradicts the fact that x € K J because Y is not in any g; with
i €].Asaconsequence, Vj ¢ J,e;=0.
This implies that x = ;¢ ¢;g; and [x)’ € Span{[g,]’}, .

As aresult {[g;)},_, is a basis for H,(K”) with cardinal |J|. Therefore, as {[g;1};c; =

{Lé([gi]] )} ;¢; is alinearly independent family of im L{i we obtain that L{] is an injective

map with rank | /. O

Interestingly, all these definitions combine combinatorics (cells) and algebra (chains),
but cannot be fully captured by either. Even 2. of Proposition 2.3.1 entails an intersec-
tion with Ké , whose definition relies on cells. This dual nature of bases computed by
standard approaches is an important result of the present work. Moreover, we have
the following combinatorial property:

Proposition 2.3.2. The generators of an explicit homology basis are elementary. A
cycle is said to be elementary if it is not composed of smaller cycles. Precisely, x is an
elementary cycle if every cycle composed of cells of x is a multiple of x.

Proof. Let {g;}i<p, be an explicit g-homology basis of (K,0) and a be a cycle such

that a < g;. If we denote J := {k}, we have that a is in kerd n K{;. By Proposi-
tion 2.3.1(2.), a is in Span (g;), so it is a multiple of g;.. O

This directly implies this additional property, which highlights the rigidity of explicit
bases.

Proposition 2.3.3. Let {gl‘}isﬁq and {g;}isﬁq be explicit bases such that for all i, g; < g_;
org_;. c g;. Then, there exist coefficients A; € Z such that gili<p, = {Ai g;}isﬁq.

Proof. By Proposition 2.3.2, generators are elementary, so g; < g_’l (as well as g_; cg;)
implies that g; = A; g/ O

2.3.2. Characterization of the homology bases computed by
HDVFs

We now prove that the homology bases obtained from HDVFs are explicit.
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Theorem 2.3.4. Let X = (B, S, C) be a perfect HDVF for (K, 0) with reduction (f, g, h).
Then, for all q, the associated q-homology basis {gq (7)}yecq is explicit.

Proof. Denote C4 = {y1,...,yp,}. For this proof, we use the second characteri-
zation of an explicit homology basis in Proposition 2.3.1. Let J < {1,..., 84} and
consider the down induced complex (K 7 9). Let x e kerdn K J , we will show that

x € Span{g(yi}iej-
First, by Lemma 1.6.3, g(y;) is a cycle composed of y; and secondary cells, thus,
forall 7, g(y;) n C = {y;}. This implies:

Kinc={U,,8rdnC=1y;, ien

Second, as im g < Span S @ Span C (see Proposition 1.6.1), we have that x Ké =
Uies€(yi) € SuC. Hence x € Span S @ Span C and there exists s € Span S and c €
SpanC suchthatx=c+sand x=cUs.

As x € KL],, we obtain xNC =c¢ < Ké NC = {y;, i € J}. This implies that there
exist (¢;);c; elements of the field 2 such that ¢ = }_;c;&;y;. Thus, with reduction
properties (see Definition 1.4.2):

x=gf(x)+0h(x)+ ho(x)

=gf(c+s)+0h(x) as x € kero

=gflc+s) ashoigy,c=0andxeSucC

=g(c) as foic=idcand foig=0

= Ziejfig()/i) As aresult x € Span{g(y;)}ies- O

As stated by the following theorem, the converse also holds, up to non-zero coeffi-
cients in front of generators:

Theorem 2.3.5. Let {g;}i<p, be an explicit g-homology basis for (K,0). There exist a
perfect HDVF X = (B, S, C) for (K,0) with reduction (f, g, h), and non-zero coefficients
Ai € R, such that

{84Wtyec, = Nigitizp,

Remark. When Z = 7/2Z, every A;s is equal to 1, and homology bases given by
perfect HDVFs exactly correspond to explicit bases.

We prove Theorem 2.3.5 by building a perfect HDVF from an explicit basis. To do so,
we need three lemmas related to the existence and completion of HDVFs.

Firstly, during a completion process, it is possible to preserve some critical cells.
Precisely, it is possible to preserve every critical cell y such that g(y) is a cycle that is
not trivial in the homology group. This result is stated in the technical Lemma 1.6.13.
In the case of a completion from a perfect HDVF for (K, 0) to a perfect HDVF for a
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bigger complex (K’,0) 2 (K,0), Lemma 1.6.13 implies that it is possible to preserve the
critical cells associated with holes of (K,d) that were not filled in (K’,d).

Secondly, some critical cells preserved in a completion process keep their associ-
ated homology generators. This statement is a direct consequence of Lemma 1.6.15.
Precisely, given X < X’ and y a critical cell in both X and X', if the canonical cycle of y
in X is still a cycle in the larger complex, then it is equal to the canonical cycle of y in
X',

Finally, given an explicit homology basis, it is possible to build a perfect HDVF X&
for the subcomplex (K lg, 0) induced by the basis, such that X8 is still associated to the
same basis:

Lemma 2.3.6 (perfect HDVF of the basis subcomplex). Let {g;}i<p, be an explicit q-
homology basis for (K,0). Then, there exist X& = (P®, S8, C®) a perfect HDVF for (K lg, 6)
with reduction (f¢, g€, h®), and non-zero coefficients A;, such that

{gf,()/)}yecs ={digiti=p,
The construction of this HDVF is technical and is done by induction on k € {0, ... B4}

Proof. For simplicity, we write K k instead of K''-¥ and []* instead of [-]I;k. In

particular, KPs = K!8, We also write (¥ instead of qu< “ and omit the q subscripts for
reduction maps.

Let {gi}isﬁq be an explicit g-homology basis for (K,0). Let k < ;. Because
g \Uixk g; # @, let us fix an element y in g that does not belong to the other g;s.

We build by induction for k£ =0,. ,Bq a perfect HDVF X* = (P¥, S, C¥) for the
complex (K*,0) (with reduction ( f 3 8 k nk)) such that Ck {yi, i < k}and Vi <

k, gk(yi) = Aig; (with A; non zero coefficients). Let us recall the reduction diagram:
ok, ok ok
.3 q+1 y Kk q y 2 q-1

qu ko gk 1T f;“l )

. —) SpanC’qc —) Spaan_1 L}

Base case: k=0.
= {0}, X° = (@, , @) with reduction (f°, g% k%), such that f°, g° and h° are the
zero function {0} — {0}.

Induction step: k + 1.

Suppose that there exist X* = (P*, $¥,C*) a perfect HDVF for the complex (K*,0)
(with reduction (fk, k 1K), such that Cb7 {vilickandVi<k, g (yl) =A;g;. The
proof follows the following steps:

1. We build a perfect HDVF X for K**! such that X* < X.
2. We modify X with a W to get a perfect HDVE X**! for K¥*! such that X* < X**1,
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3. We show that X**! satisfies the required properties.

1. Wehave K¥*1 = KkUg,,7. Denote ¥, (**1 and i*~**! the following g-homology
maps induced by the complex inclusions (K*,0%) c (K,d), (K**1,0%1) c (K,0%)
and (K*,8%) c (K*+1,0%+1y:

FH (K — Hy () < H (KM — Hy(K) R H (KR — H (KE

k_ k+1 otk_’k“,

By functoriality of the homology functor we have ¢
k

l

k—k+1 is

{giti<p g is explicit so (" is injective by Proposition 2.3.1(1.), therefore ¢

also injective. In addition, {[gk(y)]k}yeczqc is linearly independent (because X* is
perfect). Hence, {[gk(y)]kﬂ}yec{; = {Lk_’k“[gk()/)]k}yecéC is linearly independent in

Hq (Kk+1).
Using Lemma 1.6.13 with C* := Cg, it is then possible to complete X* into a
perfect HDVF X = (.S, C) for (K**1,%*1), such that P* < P.and S < Sand C} < C,;.

2. We now slightly modify X to have the desired properties.
(8:)i<p g is explicit so k+1 g injective with rank k + 1 by Proposition 2.3.1, therefore

|ICql =k+1.As |C§| = k there exists a cell 7 € C; such that C; = Cg L {r}. As 7 is not

in K¥, we have that 7 € g ;.

The maximal dimension of cells in the complex (K k+1 5y is g by construction,
therefore every g-cell of it is either a secondary or a critical cell (otherwise 65 would
not be invertible). Hence, we have that g;_;\{r} < S because g;; cannot contain
critical cells from Cg ={yi, i < k}. This implies that g;,, € {(g},1,7) - T + Span S, with
(€r+1T) # 0. As aresult, by Lemma 1.6.3 we have g(7) = fg+1 x4, With fgyg =
(gr+1,T) ! anon-zero coefficient.

If T = y¢+1, we can just define X*+1.= X If that is not the case we use a W opera-
tion: as Y+1 € gryq = (1), wg}kﬂ} is a valid operation for X (see Definition 1.6.3). As

a result we define X**!:= wg}kﬂ} X = (P*+1,sk+1 c*+1) which is a perfect HDVF for

K*+1 because a valid W operation transforms a perfect HDVF into another perfect
HDVE(see Definition 1.6.3). We denote (f**!, g&*1, h**1) its reduction.

3. We now verify that X**! satisfies the desired properties.

Firstly, CS*! = {y;, i < k+1}. Secondly, as P* ¢ P¥*!, ¥ ¢ §¥*1 and C§ < Cn
C**1, Lemma 1.6.15 implies that Vi < k, g&*1(y;) = gF(y:) = A g;.

In addition we prove that we also have gk+1(}fk+1) = Ak+18kyp With Agyq =
(8x+1>Yk+1) a non-zero coefficient. T and y4; are both cells of px1 8,1 = (1),
which is a chain in 7 + SpanS. Hence, there exists s € Span§ such that g;_; =
/1k+1'7’k+1+ﬂz}rl'T+5- We have S¥*1 = SU{TI\{y141}, 50 grrq € Akr1Y k1 +Span SKHL.
By Lemma 1.6.3 we get g (y141) = Arar Eii1- O

Once previous lemmas are known, the proof of Theorem 2.3.5 becomes intuitive
and Figure 2.5 illustrates it.
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Figure 2.5 — [llustration of the constructions involved in the proof of Theorem 2.3.5.
The first row represents four generators forming an explicit 1-homology basis of a
complex (K,d). The second row shows steps of the proof. It starts (a) with (K'&,9)
the complex induced by this basis (which has four 1-holes as the basis is explicit).
(b) represents a choice of cells y that are respectively in g;\U;z g; (which is non-
empty as the basis is explicit). (c) is the perfect HDVF X® obtained with Lemma 2.3.6.
By construction, we get g&(y;) = g;. Finally, (d) is X the perfect HDVF for (K, 0)
obtained by completing X& using Lemma 1.6.13.

The 1-homology basis induced by X is {g,, g,,g3,8,4}, by Lemma 1.6.15.

Proof. [Proof of Theorem 2.3.5] Using Lemma 2.3.6, there exists X& = (P&, S, (¥)
a perfect HDVF for (K'€,8) (with reduction (f&, g&, h8)) such that its associated
g-homology basis is {1; g;}i<p,, with A; non-zero coefficients.

As {gi}isﬁq is explicit, we have that tif" tHg (K'8) — H,(K) is injective, see Proposi-

tion 2.3.1(1). {[gg MK lg} e is linearly independent (because X& is perfect), so we
veCy

. g K _J,ler e K's . 1s . .
obtain that {[ g ] }yeC§ = {lq [g5] }76C§ is linearly independent in H, (K).
As a consequence, we use Lemma 1.6.13 with C* := Cs to complete X® into a
perfect HDVF X = (B, S, C) for (K, d), with reduction (f, g, h), such that X& < X and
CE < Cq. As By = q(K) =1C4l and B = By(K'8) = |C§| we get CE = C,.
Every generator g; = gs (yi) is acycle in (K, 0), so we can use Lemma 1.6.15 with
X& < X to obtain {g;(Y)}yec, = {85(7’)}yec§ ={digi}i=p,- D

As aresult, Theorems 2.3.4 and 2.3.5 imply that a homology basis is explicit if and
only if it is induced by a perfect HDVF (up to non-zero coefficients). Note that the

proof of Theorem 2.3.5 provides an algorithm to build a perfect HDVF given an explicit
homology basis.
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2.3.3. Explicit cohomology bases

In this subsection, we use duality and results from Section 2.3 to characterize the co-
homology bases computed by HDVFs. In the next subsection, we investigate whether
a pair of homology and cohomology bases is compatible, i.e. if both bases can be
induced simultaneously by a single HDVE

Let us first define the notion of explicit cohomology basis using the notion of up
induced complex, which is the dual of the down induced complex. We then prove that
a cohomology basis is explicit if and only if it is an explicit homology basis of the dual
complex, see Proposition 2.3.7.

Definition 2.3.3 (up induced complex). Given a set of g-cells A< I_Q, in a complex
(K,0), we denote (K,0) 14 the subcomplex of (K, 0) generated by the cells of A together
with their (g + 1)-cofaces. Formally, if we denote §* A := Uge40* (@) the (g + 1)-cofaces
of A, (K,0)'4 is the following complex:

a4,
0y -2 ... % Spand*A 24 spanA > ...-% (0}

(K,0)'4, (K,0)'4 and (K,d)* are well-defined combinatorial chain complexes, but it
can sometimes be hard to intuitively and visually understand them. This is because
these complexes may not be derived from standard geometric complexes (e.g. simpli-
cial or cubical complexes), even when it is the case for (K, 0). For instance, there can
be edges in (K,d)'* that do not have any vertices in their boundary. See Figure 2.6 for
an illustration.

(K,0) (K,0)14

Figure 2.6 — Representations of the up induced complex. The left image represents
a complex (K,0) and a set A of 1-cells (in purple). The right image represents
the subcomplex (K, 914 induced by the cells of A together with the cells in their
coboundary.

Given a g-cohomology basis {f;};<p, for a complex (K,0), we denote (K'%,0) =

(K,0)Yi=pq fi the subcomplex induced by the cells of all generators f; and their (q + 1)-
cofaces.

Definition 2.3.4 (Explicit cohomology bases). A g-cohomology basis {f;};<g g for a
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complex (K, 0) is said to be explicit if it satisfies the following property:
vk, f_k\Ui;ékf_i?f@ and g7 (KTf)::Bq

See Figure 2.7 for an illustration of cohomology bases that are not explicit.

=] B e
1 R D @O

o ®

(K1) (K2) (K3)

|

Figure 2.7 — Examples of 1-cohomology bases which are not explicit (right images:
subcomplexes up induced by the basis). By Theorem 2.3.8 they cannot be obtained
from a HDVE In (K3), 3 is included in £, U f,, so the basis is not explicit. In (K>), the
complex (K'%,d) induced by the basis (on the right) has a 1-cohomology group of
dimension 3, but K, has only two 1-holes. Thus, the basis is not explicit. Similarly, in
(K3), H' (K'€) has dimension 3 instead of 2 = 3.

Note that, when considering geometrical complexes, it is harder to intuitively count

the holes for an up induced complex than for a down induced complex (see Fig-
ure 2.4).

Proposition 2.3.7. A q-cohomology basis {fi}i<p, for a complex (K,0) is explicit if and
only if it is an explicit (n — q)-homology basis of the dual complex (K,0)*.

Proof. Let A be a subset of the g-cells of (K, 0). We first prove the equality between

the complexes ((K, 0) 4% and (K, 9) *)M. Using Definitions 1.3.12 and 2.3.3 we have
the following complexes:

Aanib‘*A
_—

K4 072 % spans*a 2 spanaA % ... % 0

jao0odig«.)*
(K0 L. L spansra 4202 g X L
Moreover, using Definitions 1.3.12 and 2.3.1 we obtain the following:

a* 9" o* 2 6*1 o* 9*
(K,0)* : {0} 2 Ky <= ... <= Kgy1 — Ky — ...~ Ko

jesrao00*oi
s 4 - T C

(K, : 103 2... 2 Spans*A 2 SpanA <...< (0}

As (ja000ig4)* = jor400* 0i, we obtain ((K,0)!)* = ((K,0)) .

79



2. Combinatorial Properties of HDVFs —2.3. (Co)Homology Bases Computed by
HDVF and Related Methods

Thus, as the g-cohomology of (K, 9)' is the (n - g)-homology of ((K, 9)'* we
obtain the following:

HI((K,0)') = Hy_g ((K,0))')

Now, using A = Uj<p, £;, we get that H7 (K, 0)'f) and H,,—, (((K, 6)*)”) are equal.
As a result, {f;};<p g is a cohomology explicit basis for (K,0) if and only if it is a
(n— g)-homology explicit basis of (K,d)*. O

Propositions 1.6.5 and 2.3.7 and Theorems 2.3.4 and 2.3.5 imply the following char-
acterization of cohomology bases:

Theorem 2.3.8. If (B, S, C) is a perfect HDVFs for (K,0) with reduction (f, g, h), then
{f§ Myec, is an explicit cohomology basis. Conversely, given {£};<p, an explicit q-
cohomology basis for a complex (K, 0), there exist a perfect HDVF (B, S, C) for (K, 0) with
reduction (f, g, h), and non-zero coefficients A;, such that

{ff Miyec, = Aifitisp,

2.3.4. Combining explicit homology and cohomology bases

As previous subsections characterized homology and cohomology bases computed by
HDVE a natural question arises: given an explicit g-homology basis {g;}i<p, together
with an explicit g-cohomology basis {£;};<p,, is it possible to build a perfect HDVF
computing these bases simultaneously?

It turns out it is not always possible, as shown in Figure 2.8. Propositions 2.3.9
and 2.3.10 state a necessary and sufficient condition for the pair ({gl-},-sﬁq, {fi}isﬁq) to
be computable by a single HDVE

Lo
i [1]
Figure 2.8 - Both figures display a pair ({g;}i<p,, {fi}i<p,) of homology and cohomol-

ogy explicit bases that cannot be induced by a single HDVE Indeed, in both cases, g;
is intersecting more than once the cells of the cohomology generators.

Proposition 2.3.9. Let X = (B, S, C) be a perfect HDVF with reduction (f, g, h).
Then, for ally € C4, g(y) N f*(y) = {y}. Moreover, g(y) N f*(y') = @ whenevery' € Cy is
different fromy.
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Proof. By using the fact that g(y) € y + SpanS and f*(y) € y + SpanP
(see Lemma 1.6.3), we obtain the desired properties. O

Proposition 2.3.10. Let{g;}i<p, and{f;}i<p, be explicit g-homology and q-cohomology
bases, respectively. Suppose that, up to a permutation of the indices, for all i, there
exists a celly; such that g; nf; = {y;}. Moreover, suppose that forall j # i, g; N ’E =g.
Then, there exists a perfect HDVF X inducing both {g;}i<p, and {f}i<p, (up to non-zero
coefficients).

The proof of this proposition is constructive: we build a suited HDVF using the
constructions involved in the proof of Theorem 2.3.5. This construction process is
illustrated in Figure 2.9.

| [
CICe "
|e%”/ Y1

X X’

Figure 2.9 - Illustration of the construction in the proof of Proposition 2.3.10 to
build a perfect HDVF that induces a given pair of compatible explicit homology
and cohomology basis. First row: an explicit 1-homology basis {g;, g,}, its down
induced complex (K'€,0), and its associated HDVF X&. Second row: an explicit 1-
cohomology basis {f1, f»} (compatible with {g;,g,}), its up induced complex (K'%,4),
and its associated HDVF X*. Third row: the HDVF X, obtained by combining X&
and X7, and its perfect completion X’, obtained by preserving the critical cells y;
and y» using Lemma 1.6.13.
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Proof. Again, for simplicity, we do the proof with the field 2 = Z/2Z to avoid writing
the non-zero coefficients.

First, every y; is in g; but not in the other g;, otherwise we would have y; €
fing; =@ fori# j. Similarly, y; € £;\U;x £;.

Using Lemma 2.3.6, we can build a perfect HDVF X& = (P€, S&, C®) for K l& with
reduction (f¥, g8, h#), such that {y,-},-sﬁq = chi and Vi < f,, g8(y;) = g;. Dually, itis
possible to build a perfect HDVF X* = (P, §f, C?) for K%, with reduction (%, g%, hf),
such that {y;};=p, = Cf and Vi < B4, f*"(y;) = £;. To be precise, we can build X*
using Lemma 2.3.6 on (K,0)*, and then using Propositions 1.6.5 and 2.3.7.

We can then define X = (B S, C) as the union of X8 and X%, considered in the
whole complex (K, 0):

P:=pP8upPt S:=S8usSt C:=K\(PUS)

Let us prove that X is a HDVEF:

« First, we show that X is a partition of K.
The complex K!8 has maximal dimension g, whereas the complex K¢ has mini-
mal dimension g, hence:

ifp>q,thenP§:S%:(z5 ifp<q,thenP;:S§:¢

As a consequence, if p # q, (Py, Sp) is equal to either (P8, S%,) or (P, Sf]). In both
cases, (P, S, Cp) is a partition of the p-cells, as P; N S = @ and P/,fj N Sf, =g@.

Now consider the dimension g. We have Pg = @ asitis in bijection with Si =9
(as j P, ofo 18,0 is invertible). Similarly, Sf, = ¢. Thus, we obtain (Pg,S;) =
(PL,S%).
By assumptions, U;<p . 8i and U;<p . f; only intersect on the cells {y;};< By which
are critical in both X& and X*. Therefore, P n S% = @, otherwise there would
be a cell y; that is either both secondary and critical in X& or both primary and
critical in X*. Thus, (P4, S4, C,) is a partition of the g-cells.
* Second, we show that X satisfies the HDVF invertibility condition.
For p < g we have jp,© 0o ig,, = jpg 0foig g which is invertible because X&
p+
is a HDVF for a subcomplex of K. Similarly, for p = g we have jp,0001ig,,, =
pso doig ,whichisinvertible because X f is a HDVF for a subcomplex of K.
p+

Finally, we complete X to obtain a perfect HDVF X’ that induces both bases. We
denote (f, g, h) the reduction associated with X. First, we need to show that for all i,
g(y:) = g8y and f*(y;) = f£ (y,). Using Proposition 1.6.1, we have:

gty)=vi—H,_, °3pe 00y glyid)=yi—Hg-1°jp, ,00(y)
with  HE ) = (jpe o00ige)™! and Hy1=(jp, ,000is,)""

As previously explained, we have P;_; = P%_, and S, = S7. Thus, we obtain Hs_l o

q
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jngq;fl = Hg-10jp, ,, which yields g(y;) = g8(y;). Similarly, we obtain f*(y;) =

¥ (y)). Hence, g(y;) =g; and f*(y;) = £;.

As a result, {g(Yi)}isﬁ,, is a g-homology basis of (K,0), so it is a set of cy-
cles such that {[g(y)1¥},_ p,) is linearly independent in Hg(K). Thus, we can
use Lemma 1.6.13 to obtain a perfect HDVF X' = (P',S,C’) (with reduction
g’,g’, k")) such that X < X’ and {ritisp, < C;]. By cardinality we obtain {y;}i<p, =

e

To conclude, g; = g(y;) is a cycle in (K, 0) so we use Lemma 1.6.15 on X < X' to
obtain g'(y;) = g(y;) = g;. As aresult, X' induces the homology basis {g;};<p,. With
dual arguments, " (y;) = f*(y:) = f;, so X’ induces {£i}i<p, as well. O

Hence, homology and cohomology bases simultaneously computed via HDVFs fol-
low strict combinatorial rules. This yields, for instance, that computation of shortest
homology and cohomology bases cannot be carried out simultaneously. A comple-
ment of this result, with a higher point of view, is presented in Section 4.3.3 (see Propo-
sition 4.3.4).

2.3.5. Characterization of homology bases computed by other
methods

In this section, we discuss how the characterization of Section 2.3 transfers to bases
computed by other methods.

First, it is important to distinguish computational homology approaches (such as
HDVFs, but also Smith Normal Form, persistent homology and tri-partitions) and
heuristics for computing small homology generators (the question of computing
minimal ones is NP-hard, see for instance T. DEY et al. 2020). Methods related to
this later question usually combine former approaches together with solvers and
heuristics to minimize generators, hence homology bases may not be explicit (see
for instance Figure 2.4, K3). Now, the remainder of this section examines the links
between HDVFs and other approaches and deduces properties on the bases they
compute.

Discrete Morse theory

As stated in Section 1.6.4, HDVFs generalize Discrete Morse Theory, in particular a
discrete gradient vector field is a HDVE Therefore, Theorem 2.3.4 naturally applies, and
Discrete Morse Theory computes only explicit bases.

Smith Normal Form (SNF)

As stated and detailed in Section 1.6.4, standard elimination steps of SNF can be
encoded via HDVFs (through A operations). Therefore, Theorem 2.3.4 applies to
methods that deduce homology bases from the SNF of the boundary matrix (when
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homology is computed over a field). Such methods include PELTIER et al. 2006, that
uses a modified version of the SNF of the boundary matrix.

Tri-partitions
In Section 2.2, Propositions 2.2.4 and 2.2.5 underlines the fact that perfect HDVFs and
tri-partitions represent the same object. In particular, their induced homology and
cohomology bases coincide. Thus, the characterization results of Section 2.3 extend
to tri-parttions:

Theorem 2.3.11. A g-homology (resp. q-cohomology) basis is explicit if and only if it is
induced by a q-tri-partition.

Graphs can be considered as special cases of complexes of maximal dimension
1. In such context, the homology bases obtained using 1-tri-partitions (i.e. using
spanning trees on the graph) are called strictly fundamental cycle bases, see Definition
15 of LIEBCHEN et al. 2007. Thus, for graphs, a homology basis is explicit if and only if
it is a strictly fundamental cycle basis.

With this observation, explicit homology bases can be understood as the dimen-
sional generalization of strictly fundamental cycle bases.

This observation also allows answering the following question: are minimal explicit
bases easier to compute than standard minimal homology bases? Unfortunately, the
answer is negative, indeed, it was proved in DEO et al. 1982 that this problem is also
NP-hard for strictly fundamental cycle bases in graphs.

Persistent homology

The standard persistent homology algorithm Algorithm 1 of EDELSBRUNNER et al.
2002 can be used to compute homology bases at each step of a filtration. More
precisely, each positive cell T is associated with a unique cycle consisting of 7 together
with negative cells. In the following chapter, we show that this computation can be
emulated by a HDVF completion. Precisely, we prove that the HDVF-based algorithm
for persistent homology, introduced in GONZALEZ-LORENZO, BAC, MAR], et al. 2017,
reproduces exactly the steps of the standard persistent homology algorithm. As a
consequence, Theorem 2.3.4 implies that these persistent homology bases are explicit,
see Section 3.2.

Note that other works such as PHAM et al. 2024; CUFAR et al. 2023 deduce persis-
tent homology bases from boundary matrix reductions. Again, as boundary matrix
reductions can be reproduced by a HDVF completion, the persistent homology bases
computed by these methods are explicit.

2.4. Conclusion

This chapter refines the understanding of the combinatorial structure of HDVFs.
We first establish a close relationship between perfect HDVFs and tri-partitions, a
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combinatorial structure introduced in H. EDELSBRUNNER and OLSBOCK 2020. Tri-
partitions can be considered as “dimensional layers” of perfect HDVE Conversely, a
perfect HDVF can be viewed as a “stack” of tri-partitions. This connection may lead to
the combinatorial investigation of harmonic cycles and discrete Helmholtz-Hodge
decomposition, which are derived from the combinatorial Laplacian A = d0* + 6*0
(see for instance GOLDBERG 2002).

This chapter also introduces a characterization of the homology bases computed
by HDVFs and related methods in computational homology. We introduce explicit
homology bases, which can be viewed as a generalization of strictly fundamental bases
for graphs to arbitrary combinatorial chain complexes. We prove that being an explicit
homology basis is equivalent to being induced by an HDVE We then establish a similar
result for cohomology bases and provide a necessary and sufficient condition under
which a pair of explicit homology and cohomology bases can be computed by a single
HDVE Finally, we show how these results apply to other approaches, including tri-
partitions, discrete Morse theory, boundary matrix reduction methods, and standard
persistent homology algorithms.

These results suggest that the combinatorial structure of homology computations
may play an important role in practical applications of homology-based methods. For
instance, these results may give some insights on methods based on homology bases,
such as the hole closing and opening operations introduced in H. EDELSBRUNNER and
OLsSBOCK 2019. They also lead to a better understanding of the isomorphisms con-
structed in GONZALEZ-LORENZO, BAC, and GAZULL 2024, as discussed in Chapter 4.

Moreover, explicit bases and HDVFs are inherently combinatorial objects, integrat-
ing combinatorics into the algebraic framework of homology. This observation raises
the broader question of whether such objects can reveal additional information about
the topology of the underlying complex. This question leads to the notion of homology
configurations, which is presented in Chapter 4.
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3.1. Introduction

As mentioned previously, HDVFs provide a representation of the homology computa-
tions performed by discrete Morse theory, standard persistent homology and related
approaches. In this chapter, we investigate the structure of these homology compu-
tations. Firstly, we study persistent homology through the lens of HDVE and discuss
the space of filtrations and their associated persistent computations. In particular, we
show how persistent homology bases can be extracted from a final perfect HDVE and
we we introduce a hierarchy of viewpoints on the space of filtrations.

Secondly, we study the space of HDVFs itself, by equipping the set of perfect HDVFs
with a graph structure. Our main result is that, for a fixed complex, all perfect HDVFs
are connected through elementary swapping operations. In addition, we present
related experimental results and provide an algorithm to adapt a perfect HDVF to a
given explicit basis. These results about the graph of HDVFs can be found in a preprint,
see GAZULL, GONZALEZ-LORENZO, et al. 2025b.
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Throughout this chapter, we consider combinatorial chain complexes, which we
simply refer to as complexes. We consider homology over a fixed field Z.

3.2. Persistent Homology and HDVFs

The work of GONZALEZ-LORENZO, BAC, MARI, et al. 2017 shows that the HDVF compu-
tation algorithm can be modified to compute persistent homology. The modification
consists in introducing primary-secondary pairs according to the input filtration. The
proof relies on the observation that both HDVF computations and persistent homol-
ogy computations correspond to pseudo-diagonalizations of the boundary matrix.
A similar result is obtained in GONZALEZ-DIAZ, ION, et al. 2011, where the authors
adapt the computation of AT-models (i.e., perfect reductions) to emulate persistent ho-
mology. Likewise, H. EDELSBRUNNER and OLSBOCK 2020 shows that every monotonic
ordering of cells induces a unique tri-partition. However, the proofs of these results
heavily rely on investigating matrix reduction algorithms, leaving behind interesting
combinatorial details of this computation.

This section refines the equivalence between HDVF and persistent homology com-
putations, with a more combinatorial point of view. To do so, we prove that the HDVF
algorithm for persistence is a direct translation of the standard abstract persistent
algorithm EDELSBRUNNER et al. 2002 into the HDVF framework. This perspective
allows us to define persistent homology generators and bases (see Section 3.2.3). In
particular, we show that they can be read directly in the final perfect HDVF computed
by this algorithm.

For clarity, given a complex, we define a filtration as a function from its cells to R,
such that every cell has a higher value than its boundary cells. Every filtration naturally
induces an ordering of the cells, that may not be strict as several cells may appear at
the same time. We define a filter as a strict ordering of the cells, such that every cell
arrives later than its boundary cells. In the following algorithms, we only consider
filters.

3.2.1. The standard abstract persistence algorithm

We first present the standard abstract persistent homology algorithm, introduced
by EDELSBRUNNER et al. 2002. We consider a filter (Ti)ﬁ-\il and its associated sequence
of combinatorial chain complexes ¢ = K° ¢ --- < KV, introducing the cell 7; at step
i. As every cell arrives after the cells of its boundary, every (K?,d’) is a subcomplex of
(K7,87) (with i < j) closed under the boundary map 4/.

The algorithm is presented in Algorithm 1 and uses the following definition:

Definition 3.2.1 (positive and negative cells EDELSBRUNNER et al. 2002). In Algo-
rithm 1, a cell 7; is positive if it is contained in a cycle of K'. It is negative otherwise.
A positive cell creates a homology class whereas a negative cell deletes a homology
class.
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Algorithme 1 : Abstract persistence algorithm EDELSBRUNNER et al. 2002

Data: A complex (K, 0) and a filter (Tl')é\il

Result: L: the persistence intervals

L—g;

fori=1rtoNdo

if 7; is a negative cell then

k — highest index of the positive cells associated to d(z;) (x);
Laim(z;) < Ldim@;) Y 1(k, i)} (add birth-death interval);

for unpaired positive t; do

\ Ldim(z;) < Ldim(z;) U {(i, +00)} (add the remaining birth-death intervals);

In Algorithm 1, the cycle associated to a positive cell 7; is called {; and is the one
and only cycle composed of 7; and negative cells 7 ; with j < i. Therefore, a positive
q-cell 7 is associated to a unique homology class [(]-]qu € Hq(Ki).

The step () of the algorithm works as follows: as 7; is a negative cell, d(7;) is a
cycle that is not a boundary in K'~!. Hence, there exists coefficients (1 j)jey such that
)K" = YjesAj [Cj]Ki_l, where J € {1,...,i — 1} denotes the indices of the positive
cells of K", k is then defined as the max of {j | A j # 0}, i.e. it represents the youngest
non-paired positive cell 71 such that ([0(t)1X" ", ({1 ) #0.

3.2.2. Emulating persistent homology with HDVF

Now, we recall the algorithm of GONZALEZ-LORENZO, BAC, MAR], et al. 2017, which
computes the persistent homology of a filter by constructing a perfect HDVF (see Al-
gorithm 2). We then prove in Propositions 3.2.3 and 3.2.5 that each step of Algorithm 2
is equivalent to the corresponding step of Algorithm 1. The complexity of both algo-
rithms is the same as that of computing a perfect HDVE namely at most cubic in the
number of cells.

Algorithme 2 : HDVF persistence algorithm

Data: A complex (K, 0) and a filter (T,‘)i.\i .

Result: L: the persistence intervals

L—g¢; (BS,C)—(9,8,K); d—0;

fori=1toNdo

ifd(7;) # 0 then
k—max{j/{d(z;),7;)#0} (find the youngest appropriate critical cell)
(*);

(BS,C) — (Pu{t}, Suir;}, C\{t;,7¢}) (and update d);
Laima) <~ Laime; Uik, 1)} (add birth-death interval);

fort; inCdo

\ Laim@;) < Laim@; Y {(i, +00)} (add the remaining birth-death intervals);
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R
vivEvEwlwlw,
R

Figure 3.1 — Example of an execution of Algorithm 2 with the sequence of HDVFs.
First row represents the filtration. Second row represents the HDVFs X*. Third row
represents the perfect HDVFs X*, see Lemma 3.2.1.

Table 3.1 - A parallel between the elements of both algorithms.

Standard Persistence Algorithm 1 HDVF Persistence Algorithm 2
positive cell (creates a hole) primary or critical cell (d'~(r;) = 0)
negative cell (fills a hole) secondary cell (d'~!(t;) #0)
persistent g-homology generator (; gf] (Ti) = z4(1})

criterion for step (*): DL [{j]Ki_l) £0 | (AN (1), 1)) #£0

Let (T,-)ﬁ\il be a filter, and let = K° < K! < --- < KV be the sequence of nested
complexes derived from this filter. Let (X i)f.\i o be the sequence of HDVF built during
the for loop of Algorithm 2. In particular we have X° < --- < XV, Each X’ = (P}, S, C?)
is a HDVF (not necessarily perfect) for (K,d) and it induces a reduction (f?, g, h’) to
(SpanC?,d’). We denote by X := X" the final perfect HDVF obtained at the end of
the filter, with canonical (co)cycle maps z, and z9. See Figure 3.1 for an execution
of this algorithm. A comparison between the concepts used in both algorithms is
summarized in Table 3.1.

We begin by showing that the algorithm produces a perfect HDVF at each step of
the filtration. We denote by X’ = (P! nK?,S' nK’,C' n K’) the restriction of X' to the
subcomplex (K%, aY).

Lemma 3.2.1. X' is a perfect HDVF for (K',d").

Proof. By induction:

Base case: X° = (¢, 9, KN K°) = (@, , ®) is a perfect HDVF for (@,8°).

Induction step: suppose that X’~! is a perfect HDVF for (K'~!,8"!). We show
that X' is a perfect HDVF for (K’,0"). We first prove that X’ is a HDVF such that
X'~1 < X*. There are two cases:
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e divl(zy)=0:

in this case, we have X'™! = X/ so X! = (P, §71 Ci-1u{r;}). X' is a HDVF
because j 5i-10i -1 is invertible by induction.
We now prove that X’ is perfect, i.e. that d’ = 0. Let y € C "1 U {z;}.
As X'~1 = X7 we have d'~! = d’, therefore d' (y) = jxid’ (y) Jid ).
Either y = 7;, then di-lr)=0 by assumption, so d’ (y) =
Otherwise, y € Ci~!, In this case, we consider the chain g’ 1()/) and we have:

a"gi—l(y) 9! 'l I as (K'™1,0'™1) is closed under ¢’ in (K*,0")

=0 as X' lis perfect (by induction) in (Ki_l, ai—l)
Therefore, gi_l(y) is a cycle of K, composed of y plus cells in Si-1 ¢ §i,
By Lemma 1.6.3, §'~!(y) = &'(y). Hence, we get
gd'n=0¢g'w=0

Which gives d’(y) = 0 as g’ is injective.

«d @) £0: _
then there exists a cell 7, € C'"'nK'~! = C'~! such that X’ = A7! X'~!. Hence,
we have X’ = (P71 L, S 1wz}, C- "\ {z;,74}) so X' is a completion of X'~1.

X' is a HDVF by construction, so X' is also a HDVF because jpi0ig = jpiOdigi.
We now prove that X' is perfect, i.e. that d' =0. Let y e C! < ¢!,

As in the previous case, we have:

gt =0""1g""(y) as (K'1,0") is closed under & in (K*,0")
=0 as X' is perfect (by induction) in (Ki_l, 6i_1)
Therefore, g'~!(y) is a cycle of K, composed of y plus cells in §*~! ¢ §'.
By Lemma 1.6.3, &'~ (y) = g'(y). Hence, we get
gidi()’) — G’g”()f) =0
Which gives d’(y) = 0 as g’ is injective. O

As a result, in addition to the sequence X° < --- < X of HDVFs for (K, d), we obtain
a sequence of perfect HDVFs X° < --- < XN, whose reductions are displayed in this
diagram:

dg+ ] o, 0!
’q.l>Kq<.q>.. .../qlfK’ q>...
qu fi qu
—) SpanC’ —) 2 SpanCé, U
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Moreover, we obtain the following corollary.

Corollary 3.2.2 (preservation of the canonical cycle). Denote zé = id - h'0, the
canonical cycle operator. If x € K!, then z;(x) = zi,(x) forall j = i. In particular,
ifxe K'nSpanC’ nSpanC/, g’ (x) = g/ (x).

Proof. As every (K', 0% isa subcomplex of (K, 0) closed under (?, we have kerd’
kero. As aresult, Lemma 3.2.1 and Lemma 1.6.3 imply that {z;(x)} =keron(x+

SpanS’) and {z{,(x)} =kerdn (x +Spans/). As S’ < S/, we have z,(x) € kerdn (x +
Span /) so z},(x) = z},(x). O

This result shows that canonical cycles remain unchanged along the filtration. As
a consequence, each homology class appearing in the filtration is associated with
a unique cell 7; and a unique cycle z; (t;). This point is discussed and illustrated
in Section 3.2.3.

Remark. The canonical cocycles are not necessarily preserved during the filtration.
This is due to the fact that the complexes (K i 3%) are not closed under the cobound-
ary operator 0*. By dualizing the whole process, it is possible to define persistent
cohomology, over “cofiltrations”. In this case, canonical cocycles are preserved, but
not canonical cycles. See SILvVA et al. 2011 for more information about dualities in
persistent homology.

We now prove that the condition of the if in both algorithms coincide.

Proposition 3.2.3. In Algorithm 2: a cell T; is positive if and only if A"~ (t;) = 0.
Therefore, the conditions inside the loops of Algorithm 1 and Algorithm 2 are equivalent.

Proof.
e« — . If7;is positive, then there exists x = 7; + y a cycle in (K?,0), with y € K=,

x is not a boundary in K I otherwise 7; would be in the boundary of a cell that
arrived before in the filtration. Hence, its associated homology class is not trivial.
As X' restricted to K' is perfect (by Lemma 3.2.1), there exists c € Span C’ N K*
and x’ € K’ such that x = g’ (c) + 8(x).

Hence, we have g'(c) = 7; + y— 0’ (x). 0'(x') is in K'~! (because x’ is in K? and
so all its boundary cells are in K'~!), therefore, we have that g’(c) € 7; + K' 1.
By contradiction, suppose that d i-1 (r;) #0. Then, Algorithm 2 will set 7; as a sec-
ondary cell in X*. This implies that Cfi = Cg_l (where g is the dimension of 7;), so
ceSpanCi-'n K’ =SpanC' nSpanC'"' nK*~! (as 7; ¢ C'~1). By Corollary 3.2.2
we get g'(c) = g7 (c), which implies g'~'(¢) € T; + K'~1, which contradicts the
fact that g'~1(c) e K1

Asaresult, d "1 (7;) = 0.
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e —. If di_l.(ri) =0, then Ogi_l(ri) =g 'd""Y(r;) = 0 so g~ (z;) is a cycle.
Moreover, g'~1(1;) belongs to (K !,0) as it is made of 7; and secondary cells of
S'~1, which is inside (K?,0").

Therefore, 7; belongs to a cycle in (K?,8%).

O

As a result, we obtain a direct correspondence between negative and positive cells
with secondary, primary and critical cells.

As a result, Algorithm 2 and Proposition 3.2.3 implies the following corollary, which
states a direct connection between negative and positive cells with secondary and
primary/critical cells.

Corollary 3.2.4.

T; is negative < A7) #£0 < 1;€S < 1,8V
T; is positive < d'" (1)) =0 < 1;€C" = 1;eCNUPY
Finally, it remains to prove that the steps (x) in both algorithms are equivalent.
Precisely, we must show that being a positive cell 7; € K =1 associated to d(z;) is
equivalent to (d =iy, j» #0. This is stated formally in Proposition 3.2.5. Recall that,

for a positive cell 7;, {; is the unique cycle composed of 7; and negative cells 7; with
j <i (see Algorithm 1).

Proposition 3.2.5. If1; is negative and 7 ; is a non-paired positive cell (with j < i),
then: . . ‘
(0@ 1) £0e= ' @), 7)) #£0

Hence, the steps (%) in Algorithms 1 and 2 are equivalent.

To prove this proposition, we first need the following lemma.

Lemma 3.2.6. If7; is a negative cell:
K =18 X = a i) =c

Proof.

e — . Thereexist x€ K’ ! suchthatd(r;) = g"'(c)+0(x). By Lemma3.2.1, X~!
is perfect. We denote by (f, §, h) its associated perfect reduction over (K =1 971,
Then, by applying f'~! to d(r;) = g1 (c) + 4(x) we get:

A7 iY@ =id(c) + f7'a(x) because fiTla=d " fim and flgi T = id
A7 ey =+ fT ) asxe K1, a(x)=0""" (%)

A T @ =c as f0'! = 0 because the reduction is perfect

Finally, as 7; € C'~!, we have f'~!(z;) = 7;. This implies d*~(1;) = c.
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e —. First, we have gi_l(c) = gi_ldi_l(ri) = Ogi_l(ri) because of standard re-
duction properties. In addition, g'~'(r;) = 7; + s with s € $"~! < K'~!. Hence,
0gi~1(1;) = d(r;) + d(s), with d(s) a boundary of Ki~1. As a result: [gi "L (0)]K" ' =
PEHX + 0K = K. 0

Proof. [proof of Proposition 3.2.5] Firstly, we have g;(7;) = {; by Lemma 1.6.3. In-
deed, (; is a cycle equal to 7; plus a sum of negative cells, and negative cells are all
secondary cells in X/, 7 j was not paired so we also have g"_1 (Tj) = gj (7).

d(7;) is a cycle that is not a boundary in K -1 Hence, there exists coefficients
(1) jes such that 0a )K" = YjesAj [(j]KH. J<{l,...,i—1} denotes the indices of
the positive cells of K'~! (that are not paired).

Therefore, we obtain

a1 =Y Aj1g K = g AT K
jeJ jeJ

By Lemma 3.2.6, with ¢ = ):jelitjrj, we obtain [(3(71-)]Ki71 = Z]-e]/lj [(j]KF1 —
d-'@p =Y jesATj. This implies the proposition, by replacing the A; with the
corresponding (:,-). O

Combining Propositions 3.2.3 and 3.2.5, we conclude that Algorithm 1 and Algo-
rithm 2 are equivalent for computing the persistence intervals associated to a filter.

The proof of this equivalence also revealed properties that can be read in the suc-
cessive HDVFs, such as persistent generators and bases, which are discuss in the next
subsection. Another example is that given 7; a negative cell, g~ (;) is a chain that
represents how the hole is filled at step i.

3.2.3. Persistent generators

Algorithm 2 not only computes persistence intervals, but also HDVFs and reductions
for each step of the filter. In particular, it computes a g-homology basis for each (K?,d),
called the i-th persistent g-homology basis and whose elements are the persistent q-
homology generators.

Formally, let (f i gi, h') be the reduction associated with X. Then, the i-th persis-
tent g-homology basis is given by {gé (Y)}yec; . By Theorem 2.3.4, these persistent
homology bases are explicit. Moreover, Corollary 3.2.2 implies that persistent gener-
ators are preserved throughout the lifetime of the homology classes they represent.
Equivalently, for all y € C!, we have zq(y) = gé (y), where z,; denotes the canonical

cycle map of the final HDVF X V. Therefore, {gf, (Y)}yeci defines a persistent basis in
q

the sense of T. K. DEY, HOU, et al. 2019; WU et al. 2017; OBAYASHI 2017.

As a consequence, each point (i, j) in the persistence diagram corresponds to a
unique cell 7; and a unique persistent homology generator z,(7;). More precisely, 7;
is a critical cell from step i up to step j, and becomes a primary cell after step j, unless
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ey
B ===

Figure 3.2 — Example of persistent homology computed by HDVE First row: the
filtration K, < --- < K; and its HDVFs XY, ..., X*. Second row: the ith-persistent
homology bases for i =0, ...,4 (dimensions 0 and 1 are represented). On the right:
the persistence diagram of the filtration, each point (i, j) corresponds to a homology
class whose lifetime is [, j], its color matches the color of the corresponding persis-
tent generator.

N
@)

=

j = N, in which case 7; remains critical in the final HDVE In particular, persistent
homology generators can be read directly in the final perfect HDVF via the canonical
cycle map. An illustration of persistent homology bases computed using HDVFs is
given in Figure 3.2.

3.2.4. About the filtration space

A filter induces a unique perfect HDVF through Algorithm 2. A natural question is
whether every perfect HDVF arises from some filter. The answer is positive, as shown
in Proposition 3.2.7.

We consider a filter (7;)" , and denote by X’ = (P!, S?,C?) the corresponding se-
quence of HDVFs, with X*" its final HDVE

Proposition 3.2.7. Let X = (B S, C) be a perfect HDVE Suppose that the filter (T,')i.\i )
satisfies the following property for every dimension q:

(TiTjTR)ESgxCyx Py = i< j<k

Alternatively: cells of S, arrive before cells of C4, which arrive before cells of P;.
Then we have that X = XV.

Proof.

* First, we show that if 7; is positive, then 7; is notin .
T; is positive, so there exists a g-cycle x of K* such that (x,7;) # 0. By contra-
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diction, suppose that 7; € S;. As cells of S; arrive before cells of C, L Py, it
means that the g-cells of K* are all in S,;. As aresult, x € kerd nSpanS,; so x =0
(by Lemma 1.6.3), which contradicts (x,7;) # 0.

* Conversely, we show that if 7; is in C4 L Py, then 7; is positive.
Consider x := z4(7;) € (r; + SpanS,) nkerd. As cells of S, arrive before cells of
CquPyand 1; € Cyu Py, we have that Span S, K'. Hence, x is a cycle of K,
which is non-zero as 7; # S. As a result, 7; is contained in a cycle of K’ so it is
positive (see Definition 3.2.1).

All in all we obtain that 7; is positive if and only if 7; € Cu P. Using Corollary 3.2.4
we obtain that SV = Sand CV L PN = Cu P. It remains to prove that secondary cells
are only paired with cells of P and not of C.

Suppose we have ¢ := d’~!(z;) # 0. By contradiction, suppose that ¢ does not have
any cell of P. In this case, it means ¢ € SpanC, as ¢ € SpanC'~! < Span (C L P) in
general. We define x:= g'~1(d'"1(r;)) =dg’~'(1,). Hence, x is a boundary, so it is a
cycle: x € kerdn (c+SpanS~1). As S'~! ¢ S, we obtain that x € kerd n (c + Span S)
so x = g(c) by Lemma 1.6.3. Therefore, g(c) is boundary, which implies that ¢ =0
(as (g(y))yecq is a homology basis), which contradicts c:= di-! (t;) #0.

As a result, there exists a cell 7; € P such that (di_l(ri),rj) # 0. Because cells
of C, arrive before cells of P, the step in Algorithm 2 where we perform “k
max{j | (d" ' (1;), 7;) # 0}” always results in choosing k such that 7 € P.

Hence, every cell of C is never paired, so we obtain C < CV. By cardinality (| Cql =
Bq = ICZIV ), we obtain that C = C"V. As HDVF are partitions, we obtain that (P,S,C) =
(PN, SN, CN). O

An immediate consequence of this result is that some persistent homology compu-
tations cannot be captured by discrete Morse theory. Indeed, consider a perfect HDVF
that is not a DGVE and choose a filter that induces it. Then there is no DGVF whose
computation coincides with the standard homology computation.

Now a natural question arises:

Question 1 (HDVF filters). Given a HDVE what is the set of filters induced by a given
HDVF/tri-partition?

Conjecture 3.2.8. A filter (t ,-)ﬁ.\i | induces X if and only if

Tj€2z4(T;)) = j<i and 71;€z9(1)) = j>1i

A first observation is that if F and F’ are two filters such that, for each dimension
g, the g-cells appear in the same relative order in F and in F/, then F and F’ induce
the same HDVE This follows from the equivalence between HDVFs and tri-partitions
(see Propositions 2.2.4 and 2.2.5). Indeed, H. EDELSBRUNNER and OLSBOCK 2020
shows that “the tri-partition in dimension p is invariant as long as we retain the
ordering among the p-cells, rearranging the other cells at will, provided the overall
ordering remains monotonic”.
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Figure 3.3 — Two different filters, represented by indices on each cell, that produce
the same perfect HDVF (on the right). Note that the first filter satisfies the property
of Proposition 3.2.7, and both filters satisfy the condition of Conjecture 3.2.8.

Other related prospects are related to the following hierarchy of surjections, defined
for each dimension g:
filtrations — cell orderings —" perfect HDVF — explicit bases — q-homology configurations’

Filtrations Cell HDVFs Explicit Homology
orderings ) Bases configurations

Figure 3.4 — A representation of the filtration space, partitioned differently according
to different computational homology objects.

Equivalently, each object in this sequence induces a partition of the previous levels,
see Figure 3.4. From a computational homology perspective, this hierarchy may help
to clarify the combinatorial structure underlying persistent homology computations.

To be precise, perfect HDVFs induce only a partition of strict orderings (filters), as several HDVFs can
overlap on general cell orderings.
2introduced later in Chapter 4

96



3. The Space of HDVFs and Homology Computations — 3.3. The Graph of HDVFs

We conclude with several observations that provide intuition about the filtration
space. We consider filtrations of a complex with N cells.

* The set of filtrations, seen as a subset of RV, is convex. We call it the filtration space.

* A cell ordering given by a filtration (potentially with equalities) corresponds to a
convex subset of the filtration space. More precisely, it defines a convex (N — k)-
dimensional polyhedron (with possibly unbounded facets), where k is the number
of equalities in the ordering. Filters correspond to N-polyhedra.

e The set of such cell orderings can naturally be equipped with a combinatorial
chain complex structure. An ordering with k equalities corresponds to a cell of
dimension N — k — 1. The boundary of an ordering is defined as the formal sum
of orderings obtained by introducing one additional equality. In this setting, each
q-cell has exactly g faces of dimension g —1. This construction results in a complex
whose cells correspond to orderings, see Figure 3.5. In particular, filters correspond
to (N —1)-cells.

Figure 3.5 — An example of a filtration space. A simple complex with three cells (left),
and the associated complex of the cell orderings of filtrations (right). “A < B” (resp.
“A = B”) means that the cell A arrives before B (resp. A arrives at the same time as
B).

3.3. The Graph of HDVFs

HDVFs encode the computations performed by standard approaches in computa-
tional homology. Together with their elementary operations, they define a graph that
represents the space of homology computations. This idea raises questions about
the structure and properties of this graph. It also suggests investigating whether this
graph contains information about the topology and combinatorics of the underlying
complex, as well as about the associated homology computations.

3.3.1. The graph of perfect HDVFs

In this section, we study the graph of perfect HDVFs, whose edges are given by the
three elementary operations M, W, and .
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Definition 3.3.1 (Graph of perfect HDVF). Given a complex (K,d), we define the
following graph G(K) = (V, E) as follows:

V := HDVF* (K)
E:={(X, X") | there exists a valid operation 0 (M, W or ¢) such that X' = 0X}

This graph is undirected because the elementary operations are reversible. Indeed,
if X" = 09 X is valid, then X = 0] X" is also valid.

A natural question, which has remained open since GONZALEZ-LORENZO 2016,
is whether any two perfect HDVFs can be connected by a sequence of M, W, and ¢
operations. Equivalently, is the graph of Definition 3.3.1 connected®? This question is
particularly relevant given the relationship between HDVFs and other computational
homology approaches. The following theorem provides a positive answer. Recall that
in this section, we only consider homology over a field Z.

Theorem 3.3.1 (connectedness of perfect HDVFs). Let X and X' be two perfect HDVFs
on the same complex (K,0). Then there exists a sequence of valid operations0y,...,0;,
(each equal toM, W, or {) such that X' =0, ---01 X.

The valid operations M, W, and ¢ can be viewed as minimal operations, in the sense
that they correspond to the necessary conditions for switching pairs of cells in HDVFs
(see Definition 1.6.3). Theorem 3.3.1 shows that these operations are in fact sufficient
to ensure the connectedness of the space of perfect HDVFs.

These questions can be put in parallel with the work of COHEN-STEINER et al.
2006, where the authors proved that the computation of persistence pairs for a given
filtration can be reused for another filtration by making elementary operations. This
approach provides, in particular, a proof of the stability of persistence diagrams. It
has also led to several applications, including YOO et al. 2016; M. BERGOMI et al. 2020,
and to the introduction of the mid-sphere, a persistent-based geometric object (see H.
EDELSBRUNNER, STEPHENSON, et al. 2025).

In this section, we first give an algorithmic proof of Theorem 3.3.1. Then, we present
an algorithm that adapts a perfect HDVF to a given explicit basis, and prove its cor-
rectness. Finally, we present some experimental results related to the graph of perfect
HDVFs.

3.3.2. The connectedness algorithm

Let us first introduce useful notations. Given A is a set of cells, we denote A+ := K\ A
the of cells not in A. Thus, Span A* is the space of chains that do not contain cells of
A.

Given two perfect HDVFs X = (P, S,C) and X' = (P',S’,C’) on a given complex, we
say that a cell is aligned if it has the same status in both HDVFs, i.e. if it belongs to

3This statement is false for the graph of general HDVFs by a simple cardinality argument: HDVFs with
different numbers of primary, secondary, or critical cells in each dimension cannot be connected by
these operations.
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PnP,SnS or CnC'. Otherwise it is considered misaligned. We define a distance
between two such perfect HDVFs, which is designed for Algorithm 3, in particular to
prove that it terminates:

dist(X,X') =) wxx(r)  with:
€K
0 if7isaligned
wx x'(t) =4 1 if 7 is misaligned and critical in X or X’

3 otherwise,i.e.ifrisinPnS orP'nS
Alternatively, using set notations, we can write:
dist(X, X'):=|[CnC*|+|CtnC'| + 3PN S|+3|SNP|

Intuitively, this distance counts the number of misaligned cells. Cells that are primary
in one HDVF but secondary in the other are weighted by 3, to simplify the proofs.
An example is shown in Figure 3.6. Note that dist(X, X’) = 0 for all X and X', and
dist(X, X") =0 ifand only if X = X’

‘C:\ 3
\‘ o
‘\
v 3 3

A

A
A
A

X X'

wx,x'

A

Figure 3.6 — An illustration of the distance dist(X, X’) between two perfect HDVFs
X and X'. The third image represents the weight wy x'(7) of each cell 7. Precisely,
aligned cells are shown in grey. Cells in Cn C'* or C* n C’ are displayed with black
dashed line and contribute 1 to dist(X, X"). Cells in PN S’ or SN P’ are displayed with
solid black lines and contribute 3. The total distance is dist(X, X') = 11.

Let us now state the three possible misalignment cases and describe the operation
used for each of them to reduce this distance:

1. First, we prove that if there exists a cell y € Cn S, then there is a candidate cell
o € S such that W), X is a valid operation that reduces the distance by at least 2.
See Lemma 3.3.2.

2. Dually, we show that if there exists a cell y € Cn P/, then there is a candidate cell
m € P such that M), X is a valid operation that reduces the distance by at least 2.
See Lemma 3.3.3.

3. Finally, if all critical cells are aligned (C = C’), we show that if there exists a cell
m € PnS’, then we can find either a candidate cell o € Sn P’ such that 09 X is a
valid operation that reduces the distance by 6, or a candidate cell y € C such that
M! X is a valid operation that reduces the distance by 1. See Lemma 3.3.4.
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Once Lemmas 3.3.2 to 3.3.4 have been established, we can construct Algorithm 3,
which connects two perfect HDVFs using M, W and { operations. The correctness
of Algorithm 3 is guaranteed by the aforementioned lemmas, which are proved in the
following subsection. An example of an execution of Algorithm 3 is given in Figure 3.7.

Algorithme 3 : Perfect HDVF connectedness algorithm
Data: X = (P,S,C) and X' = (P, S, C") two perfect HDVFs on (K, d)
Result : O: the list of operations to perform on X to obtain X’
6 — dist(X, X");
while 6 >0 do

if C # C’' then

Y < some cell in C that is misaligned;

if y € §' then

o — some cellin g(y) n §'%;

X — W(KX; O.append(wg);

else

m —some cell in f*(y) N P'L;

X <M X; O.appendMl);

else
7 — some cell in P that is misaligned;
o — some cell in dh(m) N (SN P');
if o is in ho () then
| X—07X; O.append(OY);
else
Y < some cell in fm;
XM X; O.appendMl);
6 — dist(X, X');

3.3.3. Proof of the connectedness

First, let us recall the reduction diagram and the matrices of the reduction (f, g, h)
induced by a HDVF (B, S, C), as we use them extensively in the following proofs.

0g+1 0q 04-1

< > Kq < > Kq_l 1 cee
hq hg1 -
gq/l\\[fq gq—l/H/fq—l
dyir d dys
— K, — K —— ...

100



3. The Space of HDVFs and Homology Computations — 3.3. The Graph of HDVFs

MTZN /WI%N MTGN Ve Z:9)3( /MT4>(

0=12

e

Figure 3.7 — An execution of Algorithm 3, transforming a perfect HDVF X = (B S, C)
into another perfect HDVF X' = (P’,S’,C’). The top row illustrates the sequence
of operations and the corresponding intermediate HDVFs, while the bottom row
shows their distance § = dist(X;, X’) to X', as well as the misaligned cells at each step
(represented as in Figure 3.6).

Step-by-step explanation of the first operation: initially, in X, all critical cells are
aligned (C = C’), so we select a misaligned cell 7 := 7, in P. Next, we choose 0 := 75
in 0h(t2) N (SN P'). Since 75 is not in hd(z,), we pick y = 74 in f(r2) and perform the
operation X; — M;! X.

For the following operations, there is always a misaligned critical cell (C # C’). De-
pending on whether this cell is in S’ or P, we perform either a W or an M operation,
respectively.

C P s C
0) P P s C 0 0 0| P C
g:—(c;) S [f=(F o0 id) C h:—(H 0 o) s d:=(D) C
id) C 0 0 0)C

where H=(0%)"!, F=-0%-H, G=-H-0.and D=0%-05-H-o..
We start by establishing the following three technical lemmas.

Lemma3.3.2. Let X = (BS,C) and X' = (P, S, C") be two perfect HDVFs on the same
complex. Ify € Cn S/, then there exists a cell o such thatW), is a valid operation for X
and dist(W). X, X") < dist(X, X") — 2. Precisely, o can be selected in g(y) n S'*.

Proof. Letye CnS'. By Lemma 1.6.3, there exists a chain s € Span S such that
gly)=y+sand g(y) ={ytus.

Suppose s € SpanS’. Then, as y € §, we have g(y) € SpanS’. However, 0g(y) =
gd(y) = 0because (f, g, h) is a perfect reduction. Therefore g(y) € kerdnSpan§’ =
{0} (by Lemma 1.6.3), which is impossible because y # 0. Hence s ¢ SpanS’. As a
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consequence s contains a cell that is notin §'.

Let o be a cell of sN S'+. We have ¢ € S, moreover, we also have g € 5 < @
As aresult, 0 € SN g(y) so W), is a valid operation for X. If we write X* := W) X =
(P*,S*,C*) we have the following cases:

e g €SN P’ thisimpliesthat c € SN P'NC* and y € Cn S’ n S*. In this case:

wx+ x(0)=1=wx x(0)—2 wx+x () =0=wx x(y)—1
wx+ x'(t) = wx x'(r) for every other cell
Hence, dist(X*, X) = dist(X, X") — 3.
* g € SNC": thisimplies thatc € SNC'nC* and y € Cn §' n S*. In this case:
wx+x'(0)=0=wx x (0) -1 wx+ x'(y) =0=wyx x/(y) -1
wyx+ x'(t) = wx x'(r) foreveryothercell T

Hence, dist(X*, X") = dist(X, X) — 2.

To summarize, there exists at least one cell o (in 5N S+ = gy)ns 1) such that wg is
a valid operation for X that decreases its distance with X’ by at least 2. O

Lemma 3.3.3. Let X = (P,S,C) and X' = (P',S',C") be two HDVFs on the same complex.
Ify € Cn P!, then there exists a cell m such that M., is a valid operation for X and
distM), X, X') < dist(X, X") — 2. Precisely, = can be selected in f*(y) N P'*.

Proof. The proof of this lemma is the same as the last one, but considering the dual
complex and the dual reduction. O

Lemma 3.3.4. Let X = (P,S,C) and X' = (P',S',C") be two HDVFs on the same complex.
IfC=C"andne PnS', then there exists

1. either a cell o such that {9 is valid for X and dist(¢09 X, X') = dist(X, X") — 6.
2. oracelly such thatM, is valid for X and dist(M}, X, X") = dist(X, X") — 1.

Precisely, in the first case, o can be selected in 0h(r) N (SN P'). Otherwise, y can be
selected in f ().

Proof. The proof of this lemma relies on ideas similar to those used in the two last
proofs. However, it is slightly more technical as it involves two different cases.

Assume C = C' and let 7 € Pn S'. We will first prove that there exist a cell 7 in
SN P’ thatis in dh(r).

By reduction properties (see Definition 1.4.2) we have 0h(m) —m = —ho () — g f ().
The structure of HDVF reduction (see Proposition 1.6.1) implies that im(h) < Span S
and im(g) < SpanS @ SpanC = Span P*. Therefore, we have dh(n) = 7 + t with
t:=—hd(n) — g f(w) € Span S & Span C = Span P.
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As m € P, we have t # —m so 0h(n) # 0. Moreover, 0h(m) is a boundary
so Lemma 1.6.6. implies that 0h(mr) N P’ # @. In addition we have:

dh(m)NP =tnP because 7 ¢ P'.
=inSuC)npP because 1< SUC.
=(tnSnP)u(tnCnP’)
=tnSnp’ because C=C'so CNP' = ¢@.
=0h(mNSNP because t ¢ SN P’.

As a consequence, 0h(m)NSNP' # @. Let T € 0h(m) N SN P'. There are two distinct
cases:

e if T € hd(m), then we obtain that 7 € SN dh(m) N hd (), so Oy, is a valid operation
for X. We denote X* := ) X = (P*,S8*,C").

This operation reduces the distance with X’ by 6. Indeed, 7 € PN S N S* and
7€ SNP' N P* sowe obtain:

wX*,X/(n) =0= LUX'X/(T[) -3 LUX*'X/(T) =0= wX,X!(T) -3

wx+ x'(0) = wy, x (o) forevery other cell o
Hence, dist(X*, X') = dist(X, X) — 6.

e if T ¢ ho(m), then we have:

(t,gf(n)) =(1,m—0h(m) — hd(m)) by reduction properties
=(1,m) —(1,0h(1)) — (T, hd(1))
= —(1,0h(m)) — {1, hd(m)) because T and i are distinct cells
= —(1,0h(m)) because 7 ¢ hd()
#0 because 7 € 0h (1)

This implies that f () # 0 so there exista cell y € f (). Asim f < SpanC, we have
also y € C so M/, is a valid operation for X (note that we also have 7 € g(y) so W) is
also a valid operation). We denote X™* := M% X =(P*,S*,C").

This operation reduces the distance with X’ by 1. Indeed, as C = C’, we have
tePNS' NC* and y e CnC'nP* sowe obtain:

LUX*’X/(T[) =1= LUX,X/(T[) -2 wX*,X’(Y) =1= LUny/()/) +1
wx+ x' (1) = wx x'(r) for every other cell

Hence, dist(X*, X) = dist(X, X") — 1. O

Once the previous lemmas are shown, the proof of the correctness of Algorithm 3 is
straightforward.
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Proof. [Proof of Theorem 3.3.1 and correctness of Algorithm 3] Suppose dist(X, X') >
0, then it means at least one cell is misaligned.

* If there exists a misaligned critical cell in X (i.e., ye CnC’ 1), then it must be
either a primary or a secondary cell in the other HDVE In both cases, we can
apply either Lemma 3.3.3 or Lemma 3.3.2 to find a valid M or W operation that
reduces the distance by at least 2.

e If all critical cells are aligned, then there must exist a cell that is primary in X
but secondary in X’ (otherwise, every primary cell of X would also be a primary
cell of X', implying X = X’ because both have the same number of primary
and secondary cells). In this case, we apply Lemma 3.3.4 to find a valid { or M
operation that decreases the distance by 6 or 1.

Hence, Algorithm 3 takes two perfect HDVFs on the same complex and modifies
the first one with operations that strictly decrease the distance until it reaches zero,
which means that X has gradually been changed into X'. O

3.3.4. Experimental results on the graph of HDVFs

Experimental results have been conducted in the context of the Master 1 internship of
Menjatiana "Danih" ANDRIANABINITSOA, during spring 2026. Here, we only briefly
present some of these experiments, please refer to ANDRIANABINITSOA et al. 2026 for
a comprehensive explanation, including implementation and interpretation discus-
sions.

The experiments were made with the CGAL HDVF package (BAC 2026), which was
under development during this period.

Preliminary remarks. First, from a complexity perspective, recall that computing
a perfect HDVF can be carried with a time complexity of O(N?), with N the number of
cells. Performing a M, W or ) operation is in O(N?).

Second, as proved in the previous subsections, the graph of perfect HDVFs is con-
nected. Moreover, the algorithm to connect two perfect HDVFs also works per dimen-
sion. Following from the results of Section 2.2.2, this implies that g-tri-partitions are
also connected under M, W and ¢) operations.

In addition, as mentioned in Section 2.2.2, perfect HDVFs are in one to one corre-
spondence with sequences (X, ..., X;) of g-tri-partitions X,. This implies that the
graph of perfect HDVFs is the Cartesian product of the graphs of g-tri-partitions,
g =1,...,n. As a consequence, it is relevant to study the graph of perfect HDVFs at a
given dimension ¢ (i.e. the graph of g-tri-partitions), instead of considering the whole
graph of perfect HDVFs. Indeed, the whole graph is much bigger and does not carry
more information.

The number of HDVFs and tri-partitions. In order to carry out experiments on
the graph of HDVFs, we use series of small simplicial complexes, showing a range of
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Betti numbers and simplices organizations. Figure 3.8 introduces these complexes.

@ b © @ @ (0

@ ® (© (D) ()

(F) (G) (H) @

Figure 3.8 — Complexes used for experiments: (top) a series of small complexes
based on four triangles, (middle, bottom) complexes based on six triangles.

We compute the graph of perfect HDVFs for dimension 1 (i.e. the graph of 1-tri-
partitions) for each complex and evaluate simple measures on the graph: number
of nodes (|HDV F}|), diameter and minimum outgoing path (denoted by MOP: the
minimum, over all nodes, of their distance to their farthest neighbor).

We compare the size of this graph to a combinatorial upper bound on the number
of 1-tri-partitions denoted %;. This bound is the number of partitions of the 1-cells
into three categories, whose cardinals agree with the cardinals of primary, secondary
and critical cells given by HDVFs. Precisely, we have %, = (2]11) : (%é:g;), with N, the
number of g-cells.

Table 3.2 relates measures of complexes (total number of simplices |K|, and Betti
numbers) and measures of this graph: number of nodes (|HDV F;|), diameter and

minimum outgoing path (MOP).

The large difference between | HDV F;| and %, highlights the strength of the con-
straint in the definition of HDVF (the invertibility of 65 ). Indeed, most of the partitions
of 1-cells in three categories, with appropriate cardinals, do not come from a HDVE

The diameter is very small compared to the total number of HDVFs. Moreover, the
difference between the diameter and the MOP is small. This suggests that no HDVF
has a “central” position in the graph, and that no homology computation is “more
generic”. For a more detailed discussion, please refer to ANDRIANABINITSOA et al. 2026,
which presents additional experiments and measures, for instance the repartition of
degrees.
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IK| | B1 | IHDVF,| | %, | diameter | MOP
a|19 [0 |54 126 | 4 3
b|[18 [1 | 108 504 | 4 4
c |17 [2 [90 756 | 4 4
d[17 [2 [90 756 | 4 4
e 16 |3 |90 504 | 4 4
f 15 [4 |54 126 | 4 3

K| | B1 | IHDVF| | %, diameter | MOP
Al27 [0 |360 1716 |6 4
B |26 |1 |828 10296 | 6 5
C|25 [2 [1008 25740 | 6 6
D |24 [3 |99 34320 | 6 6
E [23 [4 |880 25740 | 6 6
F |23 |4 |648 25740 | 6 6
G |23 |4 |648 25740 | 6 6
H|22 [5 |624 10296 | 6 5
I |21 [6 [360 1716 |6 4

Table 3.2 - Statistics on the space of HDVFs for complexes of figure 3.8.

Connectivity and shortest paths. We present a second experiment: a compari-
son between the connectedness length (length of paths computed by Algorithm 3) with
the length of the shortest path in the graph of HDVFs. The difference between these
two measures is the error, denoted by 6. Precisely, given a perfect HDVF X, 6 is the
maximal error over pairs (X, X'), with X" another perfect HDVE

Remark. The connectedness length is different from the alignment distance dist(:, )
defined in Section 3.3. For instance, in Figure 3.7, the two extremal HDVFs have
connectedness length 5 but alignment distance 12.

Table 3.3 give the maximum value of 6 for various complexes and the number
(nmax) of HDVFs reaching the maximal error. Figure 3.9 shows some histograms for
the values of §. It is important to note that these data depends on the algorithm
implementation, as different choices of cell can be made during Algorithm 3. Hence,
a different implementation (or even a different cell numbering) may result in different
data.

Besides their potential variability, these figures shows that the path computed by
the Algorithm 3 is usually close to the shortest path. Indeed, in our examples, the
large majority of HDVFs produce a § below 2, in a graph with a diameter equals to 6.
However, in some rare cases, § can raise up to 4. This is partly due to arbitrary choices
of cell, but also because Algorithm 3 greedily favors M and W operations, while shorter
paths maybe be obtained by ) operations, as illustrated in Figure 3.10.
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IK| | B1 | IHDVF;| | diameter | max(§) | Amax
A|27 |0 360 6 0
B|26 |1 828 6 4 4
C|25 |2 1008 6 4 4
D |24 |3 | 996 6 3 8
E |23 |4 | 880 6 2 32
F |23 |4 648 6 2 26
G|23 |4 648 6 2 8
H|22 |5 624 6 1 72
I |21 |6 |360 6 0
Table 3.3 — Error 6 for previous complexes.
. - ; o 0 —
(B) © D)

Figure 3.9 — Distribution of the error 6 for complexes where this error is greater than
2. The horizontal axis represents § and the vertical axis is the number of HDVFs
achieving a specific 6 value.

3.4. Adapting a Perfect HDVF to a Given Explicit
Basis

Chapter 2 establishes a correspondence between HDVFs and explicit homology bases,
see Theorem 2.3.5. With the graph of perfect HDVFs in mind, this leads us to the
following question: is it possible to adapt a given HDVF to a given explicit basis?
Theorem 3.3.1 implies an affirmative answer: it is sufficient to build a perfect HDVF
associated with the given explicit basis, and then apply the connectedness algorithm
to transform the given HDVF into this new HDVE However, this is an inefficient
algorithm with a cubic complexity.

This question is particularly relevant in settings where a HDVF has already been
computed, and its associated homology basis is later modified, for instance using
geometric heuristics. In such cases, one would prefer to adapt the existing HDVF to
the new basis, rather than recomputing a HDVF from scratch.

In this section, we therefore address the problem of adapting a perfect HDVF to
a given explicit basis using the operations M, W, and ¢, with a better complexity. For
simplicity, this section considers homology over the field Z/2Z. Yet, all the results hold
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R R gy

wl I w

Figure 3.10 — Example of large divergence between the shortest path from an HDVF
X to an HDVF X' (orange arrows), of length 5, and the path produced by Algorithm 3
(purple arrows), of length 9.

for other fields, with eventually non-zero coefficients in front of generators.

3.4.1. The adaptation algorithm

Let X = (B S, C) be a perfect HDVF on (K, 0) and {g;}i<p, be an explicit g-homology
basis. Our goal is to transform X using operations M, W, and <) into a new HDVF that in-
duces this basis. More precisely, we search for a sequence of operations Oy, ..., Oy such
that the perfect HDVF (P, S',C’) = Oy --- 01 X, with associated reduction (f’, g’, h'),
satisfies {g’()/)}},eq7 = {gl,...,gﬁq}.

We propose an algorithm with time complexity O(m- N?) to achieve this task, where
m is the number of g-cells in the basis (m = qujl g;l= Ifilgl) and N is the total number
of g-cells (N = Ifq)l.

Recall that K€ is the combinatorial chain subcomplex of K induced by the cells that
appear in the explicit basis together with all their facets. This algorithm is divided in
three steps (see Algorithm 4 for details, and see Figure 3.11 for an example):

1. First, apply M operations to move every critical g-cell of X into Kj,g.

2. Next, apply ¢ and M operations to move the remaining primary cells outside of Kcllg.

3. Finally, apply W operations to move the critical g-cells to their respective locations,
that is, move each y into g;\Uj#; g; for some i.
The correctness of the Step 1 is a consequence of Proposition 3.4.2. After this
step, every critical cell is in K'8. Hence, Proposition 3.4.3 proves the correctness
of Step 2. Finally, after Step 2, Kcl,g is composed of secondary and all critical g-cells,
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Algorithme 4 : Adapting a HDVF to an explicit basis
Data: A perfect HDVF X = (B, S, C) for a complex (K, d) and an explicit
g-homology basis {g;}i<p,-
Result: A perfect HDVF X whose induced g-homology basis is {g;}i<g,-

/* Step 1. Bring the critical cells in Kcl]g */
for critical cell y notin Kcl,g do
7 — cell in W N I_(i,g;
X —M X;
/* Step 2. Get primary cells out of Kclig */
while PN K,% # ¢ do
m—cellin Pn I_(i,g;
o — cellin (T(JT)\E?;
if (z,4(m),0) # 0 then
| X—07X;
else
yhcellinmnm;
X — QM) X;
* Step 3. Get critical cells to their generators */
for critical cell y such thaty € g;ng; for some i and j do

~

o — cellin g(y) and in g\ Ujzk 8] for some k;
X —W X;

therefore Proposition 3.4.4 proves the correctness of Step 3. At the end of the algorithm,
we obtain a perfect HDVF (P', S', C') where every g, is composed of a unique critical
cell y; and secondary cells. Lemma 1.6.3 ensures that we indeed have g'(y;) = g;, so
18' Mhyec, =181--18p, -

To prove the correctness of the different steps, we need the following lemma about
explicit bases:

Lemma 3.4.1. If{g;}i<p, is an explicit q-homology basis, thenimd N Kcl,g = {0}.

Proof. First, a direct consequence of Proposition 2.3.1(2) is that if {g;};<p g is an
explicit g-homology basis we have:

kerd n K% < Span (ig;} <p, ) 3.1)

Let x € imdn Kcl,g. As im0 c kerd, Equation (3.1) implies that x € Span ({g;}<p, ), s0

there exist coefficients (¢;);<p, such that x = ijl €;g;. By looking at the homology

classes in K, this implies that [x]g = Z'?:ql £ [gl«]lq( . However, [x] = 0 (because x € imd)

and {g;}i<p, is a homology basis so this implies that Vi, ¢; = 0. Thus, x =0. O
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Step 1 Step 2 Step 3
T T M o Ty
— ' — — V2 — "o
e ™y " x, X, T X,
T
T T Y3
Y op} Yo (op}
g3

g3

Figure 3.11 — An example of the adaptation of a perfect HDVF X to the 1-homology
basis {g;, g,, g5} using Algorithm 4. The first row represents the consecutive HDVFs,
while the second row represents their corresponding 1-homology bases. In Step
1, we want all critical 1-cells to be in KIl & we perform X, — M’,;ll X;. In Step 2, we

want to get primary cells out of Kll €. we choose 2 € PN Eig and o, € 0h(m) \Eig. As
(z1(m2),02) =0, we are in the second case of Step 2: we choose y» € f(m2) N g*(02)

and perform the ternary operation X, — <>$22 M%ﬁ Xo. In Step 3, Kll & is composed of

only secondary and critical cells, but we want one critical cell per g;: we perform the
operation X5 — W) Xj.

3.4.2. Proof of the correctness of the adaptation
As for the proof of the connectedness algorithm, reduction properties and HDVF

reduction matrices properties are used extensively in the following proofs.

Step 1. Here, we prove the correctness of Step 1. Indeed, the following proposition
implies that it is possible to perform M operations to put every critical cell in K'&.

Proposition 3.4.2. Ify is a critical q-cell that is not in K, lg’ then there exists a primary

cellmw in K}]g such thatM., is a valid operation.

Proof. Consider a perfect HDVF X = (B, S, C) with reduction (f, g, h) such thaty is a
cell of C, thatis notin Kf;. By Theorem 2.3.5, let X' = (P', §', C’) be a perfect HDVF
with reduction (f’, g’, i) such that {g’(y)}YEC,q = {g;}izp,-
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First we have fg'f'g = id. Indeed, using perfect reduction properties we get:

f8'f'g=flid-on' -nd)g = fg—foh'g— fn'dg
=id-0-0 because fg=id, fo0=0anddg=0
Denote x:= g’ f'g(y), this implies that f(x) =y. Hence, let & € X such that (f (1), y) #
0.As foig=0and foic=id, nis either a primary cell or is equal to y.
We have x € img; so x € Span ({g;}i<p,) < Kf. This implies that 7 is in Kﬁ, so it
cannot be equal to y. As a result, 7 is a primary cell in Kg such that (f(m),y) #01i.e.

M! is a valid operation for X O

Step 2. To prove the correctness of Step 2, we need to use ternary operations
(see Lemma 1.6.9). The following proposition proves the correctness of Step 2, under
the assumption that every critical cell is in K'8, which is ensured by Step I (see Propo-
sition 3.4.2).

Proposition 3.4.3. Let X = (B S, C) be a perfect HDVF for (K,0) and {g;}i<p, be an
explicit g-homology basis with associated sub-complex (K'€,d). Suppose Cy< K'€ and

TEPyN K'e. Then, at least one of the two statements is true:
e thereexistso € Sq\I?'lg such that O3 is valid for X.
* thereexistso € Sq\l_(lg andy € C4 such that <>$ M is valid for X.

Precisely, it is possible to choose o in 0h(m) and eventuallyy in f () N g* (o). In both
cases, the operation moves a primary cell out of K'€.

Proof. By reduction properties we have:

gf(r) =m—ho(r)—0h(m)
Oh(m) = zq(m) — g f (m)

By contradiction, suppose that dh(r) € K?, then it belongs to imd n K so it equals
to zero by Lemma 3.4.1. Hence, we get that z, () = g f (), which is not possible
because (z4 (), ) = 1 but (g f(m),7) =0 (asm € Pandimg € Span P1).

Therefore, (T(n)\ﬁ £ Q.

Leto € (T(n)\ﬁ We have by definition m c {mtu Sy and gf(mc CqUSy. As
Oh(m) = z4(m) — g f (), we have 0h(n) < {n} L Cy U S,;. However, w and C, are inside

KB by assumption, so 0h(r) \KF < S4, which implies that o € S.
As 0h(m) = z4(m) — g f (), we distinguish two cases:

* 0 isin z4(m): first, 0 € 0h(n) so (0h(rm),0) # 0. Second, as o is secondary and
zq = id — hd, we obtain that (hd(r), o) # 0. Therefore, by Definition 1.6.3, 07 isa

valid operation for X and o € S;\KP.
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e gisin gf(m): first, o € 0h(m) so (Oh(m),o) #0. second, o € g f(x) implies that
there exists y € f () < C,; such that (g(y),o) # 0. As y € f(7), we also have
(f(m),y) #0. Therefore, by Lemma 1.6.9, Og M}; is a valid operation for X, with

o €S \KP andy € C,.

O

Step 3. Finally, the following proposition ensures that Step 3 is correct under the
assumption that Step 2 was performed.

Proposition 3.4.4. Suppose that Cy < Kcllg c Span P+ (i.e. every critical q-cell is in the
basis complex and its q-cells are either critical or secondary). Lety € Cq be a critical cell
thatising; ng; for somei # j.

Then there exists k and a secondary cell 0 in gi\U;zkg; such that W) is a valid
operation. This ensures that we can perform Step 3 of Algorithm 4.

Proof. First, let us show that g(y) is in Span ({g;}i<p,)- As {g;}i<p, is @ g-homology
basis and g(y) is a g-cycle, there exists coefficients ¢ ; and a g + 1-chain y such that:
g - fll €;g; =0

Every g; is in Kg, so Zleej g; € SpanP. As g(y) € y +SpanS$ < Span P+ we
obtain that d(y) € imd N Span P. This implies that 4(y) = 0, otherwise we would
have a contradiction (see Lemma 1.6.6). As a result:

Bq
gy =) ¢jg;
j=1

Now, As g(y) # 0, there exists k such that ;. # 0. Let 0 € g;\Uj g; (which is not
empty by Definition 2.3.2). We have:

(g(),0) = erlgp, o) + ) £j(g;,0)
Jj#k
= €181, 0) as(g;,0)=0if j#k

#0 as both € and (g, 0) are non-zero

As o € g(y) and g(y) € y +Span , o is either a secondary cell or is equal to y. How-
ever,asy € g;Ng; (forsome i # j) and o € g;\Ujx g}, 0 cannot be equal to y.

To sum it up, o € g\U;x« g; is a secondary cell such that (g(y),o) # 0: W isa
valid operation. 0

Time complexity. The complexity of the algorithm is O(m - N?), with m = II_(lg
and N = Ifql. Indeed, Step 1 costs at most 8 operations M, as there are no more
than S critical cells. Step 2 costs at most 2m operations (M or {), as it removes a cell
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from Pn I_d,g at each iteration using at most two operations. Step 3 costs at most 3
operations W. Every operation M, W or {) costs O(N?) time, therefore, we obtain a total
complexity of O(m - N? +2f3- N?). Note that we always have m = 8 because of the first
condition of Definition 2.3.2.

3.5. Conclusion

Persistent homology provides a relevant framework for studying the evolution of
homological features across a filtration. It was shown in GONZALEZ-LORENZO, BAC,
MARI, et al. 2017 that a filtration induces a unique perfect HDVE which contains
its persistent homology information. In this chapter, we firstly refine this result by
proving that each step of Algorithm 2 coincides with the corresponding step of the
standard persistence algorithm Algorithm 1 from EDELSBRUNNER et al. 2002.

We also investigate the converse problem of building a filtration that induces a given
perfect HDVE Although this question is not fully resolved (see Conjecture 3.2.8), we
show that a given HDVF can be induced by multiple filtrations and provide an explicit
construction of such filtrations. As a consequence, given an explicit homology basis,
we can build a filtration that induces this basis, either in cubic time from scratch or in
quadratic time when a perfect HDVF is already available.

These results highlight that perfect HDVFs, explicit bases, and homology configura-
tions (introduced in Chapter 4) form successive partitions of the filtration space. This
suggests that HDVFs provide a framework for analyzing the space of filtrations and
their associated persistent homology. These ideas are related to COHEN-STEINER et al.
2006, which studies how persistence pairings evolve when two consecutive cells are
swapped. This point of view motivates several open questions.

* Can we define operations on filtrations that correspond to the operations M, W, and
¢ on HDVFs?

* Could such operations be used to compute and analyze vines and vineyards COHEN -
STEINER et al. 2006, for instance to study time-varying data as in M. BERGOMI et al.
2020; YOO et al. 20167

* Similarly to Question 1, can we characterize the set of filtrations that induce a given
explicit basis, or more generally a given homology configuration?

* Given a filtration F and an explicit basis {g;}i<p,, can one compute the closest
filtration to F that induces this basis? Algorithm 4 might be a good start.

In a second time, we study the space of HDVFs by equipping the set of perfect
HDVFs with a graph structure based on the operations M, W, and {. We derive an
algorithm that finds a sequence of operations to link two given perfect HDVFs, hence
proving the connectedness of this graph. We also build an algorithm that navigates
this graph to adapt a given perfect HDVF to a given explicit basis, with quadratic time
complexity.

Since the operations M, W, and ¢ are defined independently in each dimension
(see Definition 1.6.3), they naturally extend to tri-partitions. As a consequence, the
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connectivity and adaptation algorithms for perfect HDVFs directly translate to tri-
partitions.

Proposition 3.5.1. The space of q-tri-partitions over a complex K is connected under
elementary operationsM, W and $).

Proposition 3.5.2. Algorithm 4 also adapts a q-tri-partition to a given explicit q-
homology basis.

Then, we use a preliminary version of the HDVF package of the CGAL library
(see BAC 2026), to realize experiments on the graph of HDVFs. For instance, we
compute the size and the diameter of this graph for different complexes. The results
suggest that in general, the graph is “hollow”, without any central HDVF nor hub.
The HDVF package will soon be available in the CGAL library, we hope it will provide
further experiments and help to address several open questions.

* Generally, what is the shape of the graph of perfect HDVFs for a fixed complex?
How does this graph compare to the graph whose vertices are partitions of cells
into three categories (not necessarily producing a HDVF), and whose edges are
exchange operations in between categories?

”

* Given a non-explicit homology basis {g;};<g o canwe define and compute a “closest
explicit basis?
e How can we adapt a perfect HDVF to an incomplete explicit basis?

Finally, this chapter opens the broader question of how homology computations
relate to each others. A relevant prospect would be to study HDVFs and tri-partitions
from a matroid point of view. While we did not investigate this idea, some preliminary
results about the matroid structure of the set of tri-partitions can be found in H.
EDELSBRUNNER and OLSBOCK 2020.
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4.1.

Introduction

Topology studies objects up to continuous deformations; hence, a natural question is
the link between the topology of an object and that of its complement. This question,
usually called duality, has long been at the heart of many works. Its earliest form
was established for oriented closed manifolds by H. Poincaré in 1893, who stated
(without proof) that, given such an n-manifold, for any g < n, the gth and (n— g)th
Betti numbers are equal. This duality actually found its modern formulation only 40
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years later, with the formulation of the notions of cohomology, cup and cap products.
Alexander duality refers to a conjecture formulated by J.W. Alexander in 1915 and
further developed by P. Alexandrov and L. Pontryagin, relating the Betti numbers of an
object (actually, a compact, locally contractible subspace of the n-sphere and those
of its complement in this n-sphere). Formally, Alexander duality states that if K a
compact, locally contractible subspace of the n-sphere S”, then,

forallg=0 H,(K)~H" 91(S"\K)

This means that there is a relation between the holes of an object and the holes of its
complement space in a sphere.

In parallel, since the 80’s, with the development of computational homology, the
question of constructivism has become an important matter, see for example the
works on effective homology in RUBIO et al. 1986. However, to the best of our knowl-
edge, the only works related to the constructiveness of Alexander duality are those
of W. Julian, R. Mines and E Richman (JULIAN et al. 1983) where Alexander duality
theorem is developed in a constructive way in the sense of Bishop, yielding a construc-
tive Jordan-Brouwer theorem. However, as pointed out at the very end of the article,
computing generators of the complement may fail with the polyhedral approximation
developed in the paper. Moreover, the complexity of the approach makes it technically
unusable.

In Topological Data Analysis, Alexander duality is often used to compute homology
of dimension 0 in the complementary of an n-dimensional simplicial complex instead
of its (n — 1)-dimensional homology (see, for instance, DELFINADO et al. 1995; KURLIN
2014; MAHLER et al. 2018; OBAYASHI 2017) because 0-dimensional homology comes
to a simple graph problem. For instance, 0-dimensional persistent homology of a
filtration can be computed in O(nlogn) time using a union-find data structure, which
is much faster than the algorithms for other dimensions.

This chapter firstly investigates the links between the homology of a complex and its
complement, and introduces a combinatorial proof of Alexander duality for cellular
and geometric complexes, see Section 4.2. Through the lens of HDVFs, the proofs of
these results are constructive. More generally, the formalism of this section shows
that HDVFs allow us to explicitly build the morphisms involved in standard homology
results.

Next section introduces the concept of homology configuration (Section 4.3). Homol-
ogy configurations were initially defined in an attempt to study the “constructiveness”
of Alexander duality isomorphisms. However, the properties of homology configura-
tions detached them from this original purpose, and established them as an object
of study in their own right. Indeed, homology configurations provide a higher point
of view on the computations of homology, partitioning HDVFs and explicit bases. It
allows a deeper understanding of the entanglement between homology and cohomol-
ogy computations, and provides a low dimensional topological invariant.

The general question of whether homology isomorphisms are constructible by
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HDVE is investigated later in Section 4.4, through the lens of homology configurations.

The results of Section 4.2 have partially been published in the article A Constructive
Approach to Alexander Duality, see GONZALEZ-LORENZO, BAC, and GAZULL 2024. Note
that BJORNER et al. 2008 also studied a combinatorial version of Alexander duality.
However, their work uses a different combinatorial context, and focuses on other
objects, notably the Alexander dual of a simplicial complex.

4.2. A Constructive Approach to Alexander Duality

The section is divided in several parts. The first part is a short introduction to reduced
and relative homology. We then investigate the combination of a complex and its
complementary through the lens of HDVFs, which sets up the formalism for next
parts.

In the following part, entitled the combinatorial duality, we establish that H,(K) =
Hg1(L\K), where L is an acyclic complex and K is a subcomplex of L closed under the
boundary operator. The proof of this result is based on combinatorial and algebraic
properties of HDVFs and combinatorial chain complexes. The proof also provides an
explicit isomorphism that can be computed in polynomial time.

Then, the next part shows how this can be applied to recover a combinatorial and
constructive version of Alexander duality for geometric complexes. Precisely, we show
how to build an isomorphism A"~771((S\K)*) — H,(K), with S a geometric complex
whose realization is a n-sphere.

The last part, called the singular Alexander duality for simplicial complexes, ex-
tends the previous result to singular homology of simplicial complexes, using sub-
divisions, deformation retracts and HDVFs. Specifically, we prove that FIq(IK ) =
H"9-1(|S|\|K]|), where S is a triangulated n-sphere.

In this section, Z is defined to be a field. Though, the results of Sections 4.2.1
and 4.2.2 are also valid if Z is a ring, but some of them are subject to the existence
of perfect HDVFs. In Section 4.2.3, only the final Theorem 4.2.6 may fail, as its proof
requires a perfect HDVF completion, which is not guaranteed when £ is a ring.

4.2.1. Relative and reduced homology

Relative Homology

Given two chain complexes (K,0) < (L,9), their relative complex (L, K),0®X)) is the
following sequence of quotient spaces L,/ K, with the boundary map 0“5 naturally
induced by the quotient.

(L,K) F19] a(LJl()

ol Lq/Kq I Lq-l/Kq_l i

This relative complex is a chain complex if and only if %X 0 9K) = 0, In this case,
the homology of the relative complex is called the relative homology of the pair (L, K)
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and is denoted by H, (L, K).

In general, ((L, K),0"%) is not necessarily a chain complex, see for instance Fig-
ure 4.1. However, when L and K are geometric complexes, ((L, K),0“X)) is always a
proper chain complex and their relative homology is well-defined. This is also the
case in general when K is a subcomplex closed under 8. Relative homology is also
well-defined when L and K are singular chain complexes.

For combinatorial chain complexes, considering ((L, K),8"X)) is equivalent to con-
sidering the combinatorial chain subcomplex generated by the cells of L that are not
in K, and the boundary map restricted to it. Precisely, we denote (L\K, d) the combina-
torial chain subcomplex of (L, d) induced by the cells L\K := L\K, see Figure 4.2 for an
illustration. Then, (L\K, d) is a proper chain complex whenever ((L, K),3>X) is one,
and vice-versa. In this case, there exists a chain isomorphism between ((L, K),d"X))
and (L\K, 0).

Thus, ((L,K),0%)) can be considered as the combinatorial chain subcomplex
(L\K,0) of L. We adopt this later viewpoint, as it allows us to consider the cells
themselves instead of elements of the quotients L;/K,;. Note that both point of
views are valid, and the article GONZALEZ-LORENZO, BAC, and GAZULL 2024 uses the
other point of view and defines HDVFs for relative homology.

Vo Vo
€2 e €2 €]
t
V] €p Vo €p Vo VI
(L,0) (K,0" (L, K),0"K)

Figure 4.1 - Two complexes (K,d") < (L, 0) that do not define a proper relative com-
plex. Indeed, ((L, K),0“X)) is not a chain complex, as 3K 0L0 (1) = 9K () 4 e,) =
v1 # 0 (using coefficients in Z/27). In addition, (K, ") does not define a proper aug-
mented chain complex, as €d'(eg) = €(v2) =1 #0.

Reduced Homology
Let (K,0) be a chain complex, its augmented chain complex, K, is the chain complex
K except that 9 is replaced by e: Ky — £, e(x) = ). vk (X% 0).

Ky 2 Ky 2 Ky - % -2 {0}

The augmented complex K is a chain complex if and only if e0d; = 0. In this case, K
defines the reduced homology groups Hy(K) := Hg (K). They are related to the ordinary
homology groups by the following relations:

Ho(K) = Ho(K) ® %
Hy(K)=Hgy(K) q=1
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Reduced cohomology can be defined similarly by A9(K) := H?(K).
In general, K is not necessarily a chain complex, see for instance Figure 4.1. However,
every geometric complex and singular chain complex satisfies e 09, = 0.

Relative homology also generalizes reduced homology. Indeed, assuming that
(K,0) is a combinatorial chain complex satisfying €00, = 0, we obtain the following
isomorphisms for any 0-cell 7 of K:

Hy(K) = Hq(K,Span {to}) = Hg(K\70)

where K\1( := Span (I_<\{TO}) is the complex K without the 0-cell 7. See Figure 4.2 for
an illustration. The explicit isomorphisms are given by:

ig: Hy(K) — Hg(K\10) (i)' Hy(K\1g) — Hy(K)

[x]g — [JKv1o (W] = [x = (X, T0) To] [x]g — [x—e(x)7o]

See HATCHER 2002 for more details about reduced and relative homology.

[

(L,0) (K,0) (L\K,0) (L\7¢,0)

Figure 4.2 — Illustration of relative and reduced homology of combinatorial chain
complexes. (K,0) is a subcomplex of (L,0). Both (K, 0) and (L, 0) are geometric com-
plexes (cubical complexes) so their relative complex ((L, K),0'X)) is well-defined
and isomorphic to the complex (L\K, d). In particular, these three complexes satisfy
the setting of Section 4.2.2, with K I = K and K° = L\K. Moreover, the augmented
chain complex of (L, ) is well-defined, and its homology is ﬁq (K) and is the same as
the homology of the complex (L\7y,0).

4.2.2. Combining complexes and HDVFs

From here, we consider combinatorial chain complexes, which we refer as complexes.
Later in this section, we will consider more restricted complexes such as geometric
complexes and simplicial complexes.

This subsection introduces results that were not part of GONZALEZ-LORENZO, BAC,
and GAZULL 2024 and bring a better understanding on both combinatorial duality
and Alexander duality. It will also be central in Section 4.4. We first investigate how to
combine two disjoint complexes to form a larger complex. We then investigate this
combination under the lens of two perfect HDVFs computed on these two disjoint
complexes.
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Combining two complementary complexes
Let (L,d) be a complex, split into two disjoint subcomplexes (K°,8°) and (K*',d").
Formaly, (L,0), (K°,0°) and (K!,0') satisfy the following properties, and we write
(L,0) = (K°,0% & (K',0"):

« KUK =K (so K’@ K' = L).

« K°nK! =g (s0 K°nK' = {0}).

e 3%=7jgo0do0igeand 3’08’ =0.

e 0l =jr1000ig and 0l ool =0.

Remark. We have (K!,0) = (L\K",8). Using the relative homology terminology,
(K',0') can also be considered as the relative complex ((L, K°),d).

Note that jgoodo i1 and jgi1 0 0o igo might be non-zero. See Figure 4.2 for an
illustration of three complexes satisfying this setting.

Denote [‘]27 : kerag — Hy (K9 that maps a g-cycle to its g-homology class, and
sg : Hq(KO) — kerag a corresponding section, i.e. a map that associates to each

. . 0 0 . 0

homology class a representative g-cycle. In particular, [-]jos; = id and forall x € kerd,
there exists y € K2+1 such that sg o [-]g(x) =x+0(y).

Similarly, we define the maps [-]}, : kerd}, — H,(K") and s, : Hy(K") — kerdy, for the
complex K.

In what follows, we omit the dimension subscripts to improve clarity. We write
6(1) and 6(1’ instead of jx10igo and jgo0ig1 respectively. Recall that we also write
00 = jKoaiKo and 61 = _]K161K1

Lemma 4.2.1. We have the following equalities:
1. 89y=0 2. 050°=0 3. 3%;+0d%0'=0 4. 0;0°+d'95=0
Proof. As L=K°® K!, we can write:

2 49
0= (as al)

This implies the following:

590 (0000 +3%9) 33} + ag’al)

050°+0'a) ora+oalo!

As we have °9° = 0 and 4'4' = 0, we obtain all four equalities. O

For every dimension g we can define a map a(l) linking the (g + 1)-homology group
of K to the g-homology group of K.

ag: Hye1(K%) — Hy(KY)

ho = [14005041 (B)
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This map is well-defined, indeed, we have im(a(l) s9) c kerd! because 616(1) s0= —6(1)60 s0=
0 (by Lemma 4.2.1(4) and because 8°s° = 0).

Remark. The map a(l) is usually defined implicitly with relative homology for ge-
ometric complexes, using the fact that Hg1 (K, K') = Hg41(K?) and the following
long exact sequence:

.. — Hy1 (K" — Hys1 (K) — Hyg1 (K, K'Y — Hy(K') — Hy(K) — ...

For more details about these ideas, see HATCHER 2002(section 2.1).

Combining two perfect HDVFs
Let X° = (P% 8% C% and X! = (P!, S, C!) be perfect HDVFs for K® and K respectively,
with reductions (f°, g% h°) and (f!, g!, h').
Denote Hom(G, G') the set of morphisms from a group G to a group G'. Using Lemma 1.6.2,
X% and X! naturally induce the following isomorphism, whose associated commuta-
tive diagram is represented in Figure 4.3:

aff(l, :Hom (SpanC2+1, SpanC}]) — Hom(HqH(KO), Hq(Kl))

Precisely, aié transforms every map from the critical cells of XY to those of X!, into a
map from the homology of K° to the homology of K*, using the reduction maps of X°
and X'. In parallel, X° and X' define the following map
Dﬁ :Span C2+1 — Span C},
c — fl oaéogo(c)

Intuitively, this map takes the homology generator of a critical cell in K°, looks at its
boundary (which is a cycle in k), and returns the critical cells in K! associated to
it. Note that D§é is well-defined even if X and X! are not perfect, even though the
intuition behind it is harder to understand.

It turns out that for every pair (X°, X!), the image of Dﬁé under aﬁ) is equal to the
map a, and thus does not depend on the choice of the HDVFs X° and X'. This is
stated in the following proposition:

Proposition 4.2.2. Given X° and X' two perfect HDVFs for K° and K*, respectively, we
have a))g(l, (Di((;) = ay. See Figure 4.3 for an illustration.
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x!

D
SpanCy, — % Span C,

0 1
T ) le
kerd® ———2 % kerd!
s0 Bk
T 0 ag l 1
Hy1 (K®) ——— Hy(KY

Xl

0 Df(é and Proposition 4.2.2

Figure 4.3 — A commutative diagram illustrating a(l), a

Proof.

1 1
@ (D) = 11'g 103" £”

= [']lglfld(l)(id —3°n° - K230 by Definition 1.4.2
= [1'g' (flais® — F1ala°n0s® — 1ol na°s0)

=[1'g'(flags® - f1a;0°n°s°) because 8°s° =0
= [-]lgl(fla(l)so +f1616(1)h030) by Lemma 4.2.1(4)
= [-]lglfla(l)so because f'6' =0
=[1'(id-0"h' — h'6"a}s" by Definition 1.4.2
= [1'0Ls% — 110" h'aLs® - [ K183k s

=ay—[1'h'0'ays° because [-]'d' =0
=ap+[1'h'og0ys° by Lemma 4.2.1(4)
=, because 8°s° = 0 O

Proposition 4.2.2 proves that combining two perfect HDVFs on two complementary
complexes yields the standard morphism between their homology groups. Using
the relative homology terminology, a perfect HDVF for (K, ), together with a perfect
HDVF for ((L, K),d), induce the morphism H,, (L, K) — Hy;(K) defined in HATCHER
2002(Theorem 2.16).

Note that we can do the same constructions for cohomology. To do that, we define
the maps between cocycles and cohomology groups of K and K': []*? : kerd®” —
HYI(K®), [1*! :kerd'” — HI(KY), s*°: HI(K®) — kerd®” and s*': H9(K') — kerd'".

Then the map a*{:=[]*0(8})" o s*! is a morphism from HY(K!) to HI*}(K?).

In addition, given two perfect HDVFs X° and X! for K° and K, with reductions
(g% K% and (f1, g!, h'), respectively, we have the following commutative diagram:
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g+1 q
[]*ofo*\l/ Tgl*s*l
a*O
Hg1(K) < 1 Hy(KY

4.2.3. The combinatorial duality

The aim of this subsection is to prove a homology relation, called combinatorial
duality (see Corollary 4.2.7), between a complex and its complementary in a bigger
acyclic complex. A complex (L,0) is said to be acyclic if its homology is trivial, i.e. if
H,(L) = {0} for all g. See Figure 4.4 for examples of acyclic complexes.

Geometric complexes cannot be acyclic, as they always have a non trivial 0-homology.
However, we can easily build acyclic complex as combinatorial subcomplex of simple
geometric complex.

For instance, let (D, 0) be a geometric complex whose realization is contractible (i.e.
it is homotopy equivalent to a point). Then, removing a 0-cell from D yields an acyclic
complex. Indeed, the homology of this subcomplex is isomorphic to the reduced
homology of D, as pointed out in Section 4.2.1, which is zero for all dimensions.

Similarly, removing a n-cell and a 0-cell from a spherical geometric complex yields
an acyclic complex. We write this statement formally in the following lemma.

Lemma 4.2.3. Let (S,0) be a geometric complex whose realization is homeomorphic to
a n-sphere. Denote L:=S\{1o,7,,}, withty andt, arbitrary cells of dimension 0 and n
respectively. Denote L = Span L.

Then, (L, 6%) is a combinatorial subcomplex of (S,0) that is acyclic. See Figure 4.4 for
an illustration of L.

Figure 4.4 — Examples of three acyclic complexes. The first one is the geometric
complex of a contractible space with a 0-cell removed. The second is a sphere with a
n-cell and a 0-cell removed, as in Lemma 4.2.3. The last one is more complicated.

Proof. As 1, is a cell of maximal dimension in S, removing it from S yields a
geometric subcomplex (D, 63), with D = S§\7,,. The geometric realization of D is
contractible, as it corresponds to a n-sphere punctured by a n-disk.

Removing 7y from D yields the combinatorial subcomplex (L, 6%), which is well-
defined as 7 is of minimal dimension so it cannot break the 9 09 = 0 assumption.
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As D is a geometric complex, its reduced homology is well-defined. As pointed out
in Section 4.2.1, its reduced homology is isomorphic to the homology of D\t = L.
The reduced g-homology of D is {0}, as it is contractible, so for all g, H,(L) = {0}. O

In this section we consider a n-dimensional acyclic complex (L, d). As in the previous
subsection, we consider three complexes (L,d), (K 0 3% and (K',a') such that (L,8) =
(K%,0% @ (K1, 0Y).

In addition, we now assume that (K',d') is closed under 0 (see Definition 1.3.8). As
shown by the following proposition, this assumption is equivalent to (K°,38°) being
closed under 0*, and to 8% = 0. See Figure 4.5 for an illustration of a triplet of such
complexes.

Proposition 4.2.4. If(L,0) = (K°,0°% & (K*,0"), the following properties are equivalent:
1. (K',0Y) is closed undero.

2. (K09 is closed under o*.
3.09=0

Proof. As L=K°® K!, we have:
iL:iK0+iK1 jL:jK0+jK1 (4].)
Thus we obtain the following equalities:

Ooigi—jgro0oigi =(jr—jx)0ig
= jgodizg =0) by Equation (4.1)
= jgo0(irp —igo) by Equation (4.1)
= Jx00— Jgo0ikgo
=(0"oigo—jgoo0 0igo)”

Thus, doigi = jg1000ig is equivalent to 0) =0 and to 0* oigo = jgoo0d* 0igo. O

To state the homological relation between K° and K, we use two perfect HDVFs X 0
and X! on K? and K, respectively. The main idea is to consider the reduced boundary
of the HDVF X = X° 1 X! on L, and use the acyclicity of L to prove that it induces an
isomorphism between the critical cells of X° and X!. This result is formally stated
in Theorem 4.2.6, and uses Lemmas 1.6.12 and 4.2.5.

Lemma 4.2.5. Let X° = (P°,5% C% and X' = (P',S',C') be HDVFs (not necessarily
perfect) for K® and K' respectively. Let d° and d' be their corresponding reduced
boundaries. Let X = (P.S,C) = (P°u P, S0 S, COuCl) be the union ofX0 and X'.
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Then X is a HDVF for (L,0), and its reduced boundary d is given by:

cv ¢!
0 0
[ 9)E oo
XO

Proof. First, X is a partition of the cells Lbecause X and X' are partitions of KO
and K1, and L = KOU K. Second, as 6(1) =0, we also have 6?? =0. Then,

SO st
=(% o)™
ago agl p!

0 1 . . .
Note that 650 and 6?1 are invertible matrices because X° and X! are HDVE Hence, as

6? is a lower triangular block matrix with an invertible diagonal, it is also invertible,
and thus, X is a HDVE Moreover, the inverse of 6{3 is given by:

G 0 ):( HO o)

(aé’)‘lz poy—T Aplaply—1 ply-1 1AP! 170 1
_(650) 630(631) (631) -H aSOI_I H

Consequently, by Proposition 1.6.1 the matrix of the reduced boundary of X is

CO Cl SO Sl PO P1 CO Cl
d_(agﬁ 0)c _(65 o) ( H° 0) S0 _(agﬁ o) po

- 1 1 1 1 1aP! 770 1 1 1 1
0%, 0%, ¢t \05, o) ¢t \-HOouH' H) S \o%, af,) P!

By developing this expression, we obtain

g d° 0
~| 05+ Flol, + F1oh,G°+05, G0 a!

In addition, we have

0
floa(l)ogoz(F1 0 id)-0y-| G°
id

=S, + F'9% + F195,G% +05,G° O
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In our setting, X% and X! are perfect so d® = d' =0, which implies that

c’ ¢!
g0 0 c?
\pX o) ¢t

XO

The reductions are summarized in the following diagram:

Ko h! h
I D D
(K°,0% (K',0h (L,0) = (K% 0% & (K*,0")
g"Tlf 0 nglf ! 8Tlf
(SpanC?,0) (SpanC!,0) (SpanC, d)

Figure 4.5 — The first row represents three complexes L, K' and K, satisfying the
setting of the combinatorial duality. Indeed, we have (L,0) = (K°,0% & (K*,0'), with L
acyclic and all the properties of Proposition 4.2.4 are true. The second row represents
the HDVFs X, X! and X°, where X° and X' are perfect and X = X’ X! is the HDVF
whose reduced boundary d provides Dﬁ,, see Lemma 4.2.5.

Combining the last lemma with Lemma 1.6.12 we can prove that D)g) is an isomor-
phism from Span C° to SpanC'.

Theorem 4.2.6 (combinatorial duality). Let (L,0) = (K°,8% & (K',8') be three com-
plexes, such that 0% = 0 and (L,0) is acyclic. Let X° = (P°,8°,C°) and X' = (P!,S',Ch)
be perfect HDVFs for K° and K respectively. Then D})S is an isomorphism from Span C°
toSpanC!.

Precisely, for every dimension q, f; g g, is an isomorphism from CJ ,, to Cy.
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Proof. By Lemma 4.2.5, X = (B.S,C) = (P°u P!, S 1St C% i Cl) is a HDVF for (L,d),
and its reduced boundary d is:

c® ¢!
0
d:(D(;l 8) C with DX = flo)g”
X0

We complete X to a perfect HDVF X' = (PUll,SUZ, @) = Aﬁ X for (L,0). Note that
X' doesn't have any critical cells because L is acyclic, thus we have also C =TTU X.

Then, Lemma 4.2.5 implies that X < C°. Indeed, if T € N C!, we would have that
jndis(t) = 0, contradicting Lemma 1.6.12. Similarly, IT € C! because 7 € ITn C°
would also contradicts Lemma 1.6.12.

Because C = ITu X = C° L C!, we obtain that £ = C° and IT = C!. As a conse-
quence, Lemma 1.6.12 implies that D§:, = jndiy is invertible. O

Using the map aig; and Proposition 4.2.2, we obtain that a} = aﬁ) (Dﬁ) is an
isomorphism from the homology of K° to the homology of K. This is formally stated
in the following corollary:

Corollary 4.2.7. Let (L,0) = (K°,0° @ (K*,0") be three complexes, such that 9 = 0 and
(L,0) is acyclic. Then, for every dimension ¢, a(l) = [-1206(1) o sg +1 is an isomorphism from
Hg1(K°) to Hy(KY).

Hence, in this combinatorial setting, the homology of a subcomplex (closed under
0) of an acyclic complex is directly related to the homology of its complementary
complex. In next subsections, we show how this result can be applied to recover
Alexander duality, and to construct Alexander isomorphisms.

Remark. It is worth noting that aﬁé takes an invertible matrix D and gives the
corresponding homology isomorphism. Moreover, when we complete the HDVF
X = X% X!, we obtain different invertible matrices D — which are actually obtained
by performing Gaussian eliminations on D§; Hence, given X° and X!, we can

build a family of homology isomorphisms of the form a)}g(l] (D). It turns out not
all homology isomorphisms can be obtained using this method. These ideas and
constructions will be studied more deeply in Section 4.4, where we investigate the
isomorphisms that are constructible by this principle.

4.2.4. Combinatorial Alexander duality for geometric
complexes

We now adapt the previous results to the case of Alexander duality. Precisely, we use
the combinatorial duality (Corollary 4.2.7) to obtain a version of Alexander duality for
geometric complexes, see Theorem 4.2.8.
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Figure 4.6 — Representation of the complexes involved in the proof of Theorem 4.2.8.
The first row represents S, K and K¢. The second row represents L = S\{r¢, 7},
K'=K\1gand K° = K\1,,.

We consider (S,0), a geometric complex whose realization is homeomorphic to a
n-sphere. Let (K, 0) be a geometric subcomplex' of S. Let (K¢, ) be its complementary
subcomplexin S, i.e. K¢ = S\K. In particular, (S,0) = (K,9) & (K¢,0), (K,0) is closed
under 0 and (K¢, ) is closed under 0, by Proposition 4.2.4. It is important to keep in
mind that although (K, d) is a geometric complex, (K¢, ) is just a simple combinatorial
chain subcomplex. In particular, H,(|K €]) is not necessarily isomorphic to Hy(K°).
See Figure 4.6 for an illustration of these complexes.

We avoid the simple case where (K, 0) is empty or is equal to (S,0). Thus, let 7 be
a 0-cell of K. Similarly, we choose a n-cell 7, of K¢. This is possible as K° is closed
under 0* and is non empty.

Denote L = S\{1g,7,} and L = Span L. Lemma 4.2.3 states that (L, d) is a well-defined
acyclic subcomplex of (S,0). Note that (L, 0) is not a geometric complex.

By applying Corollary 4.2.7 to (L,0) = (K°\1,,0) & (K\1(,d), and by combining the
resulting isomorphism with reduced (co)homology, we obtain the following theorem,
whose proofis detailed afterwards.

Theorem 4.2.8 (Combinatorial Alexander duality for geometric complexes). Given
(S,0) a geometric complex representing a n-sphere, and (K,0) a geometric subcomplex
of S, we have:

I‘_'In—q—l ((Kc)*) ~ I:Iq(K)

The whole sequence of isomorphisms can be summed up in the following diagram:

IWe recall that, when writing “(K’, d) is a subcomplex of (K,d)”, we implicitly consider the subcomplex
(X', 6?,), with 6?, = jgr 000 iy the boundary map restrained and corestrained to K'.
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Hn—q—l ((Kc)*) I:Iq(K)

Jre it

. 1
H™ T (KN\T)*) 45 Hyt (K\T,) —2 Hy(K\o)

As mentioned for the combinatorial duality, aé can be replaced by any aﬁ (D), where
X% and X' are perfect HDVFs for (K°\t,,) and (K\1(), and D is an invertible matrix of
the appropriate size.

Proof. Define (K',0') = (K\7¢,8) and (K°,8%) = (K°\1,,0). K! (resp. K?) is a well-
defined complex, as 1 (resp. 7,) is a cell of minimal (resp. maximal) dimension,
and removing it do not alter the 09 = 0 assumption. Thus, (L,9) = (K 039 e K, oY
(see Figure 4.6 for an illustration). Moreover, L is acyclic and K lis closed in L under
0 (because K is closed in S under 0). As a result, we are in the framework of the
combinatorial duality of previous subsection. Hence, Corollary 4.2.7 implies that a;
is an isomorphism from Hg.1(K?) to Hy(K'). Using the duality between homology
and cohomology for finite dimensional complexes (see Section 1.3.7), we get the
following isomorphisms

1
H" 97 ((K\T,)*) = Hyy (K\T,) = Hyiy (K®) — Hy(KY) = Hy(K\70)
Then, using reduced homology, we get (see Section 4.2.1):

~ q
H,y(K) — Hy(K\10)

We can get a similar result for (K°)*, however we first need to show that its reduced
homology is well-defined. Denote € : x € S;; — ¥ ;¢5,(X,0) € Z the map of the
augmented chain complex of (S,0)* (see Section 4.2.1).

S represents a manifold without boundary, so every (n — 1)-cell o has exactly two
cofaces 07 and o,. We have (0,0(01)) + (0,0(05)) = 0, otherwise the whole manifold
would have a boundary. This implies that e* 0d*(0) = 0, and so for all o € S,,, thus,
the augmented chain complex of (S,0)* is well-defined.

As (K€)* is a subcomplex of (S,0)* closed under 0*, the augmented chain complex
of (K)* is also well-defined. 7, is a n-cell of K¢, so it is considered a 0-cell of (K€)*.
Hence, the reduced homology of (K°)* is isomorphic to the homology of (K°\1,)*
(see Section 4.2.1). This directly implies the following isomorphism:

'[n

I:In—q—l ((KC)*) __q:I Hl’l—q—l ((KC\TH)*)

All in all, we obtain the sequence of isomorphisms presented in Theorem 4.2.8. [

Remark. Although the standard Alexander duality holds for homology over a
ring, Theorem 4.2.8 is only valid for homology over a field, as it relies on HDVF
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perfect completion. The study of HDVF perfect completion for homology over a
ring is a major challenge of this theory.

4.2.5. Singular Alexander duality for simplicial complexes

The version of Alexander duality obtained in the previous section is not totally satis-
fying. Indeed, it only proves a result for the homology of complexes, but the result
cannot be extended to singular homology, as (K¢, 0) is not a geometric complex. Thus,
the aim of this subsection is to use our formalism to get a version of Alexander duality
for singular homology, more precisely for the geometric realizations of simplicial
subcomplexes.

Therefore, let S be a triangulated n-sphere, i.e. (S,0) is a simplicial complex? whose
geometric realization |S| is homeomorphic to the n-sphere. Let (K, ) be a simplicial
subcomplex of S, so its homology group H,(K) is isomorphic to the singular homol-
ogy group of |K|, the geometric realization of K. Denote (K¢,d) the complementary
complex of (K, 0) in (S,0). See Figure 4.7 for an illustration.

S K K¢

Figure 4.7 — Illustration of the complexes of the initial setting of Section 4.2.5. Con-
trary to (K, d) and (S, ), (K¢,0) is not a proper simplicial complex.

As previously, (K¢,0) is not a simplicial complex. Hence, H,1(K*) is not necessarily
isomorphic to the singular homology group of |K¢| = |S|\| K|, although they are related.
The relation between both groups is proved in this section, which entails a constructive
Alexander duality in this geometric setting. Our proof is structured in several steps:

1. We introduce a cellular subdivision .# such that the complex . (5)\.#(K) is a subdi-
vision of K¢, whose geometric realization coincides with |S|\|K| (Definition 4.2.1).

2. We then defined sc(K°), a subcomplex of .#(5)\.#(K) that has the structure of a
polyhedral complex (Definition 4.2.2 and Lemma 4.2.9).

3. We prove that | (S)|\|.# (K)| has the same homotopy type as |sc(K°)| (Lemma 4.2.10).

4. Next, we build a HDVF on sc(K°) to prove a relation between its homology groups
and the cohomology groups of K¢ (Proposition 4.2.11).

2Rgcall that when writing “let (K, 0) be a simplicial complex”, we actually define a simplicial complex
K whose associated simplicial chain complex is (K, d).
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5. Finally, we conclude using the version of Alexander duality that was proved in the
previous subsection, see Theorem 4.2.13.

A T TR

F(OH\F(K) sc(K€)

Figure 4.8 — Illustration of the steps of the proof of Theorem 4.2.13. #(5)\.#(K)
is the cellular subdivision of K¢ (see Definition 4.2.1). sc(K°) is the subdivision
core of K¢ (see Definition 4.2.2). The fourth image is the deformation retract from
L (S)\|F(K)]| to [sc(K€)| (see Lemma 4.2.10).

See Figure 4.8 for an illustration of the constructions involved in this proof.

Figure 4.9 — A simplicial complex K (first image) and its cellular subdivision . (K)
(second to fourth). The second, third and fourth images display the label of the cells
(0; 1) of dimension 0, 1 and 2 respectively.

Cellular subdivision and subdivision core

In this part, we prove that even though K° is not a simplicial complex, its geometric
realization |S|\|K| is homotopically equivalent to a polyhedral complex called the
subdivision core. First we define a specific subdivision.
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Definition 4.2.1. Let (K,0) be a simplicial complex. Recall that given 0,7 € K, oc
T means that o is a face of 7. We define the cellular subdivision of (K,0) as the
set Z(K) := {(0;7) | 0,7 € K, T < 0}. We denote .#(K) := Span.#(K), then (#(K),d’)
defines a polyhedral complex, where ¢’ is defined as

d'(o;1) = ) (0, 1)-(0;T) + ) (0(0),0") - (0';7)

T'Co a'ot

The dimension of a cell (0;7) is dim(o;7) := dim(o) — dim(z). See Figure 4.9 for an
example of this subdivision.

The geometric realization of a cell (o; 1) is the open convex hull of the centers of the
simplices ¢’ such that T € ¢’ < ¢. Precisely,

0<A;<1 for all i
l(o;D=4 > Ai-vi| D Ai=1land| A;=4; ifvjerandvjet
vico Ai>Aj ifvietandv; ¢t

ZL(S) & (K) F(D\F(K)

Figure 4.10 - Illustration of the cellular subdivisions of the complexes of Figure 4.7,
see Definition 4.2.1.

The geometric realization of .# (K) is then the union of the geometric realizations of
its cells. Importantly, this definition implies that |.¥(K)| is equal to |K]|.

Figure 4.9 shows a simplicial complex and its cellular subdivision. Note how each
simplex o of the simplicial complex is decomposed into (o;7) forall Tt C 0.

We are interested in . (S)\.# (K), which is also the subdivision of the simplices of K*.
(Z(9\F(K),0") defines a combinatorial chain subcomplex of (#(S),d’) that is not a
geometric subcomplex, as the geometric faces of its cells might not be in .#(S)\.# (K).
Equivalently, it is not closed under '. However, it contains a subset of cells that defines
a proper geometric subcomplex, namely, the subdivision core.

First, let us introduce the following useful maps, defined on cells but extended
linearly:

V:FL(S)—S N:FL(S)—S

(o;1)— 1 (0;7)— 0O
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Definition 4.2.2. Given (K,0) < (S,0) two simplicial complexes, the subdivision core
of (K¢,0) is

sc(K€) = Span {(a;r) e SS\LK) | 1€ E\E} =v K N ALK

See Figure 4.8 for an example of the subdivision core.

Lemma 4.2.9. Let (K,0) < (S,0) be two simplicial complexes. Then, sc(K°) is a polyhe-
dral complex. Precisely, (sc(K°),0') is a polyhedral subcomplex of (#(S),0").

Proof. By Proposition 1.3.2 and because polyhedral complexes forbid multi-
incidence, we need to prove that the faces of each cell in sc(K*¢) belongs to sc(K°).

Let (0;7) € sc(K€), its boundary is Y 1, (0(t"), T) - (0;T") + X512 (0(0), 0"y - (¢; 7).
Thus, the faces of (o;1) are the (o;1’) with a non-zero coefficient and the (¢’; T) with
a non-zero coefficient.

The cells (0;1") with a non-zero coefficient are in sc(K¢). Indeed, (3(t'),7) # 1
implies that 7 is a face of 7/, hence 1’ € K¢ since 7 € K¢, and K is closed under 9*.

On the other hand, the cells (¢’; ) with a non-zero coefficient are in sc(K°) be-
cause 7 € ¢’ and 7 € K¢ imply that ¢’ € K°. O

Note that sc(K°) is the largest subcomplex of % (S)\.#(K) closed in #(S) under d'.
The advantage of sc(K°) is that its geometric realization has the same homotopy type
as |S|\|K]:

Figure 4.11 - Illustration of the deformation retract of Lemma 4.2.10. The zoom on
the left highlights how each simplex of the barycentric subdivision of .#(5)\.#(K) is
retracted to its highest dimensional face that belongs to sc(K°).

Lemma 4.2.10. Let (K,0) < (S,0) be a pair of simplicial complexes. Then, |sc(K°)|
is a deformation retract of |.# (S)I\|.# (K)|. See Figure 4.11 for an illustration of this
retraction.
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Proof. We want to define a deformation retract from |.#(S)|\|.# (K)| to |sc(K°)|.

h:10,1] x | (QNL (K| — L (NS (K|
(£, x) = hy(x)

We define the h;(x) piece-wise in each cell (0; 1) € #(S)\F(K). It is a function that
maps each pointin |(o;7)| to a point in UﬂeE\? l(o;T)].

Let x € [£(S)\|#(K)|. Then, x belongs to |(o;1)| for some o and 7, so we can
write x with its barycentric coordinates: x =3, ¢, A; - v;. Without loss of generality,
we reorder the indices of the v; to have 7 = [vg, -+, v;], 0 = [vg, -+, v;], with j < g,
andlg=--=1;>Aj1 ==y

Let m be the minimum index such that the simplex [vy, ..., ] belongs to S\K,
in particular m = j. To be really precise, we actually need to consider m’ = max{;j |
ﬂj = A}

We denote 7y := [vy, ..., V;;] and we have (o;1) € sc(K°). We define h;(x) using the
point X € |(0;7)| defined as follows

1 n q
=S q Y Amevit Y. Aivv
iZOAm—i—Zi:m.{_lA‘i i=0 i=m+1

h(x)=1-8-x+t-X

h is a deformation retract:
d ho =id;
e hi(x)=X€el(o;1)| S Isc(K)[;

e Vxe€l|sc(K)|Vte[0,1], hi(x) = x. Indeed, if x € |sc(K°)|, then T =Ty, sOo m = j
and we have x = X.

* The continuity of & is hard to write, we only present some arguments, without
details, and ask the reader to refer to the illustration of Figure 4.11 or to the
interactive online visualization®.

First, h is continuous on each simplex of the barycentric subdivision of K°.
Indeed, let s be a simplex of the barycentric subdivision of K¢. Two points in s
produce the same ordering of A;s, which implies that x — X is continuous on s.

Second, h is continuous in between s and its faces. Indeed, being on a face of
s simply adds additional equalities in the ordering of A;s. There are two cases.
Either 7, becomes a coface of itself, or 0 becomes a face of itself. In both cases,
this implies that X changes from being a point of (o;7) to being a point of a face
of (0;1y).

O

Shttps://pageperso.lis-lab.fr/aldo.gonzalez-lorenzo/papers/alexander-duality/
retraction-kernel.html
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As sc(K°) is a polyhedral complex, its homology groups are isomorphic to the singu-
lar homology groups of its realization. Therefore, we have for all g:

Hq(SC(Kc)) = Hq(lsc(Kc)I)
= H;(|#(S)N\Z(K)|) as a deformation retract preserves the homology
= Hy(ISI\|KT)

The singular homology groups of the open set |S|\|K| and the homology groups of
(sc(K€),0’) are isomorphic.

From the subdivision core to Alexander duality

In this part, we prove that we can build a HDVF on (sc(K¢),d") whose reduced bound-
ary is strongly related to the complex (K¢ 8*). This HDVF allows us to prove that
H,(ISI\|K]) is isomorphic to H"~9(K°) (Proposition 4.2.11). Combined with Lemma 4.2.10
and Theorem 4.2.8, we obtain the geometric version of Alexander duality, see Theo-
rem4.2.13.

Proposition 4.2.11. Let (K,0) < (S,0) be a pair of simplicial complexes such that S is a
triangulated n-sphere. Then, H,(sc(K€)) = H"™9(K°).

Precisely, the isomorphism is given by [-]I,ﬁ govoelfo SZC(KC), with f given by the
reduction of a particular HDVF over sc(K°).

The proof of this proposition is long and technical. The idea is to build a HDVF
on sc(K°) that induces a reduction to a chain complex that is isomorphic to (K¢,0%).
See Figure 4.12 for an illustration of the proof.

First, given a cell 7, we define A*1 = {0, 0 2 7} the set of all the cofaces of T € K¢, and
Ay the g-cofaces of 7. (SpanA™7,0) defines a subcomplex of S that is closed under
0*. Note that it is not a simplicial complex, see Figure 4.13 for examples. Its homology
is given by the following lemma.

Lemma4.2.12. H,(SpanA*7)={0} ifg#n  H,(SpanA*1)~2Z%

Proof. A*t is usually called the open star of 7 in S (see HATCHER 2002(2.C)). Denote
Str its closed star (by adding all the faces of simplices of A*1) and Lkt = Stt\A* 1 its
linkin S. As S is a triangulated n-sphere, Stt and Lk are a simplicial complexes
homeomorphic to a n-disk and a (n — 1)-sphere respectively.

Let 79 € Lkt be a 0-cell. As Str is contractible, Str\7( is acyclic. Moreover, we
have (SpanStr\71y,0) = (SpanLkt\7(,0) & (SpanA*71,0d), with (SpanA*71,0) closed
under 0*. Hence, the combinatorial duality (see Theorem 4.2.6) gives for all g,
H,(SpanLkt\7¢) = Hy11(SpanA*1).

As Hy(SpanLkt\7() =~ I:Iq(Span Lkt) and Lk7 is homeomorphic to a (n—1)-sphere,
we get the stated homology. O

135



4. Beyond Standard Homology Information —4.2. A Constructive Approach to
Alexander Duality

\./.—\'\

Figure 4.12 - [llustration of the objects used in the proof of Proposition 4.2.11. The
first image is the complex K¢. The second image represents the subdivision core
sc(K°), segmented into the subcomplexes K. K™ is displayed in orange, purple or
cyan, whether dim 7 is equal to 0, 1 or 2, respectively. The third image is the HDVF X
on sc(K°¢), which is defined as the union of all perfect HDVFs X ¥, The critical cells
(in blue) are exactly the cells (7; 7). Together with the reduced boundary operator of
X, they are isomorphic to the complex (K¢,8*).

ﬁ b\
A*Ty K@ A*Ty K@)

Figure 4.13 — Two examples of A*T and their corresponding K7, illustrating the
proof of Proposition 4.2.11. The two first images consider a cell 7, of dimension 1,
whereas the two last images consider a cell 7, of dimension 0.

Proof. [ Proof of Proposition 4.2.11] We prove this isomorphism by building a HDVF
for the complex sc(K°).

For every cell 7 of K¢, we define K = Span {(0; 7) € sc(K°)}. Alternatively, K™ =
v~1(Span{r}) n A71(K®). Note that every (K”,d’) is a subcomplex of sc(K¢), and
that they define a partition of sc(K°): (sc(K®),8) = @, g (K", ). See Figure 4.13
for an illustration of K™,

First, we fix a cell 7 of K¢ and prove that K™ has a simple homology, see Equa-
tion (4.2). See Figure 4.12 for an illustration of the K.

We prove that the following diagram commutes:

(1) J (1)
Kq+1—d1mr Kq—dlmr

I» I»

... — Span (A:HIT) — 9+ Span (AZT] — .
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Indeed, on K™, the boundary map gives

0'??1 (0;7) =(0(1),7) - (0;7) + Y, (8(0),0")-(0";7)

o'o1

=) 00,0 (01 as(d®),1)=0

o'o1

On Span (A*T1), the boundary map gives

ONL(0) = jarr0(0) = Y (0(0),0") -0

a'or

Hence, we have

Nod K@) = Y 00),0) 0" = 03.1(0) = X ToA@;T)

o'27

As aresult, ja+;0A01gm isachain map from (KD, 9" to (Span (A*1),0). Moreover,
as it associates (o, 1) to o (with 7 fixed), it is an isomorphism. Thus, A induces an
isomorphism from H;_gim (K ™) to H9(A*7). Using Lemma 4.2.12 we obtain:

Bs(KP)=0ifg#n—dimT  Bydims (KD)=1 (4.2)

Let us now compute a HDVF for sc(K¢), by taking the union of perfect HDVFs for
the disjoint subcomplexes K™

Let X be a perfect HDVF for the subcomplex K. X has exactly one critical
cell, whose dimension is n — dim(7). Denote this cell (7;7) with dim(7) = n. All the
other cells (o; 7) with dim(o) = n are secondary.
__The union of all X™ results in a HDVF X = (B S,C) for sc(K°). Indeed, as the
K™ define a partition of sc(K¢), X defines a partition of sc(K¢). Using a similar
argument as in the proof of Lemma 4.2.5, we get that 0’ § is invertible. Precisely, if
dimt = dim1’, we have (d(t'), ) = 0. By looking at the formula of @', this implies
0’ ,’ﬁ;’ =0. Thus, if we order the cells 7 of K¢ by increasing dimension, ¢’ § becomes
a lower triangular block matrix, whose diagonal is 0’ g((;) = 0. Hence, 0’ IS) is invertible
as X™ are HDVFs.

By construction C = {(7;71) | T € K¢} Let (f, &, h) be the reduction from (sc(K*), ")
to (SpanC, d) induced by X. See Figure 4.12 for an illustration of the X. We prove
that the following diagram commutes:

... — SpanCp_g4 4 SpanCp_g-1 —> ...

b I

a*
> K > Ko,y —— ...

Indeed, first, consider the reduced boundary d. By Proposition 1.6.1 we have
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d = jc0'g. Moreover,

gE1) =Y (0;1), I={oeK’|Tr<o,dim(o)=n}

oel

Indeed, we prove this property using Lemma 2.2.6. This chain contains exactly one
critical cell, (7;7), and a set of secondary cells. In addition, its boundary does not
contain any primary cell:

6’(2(0;1)) =) do;1)=) ( Y 0", 1) (0;1) + ) (0(0),0")-(0';7)

oel oel oel \1'co 0’27
=Y Y @@, 0T+ ). Y B0),0")-(0';7)
oelt'co oelg'or
=Y Y ©0@),1)(0;7)+0
oelt'co

The first term contains only critical or secondary cells, because dim(o) = n. The
second term cancels out because each (¢';1) appears twice, one for each of the
two cofaces o of dimension n of ¢’ (having 1 or strictly more than 2 cofaces would
contradict the fact that S represents a manifold). Therefore,

d(7;7) = jcod o g(;7) =jc(Z > <a(r’),r>-(o;r’))
oelt'co

=jc (Z(O(T’),ﬂ -g(f’;r’))
=) (0", 1)-(#;7)  because jcg =id

Second, on (K¢, ), the coboundary 8* is given by 0* (1) = Y. ,/(d(t'), 1) - . Hence,
we have

Vod(t;1) = ) (0("), 1)1 = 8%(1) = 0" oV (T;1)
T/

As aresult, jgcoVoicisachain map from (SpanC, d) to (K¢, 0)*. Moreover, it is an
isomorphism, as it associates (7; ) to 7. Thus, v induces an isomorphism HV from
Hy_¢(SpanC) to H7(K°).

As (f, g, h) is a reduction from (sc(K€),d’) to (SpanC, d), they have isomorphic
groups. All in all, we have the following isomorphisms:

Hy_q(sc(K9) 22 H,_ g (SpanC) 2% HY(K©) 0

We can now prove the Alexander duality in terms of singular homology.

Theorem 4.2.13 (Singular Alexander duality for simplicial complexes). Let (S,9) be a
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triangulated n-sphere and (K, 0) c (S, 0) be a simplicial subcomplex such that K # {0}, S.
Then, for every dimension q, H7(|SI\|K|) = HY((K)*). This implies the geometric
version of Alexander duality:

Hy(IK) =~ H" 97 (IS\IK])

Proof. We first note that |S|\|K| = |#(S)|\|.#(K)|. Hence we have the following
isomorphims, which are summarized in the following diagram:

HI(SNIKD = H1(|L (SN (K))

~ H9(|sc(K9)|) by Lemma 4.2.10
~ H(sc(K9)) as sc(K°) is geometric (Lemma 4.2.9)
=~ Hy_q(K°) by Proposition 4.2.11
~ HY((K)™) by duality
HI(ISN\IKD HI((K)™)
\Li d homotopy geometric idT

HIQP NS (K)) ——s HI(sc(KO) 228" Hascke) 228 H,_,k©)

Hence, taking the reduced homology, we obtain the wanted result:

HY Y (SN\IK)) = A 971 (K9*) =~ I:[q(K) by Theorem 4.2.8 O

4.2.6. Homology quartets

In this subsection, we describe how we can use the proof of Corollary 4.2.7 to represent
the holes of a geometric complex.

Homology and cohomology generators are used for displaying the holes in discrete
topological spaces such as a surface mesh or a point cloud sampling a manifold, see
for instance T. K. DEY, FAN, et al. 2013; OBAYASHI 2017. Other representations includes
the holes balls of GAZULL, BAC, et al. 2023 (see Chapter 5) or hole fillings by WoOD
etal. 2004.

Our method represents the g-hole of a geometric complex K embedded in R”, with
four different elements, each carrying a different intuitive meaning (see Figure 4.14
for an illustration):

1. a g-homology generator of K, which intuitively “surrounds” the hole;

2. a g-cohomology generator of K, which intuitively “cuts” the hole;

3. a (g + 1)-homology generator of K¢, which intuitively “fills” the hole;

4. a (g + 1)-cohomology generator of K¢, which intuitively “passes through” the hole.
Where K¢ is the complement of K.
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Figure 4.14 — An illustration of the intuition behind homology quartet. The red, pink,
blue and cyan elements respectively surround, cut, fill, and pass through the hole.

Formally, if we consider a geometric complex (K,0) embedded in R", let (R,0) be a
triangulation of R” such that (K, 9) c (R, ).

Recall that the proof of Theorem 4.2.6 considers a pair of subcomplexes (K°,9) and
(K',0) of (L,0), L being acyclic and K 1 closed in L under 4. In our setting, we can
choose a 0-cell 7¢ in K, and define L:= R\1, K' := K\1¢, K* := L\K.

Now, as for Theorem 4.2.6, we compute two perfect HDVFs X9 =(P% 8% % and
X! = (PL, s, CY for (K°,0) and (K!,d), respectively. Next, we choose D to be an
invertible map from Span Cp,, to Span Cy, which is always possible by Theorem 4.2.6.

Then, using D and the isomorphism between homology and cohomology groups,
a g-hole of K which is associated to an element c € Ccl7 (see Lemma 1.6.2), can be
represented with the four following chains:

L gcl,(C), a g-homology generator of K = K\7o;
2. f 1Z(c), a g-cohomology generator of K! = K\1;

3. gf,ﬂ oD7!(c), a (g +1)-homology generator of K* = K¢;

*

4. f°,110D7(c), a (g +1)-cohomology generator of K° = K°.

We refer to these four chains as a homology quartet.

In the general case, the choice of homology quartet is not unique, and depends
on the choice of X°, X! and D. One can choose D = Dﬁé, but other invertible maps
are also possible. For instance, every completion process of the HDVF X = X% X!
provides a possible D. This will be studied in Section 4.4, where we focus on the D

that can be obtained from a general HDVF completion.

Remark. It is important to note that there are irrelevant choices for D. Indeed,
when D is not obtained from the process described above, it could potentially
associates unrelated holes, yielding an incoherent quartet. For a radical example, an
incoherent quartet could comprise a generator surrounding a hole, and a generator
filling another hole that is not on the same component. Hence, choosing D as a
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random invertible matrix is inappropriate. A relevant choice is a constructible D,
see Proposition 4.4.4.

Figure 4.15 - Homology quartets of a 1-hole, for two objects: a bone (above) and
a link (below). In order, the columns represent the 1-homology generator, the
1-cohomology generator, the 2-homology generator of the complement, and the
2-cohomology generator of the complement. For clarity and to match with the
intuition, the 1-cohomology generator is represented using the cofaces of its cells.
In addition, the 2-cohomology generator of the complement is represented using its
dual 1-cells.

For practical experiments, we choose the matrix D from a standard completion
process of X = X0 X1

Precisely, performing A7 operations on the HDVF X until it is perfect, with (o, 7) €
Cg.1 % Cg, produces a bijection ¥ from C,, to C;. This bijection naturally gives
an invertible map D : Span Cg +1 — Span Cl, which is a permutation matrix (when
expressed in the canonical basis given by C° and C'). The choice of D to be a per-
mutation matrix ensures that the cycles and cocycles of the quartet are elementary,
see Proposition 2.3.2.

Allin all, we proceeded as follows. Given a simplicial complex K embedded in R3, we
embed it in a triangulated 3-ball, which defines an acyclic complex when we subtract
a 0-cell. We then computed ¥ as previously explained, and displayed the homology
quartets associated with every critical cell y of K. Precisely, we represent the chains
g, (), g°oW(y) and fO7 o W(y).

Some results are presented in Figure 4.15, and can be visualized in 3D online*. In
addition, implementation of the methods are currently in development and will soon
be released in a CGAL package dedicated to HDVFs (THE CGAL PROJECT 2025).

“https://pageperso.lis-lab.fr/aldo.gonzalez-lorenzo/papers/alexander-duality/
quartets.html
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4.3. Homology Configurations

4.3.1. Motivations

Section 4.2 illustrates the fact that HDVFs provide explicit constructions of classical
homological results, e.g. they produce explicit isomorphisms for Alexander duality,
and more generally for combinatorial duality (Theorem 4.2.6).

Another simpler example is the duality between homology and cohomology. Through
associated perfect reductions, HDVFs also allow us to construct an explicit isomor-
phism between the homology group of dimension g of a complex and the corre-
sponding cohomology group. Given (f, g, h) the reduction of a perfect HDVE these
isomorphisms are given by

[190 f* o fos,: Hy(K) — HI(K) [lgogog™es?: HI(K) — Hy(K)

This naturally raises the following question: can all such isomorphisms be obtained
through these constructions, or are there combinatorial obstructions?

In the examples mentioned above, it turns out that not all isomorphisms can be
obtained this way. Moreover, these combinatorial obstructions appear to be related to
topological properties. This leads to a more general question: which isomorphisms
can be constructed using HDVFs? Do they bear any information on the spaces?

Homology configurations were initially introduced in an attempt to address these
questions, which is the topic of Section 4.4. However, the properties of homology
configurations revealed that they are an object of study in their own right.

Another motivation for introducing homology configurations is that the space of
homology computations depends more strongly on the combinatorics of the complex
than on its topology, see Section 3.3.4. For instance, the number of possible HDVFs
explodes when the cells of a complex are subdivided, although this operation pre-
serves the topology. Thus, adopting a higher point of view, grouping together similar
homology computations, becomes relevant.

This section is organized as follows. We begin by introducing the definition of ho-
mology configurations, together with the intuition behind them. We then establish
several structural properties, including the relationship between homology and coho-
mology configurations, their behavior under HDVF operations, and certain subtleties
that arise in maximal dimension. Next, we consider geometric complexes, and investi-
gate the combinatorial invariance of homology configurations in maximal dimension,
namely the fact that they are preserved under subdivisions of the complex. We then
combine this result with the Hauptvermutung to show that homology configurations
provide topological invariants for low-dimensional geometric complexes. Finally, we
discuss the computation of homology configurations, and present some results.
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4.3.2. Definition and intuition

This chapter only presents homology configurations over the field Z/2Z. Homology
configurations can also be defined over other fields. However, in this case, some
technicalities arise, and some of our arguments are only valid for Z/2Z (see for in-
stance Lemmas 4.3.2 and 4.3.7 and Definition 4.3.2). Homology configurations over Z
constitute a major challenge.

Notations. Given a complex (K, d), denote HDVF* (K) the set of perfect HDVF on
(K,0). For every q = 0, denote also TP, (K) the set of g-dimensional tri-partitions on
(K,0). Finally, denote Expl, (K) the set of g explicit homology bases and Expl‘(K) the
set of g explicit cohomology bases of (K, 0).

First, we define an equivalence relation over the explicit bases of a fixed complex
(K,0). Two explicit g-homology (resp. g-cohomology) bases are equivalent if and
only if they represent the same basis of the homology group H,;(K) (resp. cohomology
group HY(K))°.

Formally, given {gi}ﬁq

.2 and {g;}fz"l in Expl,(K)

{gi}fjl ~q {g;}'?;’1 — Vi, [gilg = [g;ﬁ(i)]‘f with ¢ a permutation of indices
Similarly, given {fi}f;’l and {f;}fjl in Expl?(K)
{fi}?jl ~4 {f;}fjl = Vi, [£;]7=[fy;)]? with ¢ a permutation of indices

Intuitively, two explicit bases are equivalent if they represent homological holes the
same way.

In Section 2.3, it was shown that every explicit basis is induced by a perfect HDVF
(respectively, by a tri-partition), and conversely that every perfect HDVF (respectively,
tri-partition) induces explicit bases. This correspondence allows us to transfer the
equivalence relation to perfect HDVFs and tri-partitions. Two perfect HDVFs (re-
spectively, tri-partitions) are said to be equivalent if their induced explicit bases are
equivalent:

e Given X = (P S,C) and X' = (P',S’,C") in HDVF* (K) (with associated reductions
(f,g,Wand (f, g, )

X~q X = {g(Y)}yecq ~q {gl(Y)}yecg
X~1X" = {f* hyec, ~T I Mlyec,

* Given X = (B S,C) and X' = (P, §,C) in TP4(K) (with associated maps z,, z7 and

SIn arbitrary fields, one needs to consider that two bases are equivalent if and only if the homology
classes of their generators are equal up to a coefficient.
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z’q, Z'9)

X ~q X’ 4 {Zq(Y)}y(—:C ~q {Z;(Y)}yec’
X~1X = {27)lyec ~T {7 (P}yec

o @ o S

® 9 o o ®

KO K! K2 K3

Figure 4.16 — Four complexes and their associated 1-homology configurations. Each
homology configuration is represented by its corresponding equivalent explicit 1-
homology bases. For instance, Conf; (K 3 is composed of three configurations: the
bottom configuration is composed of three equivalent explicit bases, in which the
two generators respectively surround the left (in orange) and the right holes (in
purple). In the top-left configuration, explicit bases are composed of a generator
surrounding the left hole (in orange) and the other surrounding both holes (in
purple). In the top-right configuration, explicit bases are composed of a generator
surrounding the right hole (in purple) and the other surrounding both holes (in
orange).

We can then define the homology configurations, which correspond to the equiva-
lence classes of ~, and ~9.

Definition 4.3.1 ((co)homology configurations). Given a complex K and a dimension
q, we define Conf,(K), the g-homology configurations of K, and Conf?(K), the g-
cohomology configurations of K, as

Conf,(K) := HDVF*(K)/ ~, Conf?(K) := HDVF* (K)/ ~4

Because of the results of Section 2.3, homology configurations can alternatively be
defined in terms of explicit bases or tri-partitions:

Conf, (K) = Expl, (K)/ ~4= TP,/ ~4 Conf?(K) = Expl?(K)/ ~= TP,/ ~1

See Figures 4.16 and 4.17 for examples of homology configurations.
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@ @ @ ©

Figure 4.17 — A complex and its associated 1-homology configurations. On the left,
each homology configuration is represented by its equivalent explicit 1-homology
bases. On the right, each homology configuration is represented by its equivalent
1-tri-partitions.

Remark. In general, the set Conf,(K) doesn’t have a natural algebraic structure, so
writing “Conf, (K) ~ X” simply means that there exists a bijection between Conf; (K)
and X. Later, in Section 4.3.6, we will equip Confyi, x (K) with a graph structure.

Another way of understanding homology configurations is to consider Conf,(K) as
the set of bases of H,;(K) that can be represented as explicit bases.

On the one hand, the definitions of homology configurations in terms of HDVFs
and tri-partitions allow us to derive interesting combinatorial properties, as discussed
in Section 4.3.3. On the other hand, one can consider that the definition in terms
of explicit bases is more natural and more precise, in the sense that there are fewer
explicit bases than HDVFs and tri-partitions. This observation is highlighted by the
following lemma, which complement the illustration in Figure 3.4.

Lemma 4.3.1. We have the following sequence of surjections:
HDVF" (K) — TP ;(K) — Expl,, (K) — Conf, (K)

Proof. Using Proposition 2.2.5, there exists a surjection from HDVF* (K) to TP, (K).
Moreover, using Theorem 2.3.5 with tri-partitions, there is also a surjection from
TP,4(K) to Expl,(K). By quotient, there exists a surjection from Expl,(K) to
Conf, (K) = Expl, (K)/ ~4. O

4.3.3. Properties

Relation between homology and cohomology configurations
The following lemma is useful as it links the homology configurations to algebraic and
combinatorial properties on the reductions associated to HDVE

Lemma 4.3.2. Given X = (BS,C) and X' = (P',S',C’) two perfect HDVF over K (with
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associated reduction (f,g, h) and (g', f', h')) we have:

X ~q X' < fy084:SpanC, — Span C, is a permutation matrix

X ~1 X' = g o f7 : SpanC, — Span Cy, is a permutation matrix

Proof. We will omit the g subscripts in the proof for clarity.

e —> . Firstly, f'g is invertible:

f'lgofg =f'(id—oh-ho)g'
:flgl_flahg/_flhagl
=id-0-0 because f'g' =id, f/0=0,0g =0as X and X' are perfect

Similarly, fg'o f'g=id.
It remains to prove that each column has no more than one non-zero value:
given y € C, there exists ¢’ € Span C’ such that ¢’ := f'g(y). Let us prove that ¢’ is
composed of only one cell.
On one hand, by applying g’ to ¢’ we get g'(c’) = g(y)—0h'g(y)—h'dg(y) = g(y) -
d(h'g(y)). Hence, [g(y)]l4 = [g'(c)]4. On the other hand, by definition of ~,
there exists y' € C' such that [g(y)]4 = [’ (Y))]4. As aresult, [g' (Y], = [g'(cN]g.
As ([g' (D] g)rec is a basis of H,(K), we have that y’' = ¢’.
* <. Letye C. Weshow that [g(y)]4 € []5°84(Cp).

f'g is a permutation matrix from Span C to Span C’ so there exists a cell y' € C’
such that y' = f’g(y). By applying g’ we get g'(y") = g(y) —dh’g(y) — h'dg(y) =
g(y) —0(h'g(y)), so we have [g(y)l4 = [g'(y)]4. Hence, [g(1)]4 € [14°g,(Cp) and
[1q°84(Cq) € [14084(Cp).
The other inclusion is obtained because fg’ is also a permutation matrix (as it is
equal to (f'g)™1).

The proof for cohomology is the dual of the one for homology. O

Intuitively, the map ¢, = f,; o g4 associates to a critical cell of a HDVF its corre-
sponding critical cells in another HDVF that represents that same hole. Lemma 4.3.2
states that when two HDVFs are in the same configuration, ¢ is a pairing between
critical cells (equivalently it is a permutation matrix, when expressed in the basis
given by the critical cells). This result implies the following corollary, which relates the
(co)homology maps (i.e. the isomorphisms of Lemma 1.6.2) of two distinct perfect
HDVFs.

Corollary 4.3.3. Let X and X' be two perfect HDVFs. Denote g = fg084:SpanC —
SpanC’, and ¢9 = g, o f : SpanC — SpanC'. The following properties hold:

L ifX ~; X', then g = 1.
2. 1484 = 1484 °Pq-
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3. [.]Qf; = [.]Qfofl* o,
Proof.

1. Firstly, (fc’igq)‘1 = f484- Indeed, f'gfg' = f'g'— f'Ohg' - f'hog' =id-0-0
by reduction properties (see Definition 1.4.2). fﬂ’l g4 is a permutation matrix
by Lemma 4.3.2, and the inverse of a permutation matrix equals its transposed.
Hence, we have:

fo8a=fa8) = (fug)* =8, o f7

2. By reduction properties we have g'f'g=g—-0h'g—h'd0g = g—0h'g. Hence, as
[10 = 0, we obtain [']1;84 = 1784 ° ;84

3. Same proof as 2. by duality. O

This directly implies the following proposition, which gathers homology and coho-
mology configurations.

Proposition 4.3.4. Given two perfect HDVFs X and X' we have X ~; X' < X ~1 X'
In particular we have Conf,(K) = Conf’ (K).

Proof. Using Corollary 4.3.3(1.), Lemma 4.3.2, and the fact that the transpose of a
permutation matrix is a permutation matrix, we obtain:

X ~q X' = f,0g,:SpanC, — SpanC, is a permutation matrix
— g;* o f,;‘ :Span C; — Span Cy is a permutation matrix
= X~1X O

In other words, ~,=~9 so homology and cohomology configurations are the same.
Proposition 4.3.4 can be understood as a complement of Section 2.3.4, with a higher
point of view. Indeed, Propositions 2.3.9 and 2.3.10 established a combinatorial
characterization of compatible explicit bases, whereas Proposition 4.3.4 implies that
compatible explicit bases must be in the same configuration.

As aresult, whatever the construction we use (HDVE tri-partitions, explicit bases,
with homology or cohomology) we get the same set of configurations, up to bijection.
Hence, to shorten notation, we simply refer to Conf,(K) as the g-configurations,
omitting to mention homology or cohomology.

Configurations and Operations

Here, we investigate how HDVF operations act on homology configurations. The
following proposition provides a sufficient condition for an operation to preserve the
configuration. Proposition 4.3.6 is the reciprocal of Proposition 4.3.5, but only for M
and W operations, as the case of {) remains open.

Proposition 4.3.5. Let (z4,z7) be the canonical maps of a perfect HDVF X.
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1. Ifz4(m —y) € im0 (equivalently, f(m —vy) =0), then X ~,4 M% X.
2. Ifz9(0 —y) €im0* (equivalently, g* (o0 —y) =0), then X ~ WZ X.
3. Ifz4(m) €imo or z9(0) € imd* (equivalently, f () =0 or g* (o) =0), then X ~, 07 X.

Proof. Let X = (B S, C) be a perfect with reduction (f, g, h). In all the following
cases, we denote by X' = (P',§, C’) the perfect HDVF obtained after performing an
operation (M, W or ) on X. Let (f',g’, h) be its associated reduction and (2, 2') its
canonical maps.

1. M. Suppose zq(m—y) € im0 First, as 7w € C; andy € Cy, consider g(y) and g'(m).
We have:

g'(m) —gy) = z,(m) — 24 (1)
=2z4(m) — 24(y) €imo0 by Lemma 1.6.8

Hence, [g(y)] = [g'(1)].
Second, let T € CQI\{U} c C4. We have:

g(1) —g'(1) = 24(1) - 2, (1)
=24(1) — 24(1) =0€imo by Lemma 1.6.8

Hence, [g(7)] = [g'(7)]. Allin all, {g(T)}rec = {8'(T)}recr 50 X ~4 X'.

2. W'. This case is the dual of the previous case. We obtain X ~7 X', which is
equivalent to X ~, X' by Proposition 4.3.4.

3. Y. Inthis case, both the previous proofs work. O

Conversely, the following proposition provide a necessary condition on an operation
so that it preserves the configuration.
Proposition 4.3.6. Let (z4,z7) be the canonical maps of a perfect HDVF X.
L IfX ~4 M! X, then zq(m —7y) €imO (equivalently, f(m —7y) =0).
2. IfX ~q4 W) X, then z9(0 —y) € imo* (equivalently, g* (o —7y) =0).

Proof.

1. X ~4 M' X. Consider X’ = (P',S',C"):=M" X ~q X =(RS,0). Let z; and z; be
their associated canonical cycle maps.

As X' ~4 X, we have for all 7 € C, z[;(¢(7)) — z4(7) € im0, with ¢ a bijection from
C to C'. Lemma 1.6.8 implies that z;, = z;. Hence, let 7 € C\{y} = C'\{x}, we have

2, (1) = z4(7). As aresult, ¢(7) = 7, otherwise {[z’ (T)]} would not be linearly
q q TeC’

independent.
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As ¢ is a pairing from C to C’, the two remaining unpaired cells are y € C and
n € C, s0 ¢(y) = n. Therefore, we obtain:

!/

2q(m—y) = 24(m) = 24(y) = 2 (W) = 24(Y) as z4 = 2,
=2, (P(y)) — 24(y) €m0 asp(y)=n
2. X ~gq W), X. The proof for W is similar to the one for M by duality. O

All in all, we obtain a simple necessary and sufficient condition for operations M
and W so that they preserve the configurations. Later, in Section 4.3.6, we will also
show that W operations can be extended to Conf,, (K) itself, with n being the maximal
dimension of K.

Subtleties in maximal dimension

We conclude this introduction to homology configurations with two lemmas high-
lighting the particular behavior that arise when considering the configurations in the
maximal dimension of the complex. These lemmas will be used in the next subsec-
tions, about combinatorial/topological invariance and computations of homology
configurations in maximal dimension.

Remark. By duality, the following lemmas also hold for the minimal dimension
(with the corresponding dual concepts). Though, the minimal dimension is often
uninteresting in practice, so we only state these results for the maximal dimension,
as it is more compelling.

The first lemma states that there exists exactly one explicit basis per homology
configuration in maximal dimension.

Lemma 4.3.7. IfK is a n-complex, then we have Expl,, (K) = Conf, (K).

Proof. Let B = {gi}fjim and ' = {g;}fjim in Expl,,(K) such that 28 ~,, %'

Fix i, there exists j such that [g;], = [g’j] n- Hence, there exists a n + 1 chain y such
thatg; = g;. +0y. However, there isno n+1 cell in K so y = 0, which implies g; = g’j.
As a consequence, g; € 98'. We can obtain a similar result for every other g; and g,
which implies %’ = 2.

As aresult, ~, coincide with =, thus, Conf, (K) = Expl,, (K)/ ~, = Expl,, (K). O

The second lemma provides a simple criterion for determining whether two HD-
VFs or tri-partitions belong to the same configuration. This result relies on specific
properties of HDVFs in the maximal dimension 7 of the complex. For instance, if we
denote X = (B, S, C) a perfect HDVF and (f, g, h) its associated reduction, then P, = @.
Moreover, the map f, simply becomes jc,,.
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Lemma 4.3.8. Let X = (PS,C) and X' = (P',S',C") be two perfect HDVF for a com-
plex (K,0) of maximal dimension n, and let (f,g,h) and (f',g', h') be their respective
reductions. Then

X~ X' < VyeCy, lg.(p)nCll=1

In particular, if X = (B,S,C) and X' = (P', S/, C’)_are two n-tri-partitions (with canon-
icalcyclemapzandz'), X ~, X' < VyeC, |z(y)nC'| =1

Proof. For the dimension n we have P, = P}, = @, hence, f, = jc, and f; = j¢: .
To begin with, we prove that j¢ o g, is a permutation matrix if and only if Vy €
Cn, 182N NCp =1
* First, if jo o g, is a permutation matrix, then it has exactly one non-zero

coefficient in the column associated to a cell y € C,,, which is equivalent to
VyeCy, Ign(y)nCl=1.

* Conversely, suppose j ¢ og, has exactly one non-zero coefficient in each column.
In order to prove that it is a permutation matrix, it remains to prove that it
is surjective: let ¢’ € SpanC),. We have g;,(c') € kerd n K, < Span ((g,(y))yec,)
because (g,(y))yec, is explicit (by Proposition 2.3.1 2.). Hence, 3¢ € SpanC,,
such that g;,(c") = gn(c), which implies ¢’ = j ¢ g,,(c") = j 1 gn(c).

All in all we have:

X~y X' < f)og, isapermutation matrix by Lemma 4.3.2

< Jjc,°8n Isapermutation matrix

— Vye(Cy, Ign(y)r‘lC;llzl O

Later, we present other properties of configurations in maximal dimension. For
instance, Lemmas 4.3.23 and 4.3.24 shows that W operations can be extended to
these configurations. In the next subsection, we prove that they are preserved under
subdivision of the complex.

4.3.4. Combinatorial invariance

This subsection only considers geometric chain complexes. The goal of this subsection
is to prove that the number of homology configurations in the maximal dimension is
preserved when we subdivide the complex. This result is stated in Theorem 4.3.10. It
will later be used to prove Theorem 4.3.21, which states that the number of homology
configurations in the maximal dimension is a topological invariant for geometric
complexes of dimension less or equal to 3. Note that this is not true in general for
dimensions below the maximal one, as illustrated by the simple counterexample
in Figure 4.18.
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DD DDD
= 5

88 88 a8

Figure 4.18 — Four complexes and their 1-configurations. Each configuration is
represented by an explicit basis. The complexes on the right are subdivisions of the
complexes on the left. In the first row, the complexes are of dimension 1 and the
1-configurations are preserved under subdivision, which illustrates Theorem 4.3.10.
On the contrary, the complexes in the second row are of dimension 2, and some
1-configurations are created after subdivision. This is a counterexample to the
combinatorial invariance of g-configurations, with g lesser than the dimension of
the complex.

4.3.4.1. General and elementary subdivisions

First, we define a notion of general subdivision of a complex. We then introduce
elementary subdivisions, which intuitively correspond to subdivisions involving a
single cell. Subdivisions are essentially combinatorial, but in the present setting, we
need to combine them to topology and geometry. Thus, we introduce a definition of
subdivisions compatible with both the combinatorial chain complex structure and
the geometric structure.

Definition 4.3.2. A subdivision of (K,0) is a geometric complex (K’,d’) such that there
is a cell inclusion function i : K’ — K satisfying:

1. VT € K, |i"1(1)| = |7|, which implies that |K'| = |K| so K’ and K are complexes
representing the same topological space.

2. The following injective map y (defined on the cells and extended linearly) is a chain
complex morphism, i.e. 8’y = y0:
y:K — K
T— ) 0

oci~l(1)
dimo=dim7

We write K < K’ when K’ is a subdivision of K, see Figure 4.19 for an example
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of subdivision. Note that this definition is not standard, but is general enough to
encompass every common subdivision scheme, see for instance Figure 4.20.

Remark. For a proper definition of subdivision with homology over Z # Z/27, the
formula for y needs to incorporate coefficients: y(7) = Y., €. 0. The coefficients
el € Z depend on the boundary 8’ of the subdivision, which in turn depends on
the geometric construction (simplicial, CW, cubical or polyhedral complexes) and
orientation.

A
c b <

t
B a C
itw=a il =1a} YA =A y@=a
i'B)=(B} i'(b)=1{b} xB)=B  y(b)=b
it ={C¢t i'e=Dcyc} ¥C)=C yl©=ci+c
i_l(t)={E)d)e)f)tl)t2rt3} X(t):tl+t2+t3

Figure 4.19 — Example of a general subdivision.

We introduce a special type of subdivision, called elementary subdivision, which
consists in the subdivision of a single cell into arbitrary many cells.

Definition 4.3.3._An elemen_tary subdivision of (K, 0) is a subdivision (K’,0’) where
there existsat € K and T < K/, such that K\{7} = K’'\T, 0 and 0’ coincide on mutual
cells, and

. {0 ifoe K'\T
i(o) = .
7 ifoeT

Using Definition 4.3.2, we have the following properties:
o |zI=1TI.
e i"Y(0)={o}foroce K\{t},and i"}(1) = T.

* Hence, y(o) =0 foro e K\{t}, and 1(1) = deTq o with T, the g-cells of T, where
q is the dimension of 7.

* VxeK, y(x) =x—{x,7)(t — x(1)). In particular, if 7 ¢ X, y(x) = x, and 8’y (7) = (7).
e Denote K~ :=Span (K'\T). Then, K = K~ @ Span{r} and K’ = K~ @ Span T..

We have the following proposition, which eases our proof as it states that elementary
subdivisions generate every subdivision.
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Figure 4.20 — Decomposition of two commonly used subdivision schemes into
elementary subdivisions. The first row represents a barycentric division whereas the
second row represents a Catmull-Clark subdivision. This later subdivision is the one
used in Section 4.2.5 (see Definition 4.2.1). In this case, the inclusion function i is
given by A.

Proposition 4.3.9. Every subdivision (K',d") of a complex (K,0) can be decomposed as
a sequence of elementary subdivisions: K = K’ <K' <...< KN =K.

Proof. The idea of the proof is simple: we order the cells of K by increasing di-
mension, and perform elementary subdivisions cell by cell to transform K into
K’. However, the proof is tedious to write properly. We decided to put this proof
in appendix to ease the reading of this (already technical) subsection, see Proof
of Proposition 4.3.9. O

4.3.4.2. Plan of the proof of combinatorial invariance

We can now prove that homology configurations in maximal dimension are invariant
with respect to general subdivision. The remaining of this subsection is dedicated to
the proof of the following theorem.

Theorem 4.3.10 (combinatorial invariance of homology configurations). Let(K,d) and
(K',8") be two geometric n-complexes such that K < K'. Then, Conf, (K) ~ Conf, (K").

First, Proposition 4.3.9 implies that we can simply consider elementary subdivisions.
Moreover, the following lemma proves the combinatorial invariance with respect to
subdivisions of lower dimensional cells.

Lemma 4.3.11. Let p be a dimension and (K',d") a subdivision of (K,d) that subdivide
only q-cells, with q < p. Then for all q > p, Explq(K) = Explq(K’) and Conf,(K) =
Conf,;(K').

In other words, a subdivision of cells of dimension lesser or equal to p does not change
the explicit bases and the homology configurations of higher dimensions.

Proof. Let y : K — K’ be the complex morphism defined following Definition 4.3.2.
Denote y 4 the map y restrained to g-cells. For all g we have y ;0441 = a'q w1 Xg+1-
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When q > p we have y, = idg,, so this implies K; = K; and 0411 = 6'q+l, SO
imd, ,, =imd,.1. In addition, we obtain y4-104 = 0, and y is injective so, kerd;, =
kerd,. The definition of g-explicit bases only depends on g-cells, g-cycles and
g-boundaries (see Proposition 2.3.1), hence Expl, (K) = Expl (K ". O

As aresult, in order to prove Theorem 4.3.10, it remains to prove that Conf, (K) is
preserved under elementary subdivision of a cell of maximal dimension. This case is
harder, and is presented in both following technical parts.

The setting is the following: let n be the maximal dimension of a complex (K, 0).
We consider an elementary subdivision: (K,d) = (K~ ® Span{r},0) < (K',d") = (K~ &
Span 7,0), with 7 an n-cell in K, and T a set of cells of dimension inferior or equal to
n. We also define i and y as in Definition 4.3.3, and denote ¢ := x(7) = Y ser, 0.

The outline of the proofis the following:
1. We build an injection from Conf,(K) to Conf,(K’) (Section 4.3.4.3):
* We introduce j : Expl, (K) — Expl,(K’), which maps explicit bases to their
image under y.
e We prove that y is well-defined (Lemma 4.3.13).
* Finally, we show that § induces an injection [¥] from Conf,(K) to Conf,(K")
(Proposition 4.3.12).
2. We build an injection from Conf, (K’) to Conf, (K) (Section 4.3.4.4):
* We introduce p : TP, (K') — TP,(K), which maps tri-partitions of K’ to tri-
partitions of K.

* We introduce technical lemmas about how critical cells behave after subdivision
(Corollary 4.3.17, which is a consequence of Lemmas 4.3.15 and 4.3.16).

* We use these lemmas to prove that p is well-defined (Proposition 4.3.18).
¢ Then, we show that p preserves the canonical cycles of tri-partitions (Lemma 4.3.19).

* Finally, this implies that p preserves the configurations, so it induces an injec-
tion [p] from Conf, (K’) to Conf,(K) (Proposition 4.3.14).

In the next subsection (Section 4.3.5), we will combine these result with the Hauptver-
mutung, to prove the topological invariance of n-configurations for complexes of
dimension 3 or lower.

4.3.4.3. Building an injection from Conf,(K) to Conf,(K’)

We define the following function:

i : Expl,,(K) — Expl,, (K"
{gi}?:nl - {X(gi)}f:nl
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K/

Expl,, (K) Expl, (K"

Figure 4.21 - [llustration of the function j}.

Precisely, if 7 is a cell of g;, then it is replaced by ¢ in y(g;), see Figure 4.21 for an
illustration. We want to prove the following proposition.

Proposition 4.3.12. Let [¥] be the function that associates to every n-configuration of
K its corresponding n-configuration of K', following . [¥] is well-defined, and is an
injection from Conf,(K) to Conf, (K")

The idea is that j transforms an explicit basis of K in to an explicit basis of K’
while preserving the homology configuration. We first show that y is well-defined.
The proof is technical and involves the geometric and combinatorial properties of
elementary subdivisions. Then, we show y is injective and conclude the proof of Propo-
sition 4.3.12.

Lemma 4.3.13. Y is well-defined i.e. if{gl-}?gl is an explicit basis of K, then {)((gl-)}f.jz"1 is
an explicit basis of K'.

Proof. First, y(g;) is a cycle, because g; is a cycle and y a chain morphism. Therefore,
{ )((g;l-)}'f:”1 is a family of §,, cycles of K’. We now show that it is a homology basis i.e.

that {[X(gl-)]K'}énl is a basis of H,,(K").
1=

As H,(K") ~ H,(K) has dimension f3,,, it is sufficient to show that {[)((gi)]K'}ﬁ is

n
i=1

linearly independent.

6Notice the slight difference between K*, where we consider all the faces, and the down-induced
complexes of Definitions 2.3.1 and 2.3.2, where we only consider the (n — 1)-faces. This difference
does not alter the proof, as both complexes have the same n and (n — 1)-chain groups, and so have
isomorphic n-homology groups.
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Thus, let (ei)?jl be coefficient such that Zfz"l eilx(g)1X = 0. This implies that
there is y a n+ 1-chain of K’ such that Zfz”l €ix(g;) =0"y. As K’ has no n+ 1-cell, we
have y =0, so }:fjl €ix(g;) =0.

¥ is injective (by construction) and {gi}fjl is linearly independent, so { )((gi)}fz"l
is linearly independent. Hence, Vi,&; =0, so {[ )((gi)]K’}i"l is linearly independent.

As aresult, {)((gl-)}fz"l is a homology basis.

It remains to prove that { X(gi)}fjl is explicit. For simplicity of notation, we denote
Xi=x(g-

First, we prove that every ¥ ; has an element that is not in the other ;.

Recall the following property, implied by the fact that y; = g, —(g;,7)(7 — 1): for
every [, we have either 7 ¢ g; and y; = g;, or 7 ¢ g; and y; = (g;\{th) U T,.

{gl-}fz"1 is explicit, hence, fix j and choose 7 € g;\ U;» g;. There are two cases:

e if7; #7,then7;isin g_]-\{r} < X;j- Moreover, 7; is neither in T), nor in g; (for
i # j)sowehave 7; € ¥ ;\U;zj xi.

e if 7; = 7, then it means that 7 is not in every other g;. Hence, we have }; =
g;\thu T, and ; = g; for i # j. Let 7’ be a cell of T,,. Then we have 7’ €
}(_j\ Uj# i )E

Second, we prove the second property of explicit bases. Consider K'* the geomet-
ric subcomplex of K’ generated by the cells of {y; f:”l and all their faces®. We show
that 8, (K'Y) = B,.

To prove that, consider K€ the geometric subcomplex of K generated by the cells
of {gi}fjl and their faces®. We show that H,,(K'Y) = H,,(K®).

Denote G and X the set of cells of K& and K4, respectively. In particular, we have
Gp:= u?jlg_i and X, := Ufjlﬁ. Moreover, concerning their geometric realization
we have |K8| = |G| and |K'*| = | X|. There are two cases:

* 7 ¢ G,: then it means that for all i, (g;,7) = 0. Hence, for all i we have g; = y;,
therefore K& = K'*. Hence, H,,(K'¥) = H,,(K®).

* T € Gy: in this case, let j such that (gj,r) #0,s0 ;= gj—T+L. As a consequence,
we have y; = (g_j\{r}) u T,. Hence, this yields X,, = (G,\{7}) u T),. By closing
under the face operator, and because the faces of 7 are contained in the faces of
cellsin Ty, we obtain X = (G\{r}) u T. As a result:

IK¥| = |X] = [(GMrH U T| = |G\{z} | U|T]|
=|G\{t} u|T| by Definition 4.3.3
= |G| = |K®|

K& and K’ are a geometric complexes, we have

Hp(K'™M) = Hy(IK'*)) = Hy(IKB) = Hp (K®)

156



4. Beyond Standard Homology Information — 4.3. Homology Configurations

{gi}f:”1 is explicit so H,(K#8) has dimension f,. As H,(K'*) ~ H,(K?8), we finally get
IBn (K/X) = ﬁn O

Once jy is well-defined, we can define [¥] using Lemma 4.3.7. Then, the injectivity
of [y] is a direct consequence of the injectivity of y.

Proof. [Proof of Proposition 4.3.12] Lemma 4.3.7 states that there is one and only one
explicit basis per n-configuration. Thus, the following function, that associates to
every n-configuration of K its corresponding n-configuration of K’, following ¥, is
well-defined:

[¥] : Conf,(K) — Conf,(K")

et | — [7(te)]

Next, ¥ is injective. Indeed, ¥ ({gi}fjl) =X ({fi}?jl) implies that there is a permu-
tation of indices ¢ such that y(g;) = x(£4(;))- As ¥ is injective, we have that g; = £4(;),

S0 {gl-}f:"1 = {fi}fz"l. It follows that [{] is injective as well. O

4.3.4.4. Building an injection from Conf, (K’) to Conf,(K)

Recall that (K’,0) = (K~ @ Span T,0) is an elementary subdivision of (K,0) = (K~ &
Span{t},0). Recall also that a n-tri-partition does not have any primary cell, as there
are no (n + 1)-cells. We define the following function:

p: TP, (K') — TP, (K)
®,5,0) — (8,5,0)

ifTnC=ix}: S:= SNK-
ifTnC=¢: 8:=(SNnK)uir}

= (C\{xY)ufr}
C

C:
With: { A
C:

We want to prove the following proposition.

Proposition 4.3.14. Let [p] be the function that associates to every n-configuration of
K’ its corresponding n-configuration of K, following p. [p) is well-defined, and is an
injection from Conf,(K’) to Conf,(K)

The idea is that p transforms a tri-partition on K’ into a tri-partition on K while
preserving the homology configuration. See Figure 4.22 for an illustration of p.

First, we show that p is well-defined, see Proposition 4.3.18. The proof of this
proposition uses Corollary 4.3.17, which shows that the two cases presented in the
definition of p are exhaustive. Corollary 4.3.17 requires the following lemmas about
Betti numbers in subdivisions.
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AN

A
DA

AN

TP, (K) TP, (K)

Figure 4.22 - [llustration of the function p.

Lemma 4.3.15. Let (K~,07) be a complex and (K,0) be the same complex with an
added q-cellt. In particular, K = K~ ® Span {1} and 0 coincides withd~ on K~. Then,
we have 4(K) < f4(K™) +1.

Proof. Let X~ = (B S,C) be a perfect HDVF for (K~,07). X :=(BS,Cu{r}) isa
HDVF for (K, d), as both boundary operators coincide on P and S. Hence, we have
Bq(K) < |CquiT} = fg(K7) +1. O

Lemma 4.3.16. Let (K~,07) be a complex and (K,0) be the same complex with an
additional set of cells T of dimensions lesser or equal to n = dim(K™). In particular,
K=K  ®SpanT and 0 coincides withd~ on K~ . Let X = (B, S, C) be a perfect HDVF for
(K,0). Then we have B,(K™) < ,(K) =T N Cyl.

Proof. Let (f, g, h) be the reduction associated to X. jship is invertible so there
exists an invertible submatrix jrnship (with IT < P). Hence, Rﬁ”s 7 is a valid opera-
tion for X. We define X' :=R]"5X = (P, §',C’) which is a HDVF for (K,d). Notably,
we have T,, < C), and C} = C, LU (T n'S,) (where T, denote the n-cells of T).

Denote (K,0) := (K~ ®Span (T\Ty),0) the subcomplex of K where the n-cells of
T are removed. (K,0) is a well-defined complex as 7 is the maximal dimension of K.
Define X~ = (P~,S7,C™) with:

P =P s =9 C =C\T

In particular, we have C,, = C,\(T' nCy)

X~ is a HDVF for the complex (K, 0). Indeed, it is a partition of the cells of K™
because T, < C), and (P',§,C’) is a partition of K. Moreover, as X’ is a HDVE we
have 0f_ = 6?,/ is invertible. Finally, this gives a bound for the n-th Betti number of
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al

Bn(K) =1C, 1 =1C,\(T N Cy)| = |Cul = 1T N Cpl
< Bu(K)—|TNCyl because X is perfect

The proofis concluded by using the fact that §,(K) = 8,(K"). Indeed, K and K~
have the same n-cells with the same boundary matrix: 0ig = dik;. Thus, they
have isomorphic n-homology groups. O

Now, recall our setting: (K’,d) = (K~ @ Span T,0) is an elementary subdivision of
(K,0) = (K~ @ Span{t},0), with dim 7 = n. The two previous lemmas imply:

Corollary 4.3.17. Let X = (B S,C) be a perfect HDVF of (K',0). Then |TnCy,| <1 i.e.
there is at most one critical n-cellin T.

Proof. Using Lemma 4.3.15: ,(K) < ,(K™) + 1. Moreover, by Lemma 4.3.16,
Bn(K™) < Bn(K") —|T N Cyl. Finally, as (K,d) < (K',8), we have §,(K) = B (K").
Combining these results, we get | TN C,| < f,(K) — f,(K7) < 1. O

Once we have Corollary 4.3.17, we can prove that p is well-defined.

Proposition 4.3.18. p is well-defined i.e. given X a n-tri-partition for K', p(X) is a
n-tri-partition for K.

Proof. Let X = (¢,S,C) be a n-tri-partition for (K’,d) and denote X := p(X) =
@,S,C). To begin with, Xisa partition of K,, because K,, = K- LU {1} = I?,’,\ T u{r},
and because (@, S, C) is a partition of I?,’q In addition, Proposition 2.2.5 and Corol-
lary 4.3.17 implies that the two cases in the definition of p are exhaustive.

We now show that X is a tri-partition. Please refer to Figure 4.22 to understand
the function p.

e Case TNC=1{x}. S=SnK-soSisa tree because S is a tree. We have:

ICl=1(C\{x) u{z} =C]|
= Bn(K') as (@, S, C) is a n-tri-partition of K’
= Bn(K) as K' is a subdivision of K

By cardinality, S is a maximal tree and X is a tri-partition of K.

e Case TnC =¢@. we first show that Sis a tree. Let x be a cycle in Span§ =
Span (SN K~) ® Span{r}. There exists 1 € Z and s € Span(Sn K~) such that
X=AT+s.

As x is a cycle, we have that y(x) = y(s) + x(r) = s+ tis a cycle as well. s € SpanS§,
moreover, as TN C = @, we have that T < S so t € SpanS. As a result, y(x) is

7R is the opposite operation of A, see GONZALEZ-LORENZO 2016 for more information about it.
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a cycle in K’ composed of cells of S, so it is equal to 0 as S is a tree of K’. By
injectivity of y, x =0.

Allin all, S is a tree, moreover, |C| = |C| = Bn(K") = B,(K) so Xisa tri-partition of
K by cardinality. O

Finally, we are ready to prove Proposition 4.3.14, which states that p : TP, (K') —
TP, (K) can be extended to [p] : Conf,(K’) — Conf, (K), which is injective. Precisely,
we first show Lemma 4.3.19, which relates the canonical cycles of X and p(X). Then,
we combine this lemma with Lemma 4.3.7, to prove that X ~/, X’ (in (K’,0")) if and
only if p(X) ~, p(X') (in (K,0)), which is enough to conclude the proof of Proposi-
tion 4.3.14.

Lemma 4.3.19. Let X = (@, S, C) be a n-tri-partition of (K',0) and letX=(g,§C):=
p(X) be its image under p. Let z (resp. 2) be the canonical cycle map of X (resp. X).
Then there exist a bijection v : C — C such that

Vy e C, Yo ZzZ(y)=zowl(y)

Precisely, we can choose y as follows.
« IfTNC=0,thenC=Candy:=id.
e IfTNC={x}, then C = (C\{x}) Lu{T}. Wesety (1) =x andy (o) =0 foro #1.

Proof. We consider the two following cases:

e CaseTNC=¢. C=CcK and S=(SNnK-)u{t}
Let y € C. Following Lemma 1.6.3, we decompose the cycle 2(y) in three parts:
Z(y) =y +(2(y), )7 + §, with § € Span (S\{1}). Hence, when applying y, we get:

X2(y) = x(y) +<2(y), )t + x(8)
=y+(Z(y), D)t + x(8) asyehatC<K soy#71
=y+(2(y),T)t+8§ asS\{T}cK-so1¢3$

As TnC = @, we have t € Span S. Moreover, § € Span (S\{r}h) < S. Thus, x2(y)isa
cycle composed of y € C plus chains of Span S. By Lemma 1.6.3, yZ(y) = z(y).

e Case TNC={x}. C=C\ixju{r}andS=SnK".
Letye C. Following Lemma 1.6.3, we decompose the cycle 2(y): 2(y) =y +35,
with § € Span § € SpanS.

First, consider the case y € C\{t}. In this case, both Y and § are in K~. Hence, we
obtain:

XZP) =x+x@) =y+5

Thus, yZ(y) is a cycle composed of y € C plus a chain of § € SpanS.
By Lemma 1.6.3, yzZ(y) = z(y).

160



4. Beyond Standard Homology Information — 4.3. Homology Configurations

Second, consider y = 7. TN C = {x} so we have that t = Y ;c7,, = K + t/, with
t' € Span T nSpan S. We get:

12@) =x(@)+ () =1+5§
=k+t+3$

Thus, y (1) is a cycle composed of x € C plus the chains of ¢’ and § that are in
SpanS. By Lemma 1.6.3, y2(7) = z(x). O

Proof. [Proof of Proposition 4.3.14] First, we prove that if X° and X! are two tri-
partitions for (K’,d"), then, X° ~/, X! if and only if p(X°) ~, p(X1).

Let X% = (¢,5° C?% and X' = (,S!,C!) be two tri-partitions for (K’,d"), with
canonical cycle maps z° and z' respectively. Denote X° = (¢, 8%, C?) := p(X?) and
X'=(g,8,CYH:= p(Xl) tri-partitions for (K, d) (by Proposition 4.3.18), with canon-
ical cycle maps 2° and 2! respectively.

Denote v : C° — C° and y; : €' — C! the bijections given by apply-
ing Lemma 4.3.19 to X° and X!.

We can now prove X° ~) X! < X ~,, X', In the following equivalences, we
use the notation “¢: C — C'” to mean that ¢ is a bijection from C to C'.

X0 X' = 3p:C0 Y vye®, 221K = 2l ppK

—=3p:C° =, vyec®, 2 =z'¢w by Lemma 4.3.7
—=3¢p:C°' =l vye®, y2woy) = xzlvioy) by Lemma 4.3.19
—=3¢:C° = C!, vyeC®, 201//51()/) = 211//1‘1¢(y) as y is injective
=3p:C° = C', vjel, 2P =2 ¢ =v7" Pwo
—=3p:C° = CLvyel®, 2K =12lemiX by Lemma 4.3.7

— X° ~,1X1

In particular, X ~), X’ = p(X) ~, p(X’). Thus, the following function, that
associates to every n-configuration of K’ its corresponding n-configuration of K, is
well-defined:

[p]: Conf,(K') — Conf,(K)
[X] — [p(X)]

Moreover, as p(X) ~, p(X') = X ~!, X', this function is injective. O

All in all, Propositions 4.3.12 and 4.3.14 prove Theorem 4.3.10, which we restate
here:

Theorem (combinatorial invariance of homology configurations). Let (K,d) and
(K',0") be two geometric n-complexes such that K < K'. Then, Conf,(K) ~ Conf, (K").
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4.3.5. Topological invariance and the Hauptvermutung

The Hauptvermutung (German for “main conjecture”) is a central question in geomet-
ric topology stated in the early 20th century. It asks whether two triangulations of the
same topological space have a common subdivision.

The conjecture comes from the work of Steinitz and Tietze in 1908 (STEINITZ 1908;
TIETZE 1908), and was believed to be true for several decades. It holds in dimension
1 and was proved in dimension 2 by Moise in the 1950s (MOISE 1952), who also
established that every 2-manifold admit a unique piecewise-linear (PL) structure up
to homeomorphism.

Moise also proved the conjecture for 3-manifolds, showing that every 3-manifold ad-
mits a unique PL structure MOISE 1952. However, in higher dimensions, the situation
is different.

A breakthrough came in the 1960s with work by Milnor and others, revealing that in
dimension = 5, the Hauptvermutung fails in general (MILNOR 1961). Counterexamples
were constructed using exotic spheres and the study of triangulations incompatible
with any PL structure.

Today, the Hauptvermutung is known to be false in general for dimensions > 4 (see
for instance FREEDMAN et al. 1990), but remains true in lower dimensions. In particu-
lar, BROWN 1969 proved that it is true for every simplicial complex of dimension < 3.

Theorem 4.3.20 (Hauptvermutung, BROWN 1969). Let K and K' be two n-dimensional
simplicial complexes (with n < 3) such that|K| and |K'| are homeomorphic. Then, there
exist two simplicial complexes K and K' such that:

« K<K.
« K'<K'.
K and K’ are combinatorially equivalent, i.e. there exists a bijection between cells

of K and K’ that induces a chain isomorphism between the combinatorial chain
complexes of K and K'.

This theorem implies that for dimension 3 or lower, every combinatorial invariant
is a topological invariant. In particular, this applies to homology configurations of
maximal dimension, as presented in the following theorem.

Theorem 4.3.21. The number of homology configurations in the maximal dimension
is a topological invariant for simplicial complexes of dimension lower than 3.

Precisely, if K and K' are two n-dimensional simplicial complexes (with n < 3) such
that |K| and |K'| are homeomorphic, then Conf,(K) =~ Conf, (K'). See Table 4.1 for a
classification of some low-dimensional complexes derived from Conf,, (K).

Proof. Let K and K’ be two n-dimensional cellular complexes (with 7 < 3) such that
|K| and |K’| are homeomorphic. Theorem 4.3.20 implies that there exist K and K’
that are combinatorially equivalent and such that K < K and K’ < K’. As K and K’
have isomorphic combinatorial chain complexes with isomorphic notion of cells,
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Figure 4.23 — 1-configurations of four 1-complexes. All these complexes are homo-
topy equivalent, but have different numbers of 1-configurations, illustrating the fact
that homology configurations can sometimes be more discriminative than homo-
topy. Intuitively, the number of configurations seems to measure how much holes
are related. A small number of configurations indicate that holes are somehow “inde-
pendent”, whereas a large number of configurations means that holes are somehow
“co-lateral”.

we have Conf;, (K) = Confn (K. By Theorem 4.3.10, we have Conf, (K) = Conf, (K
and Conf,,(K") = Conf, (K').
All in all we obtain Conf,,(K) =~ Conf, (K’). O

Homology configurations do not fit in the traditional hierarchy of topological invari-
ants. Indeed, although they come from homology, they can discriminate shapes that
are homotopy equivalent, see for instance Figure 4.23. On the contrary, there exist
shapes that are not homotopy equivalent, although they have isomorphic homology
groups and the same number of configurations. One such example is a torus com-
pared to the wedge sum of a spheres with two circles (sometimes called a “Mickey”).
Both shapes have isomorphic homology groups and possess a single 2-configuration,
but they are not homotopy equivalent.

K and K’ are = K and K’ are = K and K’ are
homeomorphic homotopy equivalent homologous

_——

K and K’ are homologous
and Conf, (K) = Conf,(K")

The study of homology configurations raises the broader question of finding and
understanding combinatorial invariants of cellular complexes, that is, properties that
remain unchanged under subdivisions of the complex. For instance, one may con-
sider as a related combinatorial invariant the number of elementary n-cycles. Other
potential examples may arise from graph theory, in the same manner as explicit bases
generalize strictly fundamental cycle bases for graphs. Such quantities constitute
natural candidates for topological invariants. Indeed, for complexes of dimension at
most 3, they are topological invariants as a consequence of the Hauptvermutung.

This leads to the following open questions.
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|Conf, (K)| (with n =dimK)
1 3 4 8 16

@D D

Table 4.1 - Classification of some CW-complexes K of dimension n =1 or n = 2, that
have exactly three n-holes. The complexes are classified depending on the cardinal
of Conf, (K). All the complexes of the n = 1 row are homotopy equivalent, but have
different numbers of 1-configurations, so they are not homeomorphic. Similarly, the
complexes of the n = 2 row are homotopy equivalent, but have different numbers of
2-configurations, so they are not homeomorphic.

Question 2. Does Conf,, (K) provide a topological invariant for complexes of dimension
n=4z?

Question 3. Can we derive a combinatorial or topological invariant from the homology
configurations of arbitrary dimensions?

Recall Figure 4.18 which illustrates that for general dimension g, Conf,(K) is not
preserved under subdivision. Despite this observation, we have the following conjec-
ture:

Conjecture 4.3.22. Subdividing a complex always increases its number of q-configurations.
In addition, after B, barycentric subdivisions, the number of q-configurations cannot
increase further.

Other general open questions include:

Question 4. How can homology configurations be defined in the setting of singular ho-
mology? In particular, for a geometric complex K, do we have Conf,(K) =~ Conf,(|K|)?

Question 5. Can homology configurations be used to study knots and links?

A potential interesting case would be to compute configurations of bonded links
and their complementary. See for instance DIAMANTIS et al. 2025 for an introduction
to bonded knots and links.

4.3.6. Computing homology configurations

In this part, we discuss the computation of homology configurations. In particular, we
present the graph of n-configurations, and give some bounds for the complexity of its
computation.

164



4. Beyond Standard Homology Information — 4.3. Homology Configurations

The graph of homology configurations in maximal dimension
To begin with, we prove two lemmas that shows that Conf, (K) can be equipped with
a graph structure.

The following lemma states that every n-configuration defines a connected sub-
graph of the graph of perfect HDVFs (whose vertices are HDVFs and whose edges
correspond to operations).

Lemma 4.3.23. Given two perfect HDVFs in the same n-configuration, there exists a
sequence of validW operations that transform the first HDVF into the other while staying
in the configuration.

Proof. Let X ~, X' be two perfect HDVFs for K. Every critical n-cell y of X is
associated with a critical n-cell Y’ of X', such that [g(y)],, = [g'(y")],, which implies
g(y)=g'(y)) by Lemma 4.3.7.

Whenever y' # y, we can transform X with w)’:, operations until we obtain X'.
Every wz, is a valid operation as (g(y),y’) # 0. We now prove that these w; operations
preserve the configuration.

We have g*(y') = Y.;cc(g(1),y')r. However, vy is the only cell of C such that
(g(1),Y"y # 0, otherwise this would contradict that fact that f'g = jo g is a per-
mutation matrix.

Hence, we obtain g*(y' —y) = g*(y) — g*(y) = 0. By Proposition 4.3.5, every wz,
operation transforms the HDVF without changing the configuration. O

The second lemma shows that W is actually well-defined over configurations: if a W
operation send a HDVF X to a n-configuration @, then any HDVF X’ ~,, X can be sent
to a by a W operation.

Lemma4.3.24. Let X and X' be two HDVFs such that X ~,, X'. For every valid operation
W) for X that modifies the configuration, there exists a valid operation wg, for X' such

thatWy X ~, W', X'.

Proof. Let X = (BS,C) ~, X' = (P',§,C") be two perfect HDVFs for K. Denote
¢ = f'g the permutation from the cells of X to the cells of X’. By Lemma 4.3.7, for
every n-cell T € C we have g(1) = g'(¢1). Let ¥ = ¢y, which implies g(y) = g'(y").

W) is valid for X so o € Sand (g(y),o) #0.

Because g'(y’) = g(y), we have (g'(y"), o) # 0. In addition, o € §'. Indeed, other-
wise o would be in C'. This would imply ¢ = ¥/, because o € g'(y") and Y’ is the
only cell of C' in g’(y’). In this case we would obtain g * (¢ —7y) = 0, which would
contradict the fact that W), modifies the configuration of X (by Proposition 4.3.5).

As aresult, o € §' and (g'(y"),0) #0, so wZ' is a valid operation for X’.

Denote X =W), X and X’ = WZI X'. We now prove that these two HDVFs induce the
same n-homology basis.

By Lemma 1.6.8, we have g(x) = z(x) — é(z(x) — x,0)g(y), with & = (g(y),0) L.
Similarly, &' (x) = 2/ (x) — {(z'(x) — x,0) &' (y"). Note that the coefficient ¢ is the same
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in both expressions because g(y) = g’(y). In addition, we have C = (C\{y}) U {o} and
C'=(C"\y'Hulo}.

We obtain the following equalities between the generators induced by X and X'.
Let 7 € C\{y} and ¢t € C'\{y'} be its corresponding cell, then

§m)=g(m)-¢glv)-1,0)8(y)

=g —¢(g),0)8(y) asTeCbutoesS
&' (1) = g' (1) - (g (1) - 1,00 g (7))

=g(1) - &(g(r) —Pp1,0)8(Y) because g'(¢7) = g(r) and g(y) = g'(y")

=g(1) —¢(g(1),0)8(y) as¢preC butoe s
Moreover,

8(0) = z(0) — &(z(0) — 0,0)g(y)

=8 as z(0) =0
g'(0)=27(0)-¢(Z (0)-0,0)8' ()
=gy asZ'(0)=0and g(y) =g'(y)
Hence, {§(1)}, . is equal to {§' (1)}, ¢ 50 X ~p, X'. O

All in all, Lemmas 4.3.23 and 4.3.24 implies that Conf; (K) can be equipped with
a graph structure. The vertices of this graph correspond to configurations, and two
configurations A and B are connected by an edge if there exists a valid W-operation
transforming a HDVF of A into a HDVF of B. Equivalently, by Lemma 4.3.23, two
configurations A and B are connected if, for every HDVF X of A, there exists a valid
W-operation transforming X into a HDVF of B.

In addition, by Theorem 3.3.1, this graph is connected. See Figure 4.24 for an
example of such graph.

Computation and complexity of the graph of homology configurations
Using this graph, we can derive an algorithm for computing homology configurations

in maximal dimension:

1. compute a perfect tri-partition X in maximal dimension 7 for given complex K.
2. Perform a breadth-first search on the graph of Conf, (K), using W operations on the
tri-partition:

* use Proposition 4.3.5 to select W operations that change the configuration.

 Store the configurations that have already been processed (for instance, by
recording the critical cells of a representative tri-partition).

* Use Lemma 4.3.8 to determine whether two tri-partitions belong to the same
configuration, in order to avoid processing the same configuration multiple
times.
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Figure 4.24 — The graph of the 1-configurations of a 1-dimensional complex, which
has three 1-holes. On the left, each configuration is represented by an explicit
homology basis. On the right, each configuration is represented with a representative
HDVE

The algorithm terminates, as the number of configurations is finite. Moreover, because
the graph of configurations is connected, the algorithm enumerates all configurations.
Its time complexity is O(N?3 + N?|Conf,,(K)|), where N denotes the number of n-cells
of K.

Since each n-homology configuration represents a unique explicit n-homology
basis (by Lemma 4.3.7), this algorithm can also be used to compute minimal explicit
n-homology bases.

In the case of complexes of dimension 1 (i.e. graphs), this yields an algorithm with
complexity O(N® + N?|Conf,(K)|) to solve the problem of computing minimal strictly
fundamental cycle bases, which is known to be NP-complete (DEO et al. 1982), even
for planar graphs (REICH 2016). Thus, this prove that, in general, |Conf, (K)]| is not
bounded by a polynomial in N (unless P = NP).

However, by definition, Conf,(K) is bounded by the number of bases of H,(K). As
we consider the field 2 = Z/27, we can use the formula of the sequence A053601(OEIS
FOUNDATION INC. 2026) counting the number of bases of Z/27P4, which gives:

1 ﬁﬁl( B i)
|Conf,(K)| < — 2P1 —2
I Ba' i=o

This highlights that the number of g-configurations mostly depends on 8, rather than

N. This bound also raises the following question:

Question 6. What are the complexes that produce the most q-configurations, given a
fixed 42

Looking at Figure 4.23, an intuition is that the more “co-lateral” n-holes are, the
more numerous the n-configurations are.

We present other open questions and conjectures related to the graph structure of
homology configurations. First, as the set Conf, (K) is a combinatorial invariant, it is
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natural to wonder if it is still a combinatorial invariant when equipped with its graph
structures. This could potentially provide a more accurate topological invariant.

Conjecture 4.3.25. Let K < K’ be n-dimensional complexes. Then, the graph associated
to Conf, (K) is isomorphic to the graph associated to Conf,(K').

Regarding the computation of configuration, in lower dimensions, it is still possible
to enumerate all homology configurations by exploring the entire graph of perfect
HDVFs. However, this approach is not efficient. This motivates the following open
question:

Question 7. Can homology configurations in arbitrary dimension be equipped with a
graph structure, similar to the one defined in maximal dimension?

Finally, the graph of n-configurations appears to be related to certain classes of
graphs, namely flip graphs. For instance, the graph of Conf, (K) for the complexes
with 16 configurations in Table 4.1 directly corresponds to the flip graph of spanning
trees of the complete graphs with 4 vertices (for an illustration of this graph, see for
instance Figure 1(g) in MUTZE 2022).

Question 8. How are the graphs of homology configurations related to flip graphs of
spanning trees?

Topological operations and configurations

To conclude this section, another way of computing homology configurations would
be to understand how standard elementary topological operations modify homol-
ogy configurations. We did not investigate this question yet, but we provide two
conjectures, which are illustrated in Figures 4.25 and 4.26.

AT
/M’ "v.‘

GO

000

Figure 4.25 — [llustration of Conjecture 4.3.26: Conf, (Susp(K)) = Conf; (K)

Conjecture 4.3.26. The suspension operation lifts the configurations one dimension
up: Vq =1,Conf,(Susp(K)) = Conf,(K).

Conjecture 4.3.27. The configurations of a wedge sum K v K' (i.e. a one point union) is
the Cartesian product of the configurations of K and K': V q, Conf, (Kv K') = Conf,; (K) x
Conf, (K").

More generally, gluing two complexes onto a p-cell (that is not a cycle) results in a
Cartesian product of the q-configurations, with q > q.
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Ov-o-v = 5oY

800 906 6°6 9°6
0600 O 00688 gopeosoos0os
600 Go6 gob gob

Figure 4.26 — [llustration of Conjecture 4.3.27

4.4. About the Constructiveness of Homology
Morphisms

In this section, we formalize the concept of isomorphisms constructible by HDVF in
the case of homology-cohomology duality and combinatorial duality. This section
also establishes a bridge between Section 4.2 and Section 4.3.

4.4.1. Constructible homology-cohomology isomorphisms

It is a well-known property that, when they are finitely-generated, the g-homology
group of a complex is isomorphic to the g-cohomology group (over a field or when
no torsion arises). In our case, these two groups are Z/2Z vector spaces of dimension
B4- Hence, the set of isomorphisms from H,(K) to H7(K) is in direct correspondence
with the group GLg (Z/22).

As mentioned above, a perfect HDVF for K provides such an isomorphism. The
idea is that the homology group is in correspondence with the critical cells, which
are in turn in correspondence with the cohomology group. This is summed up in the
following commutative diagram:

fa°3q (190 fq
/_\,l /\,l
Hq(K) Spaan H9(K)
v f\/
(14084 ggos?

Definition 4.4.1. Given a complex (K,0), a homology-cohomology isomorphism
¢ : Hy(K) — H9(K) is said to be constructible by HDVF (or simply constructible, for
short) if there exists a perfect HDVF X, with reduction (f, g, h) such that ¢ = [-]7f* f's,,.

As every complex admits a perfect HDVE the set of constructible homology-cohomology
isomorphisms is nonempty. However, as illustrated in Figures 4.27 and 4.28, depend-
ing on the complex, some homology-cohomology isomorphisms are not constructible.
This observation is mainly related to Section 2.3.4 and homology configurations.

In the following proposition, we show that these constructible isomorphisms are
partly characterized by the homology configurations of K.
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Proposition 4.4.1. Let X and X' be two perfect HDVFs, with reductions (f, g, h) and
(f',g', 1), for a complex K. Then,

f'g isorthogonal < [17f* fsq=[19f"f'sq
Proof. Suppose [’g is orthogonal, then id = g* f'* o f’g so we have:

L1 fsq=117f"g" [ o f'gfsq

[19(id - 0h—hd)* f"" o f'(id—0h — hd)s,; by reduction properties
[.

[.

19(id—h* o) f”" f'(id - 0h)s, as []90* =0 and 0s, =0
1977 f'sq asd* f'" =0and f'0=0

Conversely, suppose that [-]7f* fs, = [19f"" f's4, then we have:

[170f* =170 f"" o flos4[1g08
[17ef" =110 "o f'g
id=g*f'" o f'g = f'g orthogonal O

Thus, by Lemma 4.3.2 and since permutation matrices are orthogonal, two HD-
VFs belonging to the same configuration induce the same homology-cohomology
isomorphisms. This immediately yields the following corollary:

Corollary 4.4.2. Thereis a surjection from q-configurations to constructible g-homology-
cohomology isomorphisms. Thus, for every complex K, the number of constructible
q-homology-cohomology isomorphisms is bounded above by |Conf, (K)|.

This corollary is illustrated in Figures 4.27 and 4.28, which use the following conven-
tion: the examples only include groups that are isomorphic to Z/27?, for simplicity.
Hence, these groups contain only four elements, three of them being non-zero. We
represent each non-zero element with color red, blue or yellow. Isomorphisms are
represented with arrows of the corresponding color. The colors of the source group
are fixed, to help comparing different isomorphisms.

Remark. Every orthogonal matrix over Z/2Z of dimension at most 3 is in fact a
permutation matrix. Consequently, when f, < 3, the condition that f’g is orthog-
onal is equivalent to X and X’ belonging to the same configuration. In this case,
the constructible homology-cohomology isomorphisms are directly in bijection
with the homology configurations. This is false in general, see Figure 4.29 for a
counterexample when f, = 4.

4.4.2. Constructible combinatorial duality isomorphisms

Here, we recover the setting of the combinatorial duality (Section 4.2.3): (L,0) =
(k',0Y @ (K°,0% with L acyclic, and K! closed in L under 4. Let X° = (P, S°,C?)
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&2 g
s1e

non constructible
homology/cohomology
isomorphisms

constructible
K Confl (K) homology/cohomology
isomorphism

Figure 4.27 — Illustration of constructible and non constructible 1-homology-
cohomology isomorphisms. This complex has only one 1-configuration (repre-
sented with both an explicit homology basis and a compatible explicit cohomology
basis), so there is a unique constructible isomorphism H; (K) — H'(K). The five
other isomorphisms H; (K) — H!(K) are not constructible, and are displayed on the
right. Each isomorphism H;(K) — H LK) is represented with colored arrows from
non-zero homology classes to non-zero cohomology classes.

8-8-6 ©r8
e 06-86 &
s-848 65

constructible non constructible
Conf1 (K ) homology/cohomology homology/cohomology
isomorphisms isomorphisms

Figure 4.28 — This complex has three 1-configurations which produce three distinct
constructible isomorphisms. The three remaining isomorphisms H; (K) — H'(K)
are not constructible and displayed on the right.

and X! = (P1 St,CY be two perfect HDVFs for K° and K, respectively. By Theo-
rem4.2.6, a% ) , translates the isomorphisms Span C° g+1 — Span C}I into isomorphisms
Hg1(K%) — Hg(KY).

For clarity, an isomorphism D from SpanCy, | to SpanCy, is called a critical isomor-
phism, whereas an isomorphism a from Hg1 (K % to Hy(K 1Y is called a combinatorial
isomorphism.
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Figure 4.29 - A complex that admits less constructible isomorphisms H; (K) — H'(K)
than its 1-configurations. Indeed, the middle and right images show two distinct
1-configurations, both represented with a representative explicit bases. However,
the isomorphisms H; (K) — H'(K) induced by both this configuration are equal.
Precisely, the reductions of two HDVFs, one in each configuration, induce the matrix
f'g = J4— idy, with J; being the 4 x 4 matrix filled with 1s. In Z/2Z, this matrix
is orthogonal but is not a permutation. Thus, by Proposition 4.4.1, both HDVFs
produce the same isomorphism H; (K) — H'(K), although they are not equivalent.

Defining the constructible critical and combinatorial isomorphisms

The standard critical isomorphism is D;(O, and its corresponding combinatorial iso-

morphism is a = a)}g(l, (Dﬁ). D§; can be obtained as the reduced boundary of the
HDVF X = X% X!. It is possible to use this latter HDVF to build other critical isomor-
phisms. For instance, pairing C° cells to C! cells until X is perfect (i.e. a completion
process) provides a bijection between C° and C!, which in turn gives a combinato-
rial isomorphism. Note that this is how the homology quartets of Section 4.2.6 were
computed in practice.

More generally, a completion X’ of X provides a critical isomorphism. Indeed,
suppose that X = (BS,C) and X' = (Pu{x}, Sui{c}, C\{n,a}), with 1 € Csando € Cyyq,
i.e. X’ is obtained by performing a valid AZ operation. Then, the reduced boundary d’
of X’ can be computed from the reduced boundary d of X. If we denote IM:= Cq\{m}
and £ := C441\{0}, we have:

d'=dg —dg (dy)~'df

Note that d} is invertible because AJ is a valid operation. This computation actu-
ally corresponds to a Gaussian elimination of the boundary matrix, as explained
in GONZALEZ-LORENZO 2016(3.8). Therefore, performing a A7 operation consists in
performing the following matrix operation:

> o )
(dg dg) J;[ '_’(dg = '0 -1 ]_l-
dy dy) 1 0 dl-dg(dy) dZ] T

From this observation, we can define the constructible critical and combinatorial

172



4. Beyond Standard Homology Information —4.4. About the Constructiveness of
Homology Morphisms

isomorphisms, see Figure 4.30 for an illustration. Firstly, we define inductively the
constructible critical isomorphisms:

Definition 4.4.2. Given a pair (X°, X!) of perfect HDVFs for K° and K, we define the
critical isomorphisms constructible by (X°, X1) by induction:

1. Di; is constructible by (X% x1.

2. If D is constructible by (X°, X1), and D” # 0 (with o € C! and 7 € C?), then the
following isomorphism is constructible by (X 0 x1y:

o p)

T _ —
b 0 n) T with £:= C"\{o} and IT:= C°\{m}
0 Dy-Dg(D37) D} II

This isomorphism can also be written as:

D=3jzDig+3j5(D-Dis (D) jxD)is

Precisely, the constructible critical isomorphisms correspond to the pseudo-diagonalizations
obtained by HDVF completion, starting from the HDVF X = X%y X!,

o h % hh
Yo rn M 1]0]%
AYZ 1 2 B, ) Yo
% / 1y 1]y
D D
N
Y N . o N
X0 LY T M In
1o, 2 R -_
1 Y3 1 Y3
%2 L1 D D
X
)

D%,
A LR % %
@ i -
X! 011 17
D D

Figure 4.30 — An illustration of constructible critical isomorphisms induced by a
pair (X%, X1) of perfect HDVFs. Alternatively, this illustrates the possible completion
paths from X. Each A operation correspond to a Gaussian elimination. Note that
different completion paths lead to the same critical isomorphisms. For instance,
A% X and AQ X produce the same D. In total, there are only three distinct critical
isomorphisms constructible by (X%, X1), see Table 4.2 for their associated combina-
torial isomorphisms.

Depending on the initial form of Dig;, the number of critical isomorphisms that
can be constructed may vary significantly. In some cases, a wide variety of critical
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isomorphisms can be obtained, whereas in others only a few are possible. For instance,
if Dﬁ is already a permutation matrix, then the second rule of Definition 4.4.2 pro-

duces the same isomorphism. In this situation, Dﬁ is the only critical isomorphism
constructible by (X°, X1).

Considering constructible isomorphisms comes to a somewhat original question:
what are the possible Gaussian elimination processes? Gaussian elimination steps
are non necessarily commutative, hence, the combinatorics of constructible isomor-
phisms is much more complex than that of its individual steps. A simple heuristic
for estimating the diversity of constructible isomorphisms by a fixed pair (X°, X!) is
to count the number of entries equal to 1 in D§(1, On the one hand, a large number
of 1’s suggests that there are many possible Gaussian eliminations, potentially yield-
ing many constructible matrices D. On the other hand, when the number of 1’s is
small (close to the number of critical cells ICLI7 1), only a limited number of Gaussian
eliminations are available, resulting in fewer constructible matrices D.

Definition 4.4.3. A combinatorial isomorphism a : Hy11(K%) — H,(K?) is said to
be constructible by (X°, X1) if there exists a critical isomorphism D constructible by
(X°, X") such that a = a, (D).

More generally, given K° and K, a is constructible by HDVF if there exists perfect
HDVFs X° and X! such that a is constructible by (X°, X1).

First, a(l) is always constructible, by Proposition 4.2.2. Second, not all a are con-
structible, see for instance Table 4.3.

Isomorphisms constructible by (X?, X1)

Critical isomorphisms pX' = h ¥
D:SpanCJ — SpanC} xo = [ L]0
1111

Combinatorial isomorphisms
1
a%o (D) : Ho(K°) — Hy (K"

Table 4.2 — Critical and combinatorial isomorphisms that are constructible by
(X% Xx1) (see Figure 4.30). As Hy(K") and H,; (K") are all isomorphic to Z/27?, we
use the same illustration convention as for Figures 4.27 and 4.28. Each y; is colored
according to its corresponding homology class [g(y;)] below.

Characterizing constructible critical and combinatorial isomorphisms with
homology configurations

In what follows, we investigate the constructible isomorphisms and show that ho-
mology configurations partly characterize them. We still consider X! a perfect HDVF
for K, but we now consider two perfect HDVFs X and X’ of K°. Denote (f!,g', h),
(f,g, h) and (f', g, ') the reductions of X!, X and X'.
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Isomorphisms not constructible by (X?, X1)
% % %

Critical isomorphisms R 111 1% 1|1
D: ;) — ! . .
SpanC; — SpanC; EB anj 011

Combinatorial isomorphisms
1
@50 (D) : Ho(K%) — Hy(K")

Table 4.3 — Critical and combinatorial isomorphisms that are not constructible by
(X9 x1). Indeed, no completion paths of X = X0 X1 (see Figure 4.30) can produce
the critical isomorphisms displayed in this table.

Denote ¢5, = fy o 84 SpanC’ — Span C, which is an invertible matrix (with inverse
fq° 8- We have the following lemma:

Lemma 4.4.3. For all critical isomorphisms D : Span C — Span C'! we have

X (D) = a¥, (D$Y))

Proof.
1
ax (Dpx)=11'g'Dfg'f's’
=[1'g'Df(id—0°hn — h'd%s°
=[1'g'Dfs"—[1'g'Dfan's° as0°s°=0
=[1'g'Dfs" = af (D) as f0°=0 O

When X and X' are in the same configuration, ¢>§, is a permutation matrix, by Lemma 4.3.2.
This yields the following proposition:

Proposition 4.4.4. Suppose that X ~; X', then we have:
D is constructible by (X, X y — D(,b§, is constructible by (X', X by,

Proof. We prove this result by induction on D.
1. Suppose D = Df. Then, by Proposition 4.2.2 and Lemma 4.4.3 we have

oy (DY) =ap=ay (DY) =a} (DY)

1
Hence, as a},

1 is an isomorphism we have that D§, = Dcp§,, so it is constructible by
(X', XH.

2. Suppose that the following D is constructible by (X, X 1.

D=3jzDig+3j5(D-Dis(DF) " jaD)1s
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Where D is constructible by (X, X'), DT #0, o € C and 7 € C'. We prove that D¢,
is constructible by (X', X b, By induction, D(,b)}g, is constructible by (X', X b,

For simplicity, in what follows we write ¢ instead of gb))g,. By Lemma4.3.2, ¢ is a
permutation, so define ¢’ = ¢(0) € C'. Thus, we have the commutativity properties:
ig¢h = Ppi, and is¢p = ¢pis (with £ := C\{o} and ' := C'\{¢'}), which imply the
following equalities:

D¢ =3xDio¢+ jn(D=Dis (DF) ™ 5xD)is¢
= jxD$iy + i (D= Diy (DF) ™ jxD) pis
= DY+ 35 (DP-Dpisd™) (32Dis) " 52DP) 15
= (DO)T, + iy (Dp— Dpir (3xDie) ' 3D 15
= (DP)T, + i (Dp— Dpir (3 DPio) ™" 32DP) 15,

D¢ is constructible by (X', X!) (by induction), (DP)7, # 0 (because (D)7, = Dy,
DT # 0 and ¢ is invertible), ¢’ € C' and 7 € C'. Hence, we are in the second case
of Definition 4.4.2, so ng is constructible by (X', X L, O

Lemma 4.4.3 and Proposition 4.4.4 could also be proved, by duality, with two HDVFs
X and X' for K. We would have a’%, (D) = &, (¢>§§’D), andif X ~,41 X', then

Dis constructible by (X%, X) =  ¢¥ D is constructible by (X°, X").

Combining all these results with Definition 4.4.3, we obtain the following proposi-
tion:

Proposition 4.4.5. Suppose that X° ~g+1 Y? are perfect HDVFs for K°, and X' ~ q y!
are perfect HDVFs for K. Then, a combinatorial isomorphism « is constructible by
(X9, X1 ifand only if it is constructible by (Y°, Y'1).

Alternatively, homology configurations preserve the constructible combinatorial iso-
morphisms.

Homology configurations therefore provide a useful framework for understanding
the homology isomorphisms that can be obtained between an object and its comple-
ment, using HDVF completion processes. For instance, all constructible combinatorial
isomorphisms can be obtained by considering a single representative HDVF for each
configuration.

This observation directly applies to the case of Alexander duality, as well as to
the computation of homology quartets. The homology quartets produced by the
method described in Section 4.2.6 correspond to triplets (X 0 X1 W) such that ¥isa
permutation matrix constructible by (X 0 x1.

Proposition 4.4.5 partially answers the question raised in Section 4.4 concerning
constructible isomorphisms, although several open problems remain.
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Question 9. Can we define a meaningful notion of coherent homology quartet? If so,
how would this notion relate to that of constructible quartets?

4.5. Conclusion

Section 4.2 presents Alexander duality through a constructive approach based on HD-
VFs. First, HDVFs are used to explicitly construct a morphism between the homology
groups of a complex and those of its complement within a larger acyclic complex. This
result, referred to as combinatorial duality, is then used to prove a constructive version
of Alexander duality for geometric complexes. These approaches, based on HDVFs,
are constructive in the sense that they explicitly provide isomorphisms underlying
the considered duality. The latter duality is then used to derive a singular homology
version of Alexander duality, for simplicial complexes.

More generally, this illustrates that HDVFs provide a combinatorial framework for
explicitly constructing the morphisms involved in classical homological results. A
simpler example is the homology-cohomology duality. Again, this highlights how
HDVFs create a bridge between the homological and the combinatorial settings.

These constructions naturally raise several questions, in particular: which Alexan-
der isomorphisms can be constructed using HDVFs? Can such isomorphisms be
characterized?

Homology configurations, introduced in the following section, were initially studied
in an attempt to address these questions. However, the properties of homology con-
figurations slowly detached them from this original purpose, and established them
as an object of study in their own right. From their definition, homology configura-
tions allow us to classify HDVFs, explicit bases, and tri-partitions. This classification
provides a higher point of view on the possible homology computations on a given
complex. It has notably been shown that homology configurations coincide with
cohomology configurations, which echoes with the result established in Section 2.3.4,
and highlights the intrication between homology and cohomology computations.

A significant result is that homology configurations in maximal dimension are pre-
served under subdivisions of the complex. Unfortunately, this property does not hold
in general for homology configurations in intermediate dimensions. Combined with
the Hauptvermutung, this result implies that homology configurations in maximal
dimension is a topological invariant for complexes of dimension at most 3.

Although configurations do not come with a natural algebraic structure, configura-
tions in maximal dimension can be equipped with a graph structure. This structure
allow them to be computed more efficiently than by performing a depth-first search
on the graph of perfect HDVFs.

In conclusion, the study of HDVFs allows us to recover classical homological re-
sults in a constructive way, and also provides insights about the diversity of possible
homology and cohomology computations. This fact also suggests several directions
for future research. For example, what are the precise relationships between the
isomorphisms constructible via HDVFs and the homology configurations?
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Several open questions also remain concerning homology configurations. Do
maximal-dimensional homology configurations still give topological information
for complexes of dimension 4 or higher? Can we extract topological information from
homology configurations of intermediate dimensions? Can homology configurations
be used to study knots and links? For a more applied prospect, a better understanding
of homology configurations could potentially provide new insights about methods
that comprise several homology computations, such as multi-persistence or vines and
vineyards.

Homology configurations also open the broader question of combinatorial invari-
ants, i.e. structures that are preserved by subdivision of a complex. While this combi-
natorial approach to topology was common in the early of the 20th century, hoping to
find interesting topological invariant, it might be relevant to study this topic from a
computational perspective, with potential links with graph theory topics.
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5.1.

Introduction

In computational geometry, many works aim at analyzing, understanding or classi-
fying geometrical shapes. To carry out this task, they need shape descriptors, which
correspond to global or local information of the shape. Topology provides several
theoretical descriptors, a large amount of which are highly relevant in the field of
computational geometry. Among them, because of its computational properties, ho-
mology plays a major role. However, by definition, topology does not take into account
geometry. That is why, in order to compute relevant descriptors, a collection of works
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in computational topology aim at associating geometrical features to topological
holes, see for instance T. K. DEY, LI, et al. 2008; T. K. DEY, HoU, et al. 2019; SONG et al.
2025; CHAMBERS et al. 2015. Such topological/geometric descriptors are useful for
classification, as highlighted in CHAZAL, COHEN-STEINER, GUIBAS, et al. 2009.

The goal of this chapter is to extend previous works (see GONZALEZ-LORENZO, BAC,
MARI, et al. 2016) which introduced two geometrical measures for topological holes in
cubical complexes: namely the thickness and the breadth of a hole.

Intuitively, thicknessrepresents the “fragility" of a hole and where to break it. Breadth
represents the “size” of a hole and where to fill it. Thickness gives rise to a ball inside
the object, while breadth gives a ball outside the object.

In the initial paper, those measures where defined and computed in the context
of cubical complexes. However cubical complexes are topological structures that
inherently integrate a notion of distance and geometry.

The first aim of this chapter is to extend the definition for non cubical objects. In
addition, we propose ideas about how to geometrically measure topological holes,
both theoretically and computationally, on volumetric objects.

For this purpose, we largely use the notion of medial axis. The medial axis is
a well studied object that possesses both geometrical and topological properties.
We investigate the idea that the computation of the medial axis, and its associated
distance map, gives enough information to compute hole measures. Precisely, instead
of performing persistent homology algorithms on the analyzed object (which would
require a precise and expensive tetrahedralization), performing these algorithms on
the medial axis is sufficient to obtain the thickness and breadth of the holes of the
object.

We develop two different theoretical approaches, and implement a discrete version
of them for experiments. On the one hand, the link approach intends to compute
every thickness and breadth measures of an object as well as their homological link.
On the other hand, the medial axes approach is a theoretically founded method that
computes thickness and breadth measures without their homological link. This work
has partially been published in a special issue for the Symposium on Solid and Physical
Modeling in the Computer Aided Design journal, see GAZULL, BAC, et al. 2023.

The structure of the chapter is as follows. In Section 5.2 we define the hole-balls
in the continuous case. Section 5.3 introduces the medial axis and its properties.
Both of our approaches are described in Section 5.4 where we detail the theoretical
foundation of both methods. In Section 5.5 we present experimental results and
algorithmic stakes of our approach. Finally, Section 5.6 presents ongoing research
works, based on similar ideas, where we try to define and compute the “geometrical
shape” of a homological hole.
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5.2. Hole-Balls

Persistent homology can provide geometrical information if the filtration itself has
a geometrical meaning. As stated in the introduction, early works were carried out
by GONZALEZ-LORENZO, BAC, MARI, et al. 2016 to define and use such a geometric
filtration. However, these works heavily relied on the structure of cubical complexes.
In this section we define the hole-balls for general objects in the euclidean space,
using persistent homology and the signed distance function. Precisely, we consider
objects in the Alexandroff extension of R".

Definition 5.2.1 (ALEXANDROFF 1924). The Alexandorff extension of R" is R} := R"
{Pso}. R can be considered as a topological space by defining the opens of R” as the
opens of R” together with all the sets (R”\K) U {po}, where K is a compact of R".

More precisely, we are mapping R” to R by identifying all the points that are located
at infinity to a single point p... Particularly, we can consider that we have R"” c R.
This construction implies that R is homeomorphic to the n-sphere. This property is
mainly used to obtain an appropriate extension of Alexander duality in Section 5.4.3.

5.2.1. The signed-distance filtration

We now introduce the signed distance function and its associated filtration.

Definition 5.2.2. Given a set X in R, the signed distance function of X is the following
function:

sdfx: R! — Ru{zoo}
xe€X — —d(x,0X)
x€ X~ d(x,0X)

With d the euclidean distance in R? (that matches the distance on R”, and Vx, d(peo, X) =
00).

Definition 5.2.3 (sd f-filtration). We define %;(X) := sa?f);1 ([—oo, £D). (F:+ (X)) ter is a
filtration. We refer to it as the sd f -filtration. In mathematical morphology terms, this
filtration corresponds to erosion if ¢ < 0 and dilation if ¢ > 0.

The persistent homology of the sd f-filtration provides different holes, which can
be classified in four non-disjoint categories:

Early-birth holes, whose birth date is before 0.

Late-death holes, whose death date is after 0.

Late-birth holes, whose birth date is after 0.

early-death holes, whose death date is before 0.
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The holes we are interested in are those in the object at £ = 0, i.e. those in the in-
tersection of early-birth holes and late-death holes. We refer to them as the present
holes, they correspond to points in the upper-left quadrant of the persistence diagram
(see Figure 5.1). Other holes are referred as non-present holes, they also give some
interesting information, as highlighted in Section 5.5.3.

4%%@@@.@@

0 To Breadth
Death date

- Thickness
ts Birth date

Figure 5.1 — The sd f-filtration (in green) of the object X for eight different values:
(t1,...,13) with t5 = 0. The persistent diagram is displayed on the bottom left: X has
a 0-hole (born at before f; that does not die) and a 1-hole. Their respective balls
are represented on the right (breadth in blue, thickness in red). The persistence
diagram shows that two non-present holes appeared during the filtration, a 0-hole
with lifetime within [#,, #4] and a 1-hole with lifetime within [#3, #7].

5.2.2. Thickness, breadth and T B-pairs

In this general setting, works of GONZALEZ-LORENZO, BAC, MARI, et al. 2016 actually
appear as a special case (a discretization) of the sd f-filtration. Given a present hole
with birth date x and death date y, we define the thickness T := —x and the breadth
B := y of the hole.

Intuitively, the thickness of the hole corresponds to the fragility of the hole handle.
The breadth, on the other side, corresponds to the size of the hole. Those measures
can be associated with balls: the T-ball (respectively the B-ball) is the ball of radius T
(respectively B) whose center is the point that induced the birth of the hole at time — T
(respectively the death of the hole at time +B). Such points are called fopologically
critical points and play a key role in our work. We refer to T-balls and B-balls as
hole-balls. See Figure 5.1 for an illustration of this concepts.
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Remark. In general, the topologically critical points are not unique (consider for
instance a tubular annulus, with constant width). Though, SONG et al. 2025 proves
that signed distance functions generically induce finitely many non degenerated
critical points. In this case, the hole-balls are uniquely defined.

In the persistence diagram of the sd f-filtration, two different information are pro-
vided. On the one hand, the thickness and breadth values, on the other hand their
homological relations which state which thickness corresponds to which breadth. We
define the notion of T B-pair to integrate this subtle topological information. A T B-
pair is a thickness value together with the breadth value corresponding to the same
homological hole. Having only thickness and breadth values without every T B-pairs
results in what we call a partial persistence diagram (see an illustration on Figure 5.2).

1 1
- T —— o = w w wow— w
| : 1 Breadth
l \ Death date
| 1
| | 1
T +—_———
1 1
I |
1
1 |
! |
1 1, - Thickness
Birth date

Figure 5.2 - Two objects (left) that have the same partial persistence diagram (right).
They have different T B-pairs: in the first shape, the big B-ball is associated with the
big T-ball whereas it is not the case in the second one.

The aim of this chapter is to study the properties of such hole measures and provide
algorithms to compute them for nD shapes.

5.3. The Medial Axes

We now introduce the medial axis, a well known construction that carries both geo-
metrical and topological information. The medial axis and its related constructions
are used in practice in geometry processing for several purpose. One of its main appli-
cation is shape reconstruction, see for instance PEETHAMBARAN et al. 2018; AMENTA
and BERN 1998; T. K. DEY, GIESEN, et al. 2005; CHAZAL and LIEUTIER 2006.

First, we introduce the medial axes, and define an extension for R”. Second, we
introduce the main topological property of the medial axis in Theorem 5.3.1. We then
derive a result about the homology of the medial axes of objects that are sufficiently
“regular”, see Theorem 5.3.3. Finally, we investigate the literature about the stability
and unstability properties of the medial axis. The computation of the medial axis is
discussed later, in Section 5.5.
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5.3.1. Definition

The medial axis of a set X is a geometric object that has a large number of characteri-
zations, see for instance TAGLIASACCHI et al. 2016. We use the following definition:

Definition 5.3.1 (Set of closest boundary points).

Ax :R" — 22(0X)
x—{sedX | d(x,s)=d(x,0X)}

Definition 5.3.2 (Medial axis). The medial axis 4 (X) of X is the set of points in R”
that have two or more closest points on 0.X:

M(X) = {xeR" | |Ax(x)| > 1}

For this work, we consider a set X c R} whose boundary X is nonempty and
bounded in R”. We thus require the following extension of the medial axis to R’.

Figure 5.3 — An illustration of the extended medial axis .4, (X). In green: X (left) and
X¢ (right). Inred: ./, (X). In blue: .4, (X) which equals to ./, (X°). R2 is mapped to
the sphere S? for visual clarity.

Definition 5.3.3 (Extended medial axis). The extended medial axis 4 .(X) of X is
defined as follows:
M (X) = M (X) U {poo} < RY

We define the inner medial axis . (X ) and the outer medial axis M (X) (see Figure 5.3
for an illustration) as:

M (X) =M (X)X
Mo (X) = M (X)X = M (XE)

5.3.2. Geometrical and topological properties

Geometrically, the medial axis is known to be unstable with respect to the Hausdorff
distance. Precisely, a small bump on the boundary of the shape can induce a spike
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on the medial axis. Despite this limitation, stability results have been proved. In
particular, CHAZAL and SOUFFLET 2004 proved that in 3D, .# (X) is stable under C?-
perturbations when 0X is C2-smooth. Recently, DAL Poz KOURIMSKA et al. 2025
established the Lipschitz stability of .4 (X) under ambient diffeomorphisms.

While our theoretical work does not rely on the stability properties of the medial
axis, it strongly relies on its topological properties. The main topological property of
the medial axis is the following theorem, by LIEUTIER 2003. Recall that we write A= B
iff Ais homotopy equivalent to B, and A = B iff A and B have isomorphic homology
groups. In particular A= B = A = B (see in HATCHER 2002, p.111, Theorem 2.10).

Theorem 5.3.1 (LIEUTIER 2003). For all open X bounded in R" we have M (X) = X.

This result is particularly strong because it does not require any regularity assump-
tions on X. For our theoretical work, we require an extension of Theorem 5.3.1 to
unbounded objects in R? that have a bounded boundary in R”. Unfortunately, the
proof of Theorem 5.3.1 can hardly be transposed for unbounded objects. For now,
we achieve to extend homological properties of the medial axis to a specific class of
objects that have some “regularity”" and can be unbounded (see Theorem 5.3.3).

Let us first briefly introduce subanalytic sets and their subsequent properties. Suban-
alytic sets form one of the central examples of tame topology, see VAN DEN DRIES 1998
for an introduction to tame topology. We give here a brief definition of semianalytic
and subanalytic sets, without details, please refer to BIERSTONE et al. 1988 for a proper
definition.

Definition 5.3.4 (Semianalytic and subanalytic sets). A semianalytic set is a subset of
R” define in terms of equalities and inequalities of analytic functions. A subanalytic
set is a subset of R” that is the image of a semianalytic set (of R, with m = n) under a
linear projection.

Proposition 5.3.2 (Properties of subanalytic sets). Let X and Y be subanalytic sets.

1. The closure X, the interior X, the boundary 0X, the complement R"\X and the
medial axis 4 (X) are subanalytic (Theorem 4.1 and 2.1 in CHAZAL and SOUFFLET
2004).

2. X is triangulable, its homology groups are finitely generated and it is locally con-
tractible (see HARDT 1976).

3. The union X UY, the intersection X N'Y and the Cartesian product X x Y are sub-
analytic.

We can now define a class of objects, encompassing a large variety of “real world"
geometrical shapes, and whose regularity will support further results in this chapter.

Definition 5.3.5 (Regular object). A set X c R is said to be a regular object if it satisfies
the following properties:

1. X is aclosed set of R” whose boundary is nonempty bounded in R".
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2. X is a subanalytic set.

3. M (X) is closed in R”.

Regular objects offer wide modeling possibilities while avoiding topological “mon-
sters” (due to 2. of Proposition 5.3.2). The third required property is the most restrictive
assumption in practice, because it discards objects with sharp corners. Though, it
allows smooth corners with arbitrarily large curvature.

We show the following theorem that states a homological link between an object
and its medial axes:

Theorem 5.3.3 (Medial axes homology). Let X be aregular object, then
M(X)EXE MXEX

First, we need Lemma 5.3.4. Given Y a nonempty closed subset of R” whose bound-
ary Y is bounded in R”, we define the following function:

py : M(Y) — Y
¥ — argmin(d(x,y))

xeY

Lemma 5.3.4. py is well defined and continuous.

Proof. py is well defined. Indeed:

 if ye Y: we simply have py(y) = y.

o If ye /. (Y)°\Y: then y ¢ Y so we have d(y,Y) = d(y,0Y) by closeness of Y.
Moreover y € .4, (Y)¢ (because . (Y) = M. (Y)U .. (Y)and #4,.(Y) < Y) so
Ay (y) has only one element which is py ().

Now we prove py is continuous. Firstly, remind that distance functions are continu-

ous. Take y € ./, (Y)° and (y,,) a sequence of .4, (Y)° such that y, — y.
By continuity of distance we have :

Ay, Y) = d(y,Y)

As we consider the sequence (py(yn))nen in the compact space R”, Bolzano-
Weierstrass theorem implies Adh((py (¥n))nen) # @. Let’s prove that

Adh((py (¥Yn))nen) = {py (W}
Let x € Adh((py(¥n))nen). There exists some subsequence i, such that

Vi Py (i) gy ¥, X) so by continuity of distance:
d(yi,, py (i) = d(y,x)

As d(y;,, Y) == d(y,Y) and d(y,, Y) = d(yi,, py (¥i,)), we have d(y,x) = d(, Y).
Moreover x € Y (by closeness of Y).
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Hence, by well-definition on py, x = py(y) and Adh((py (Vn)) nen) = {py (1)}
As aresult, py (yn) — py () therefore py is continuous. O

Theorem 5.3.3 can now be proved, using a deformation retract based on px.

Proof. [Proof of Theorem 5.3.3] Let’s X be a regular object. We can define the follow-
ing deformation retract:

H :[0,1] % M(X) — M (X)
ty) — tpx(N+A-0y
* H is well defined: Firstly, px is well defined. Indeed, by Definition 5.3.5-1, X isa
nonempty closed subset whose boundary is bounded in R".

Secondly, for every t and y we have H(t,y) € .4, (X)¢. To prove that, let y be
an element of ./, (X)°. Firstly, 4, (X)NX = @ so px(y) &€ M- (X). Let t €]0,1[
and let y; := H(t,y). For every x € R"” we denote B(x) the minimal closed ball
centered in x and intersecting 0 X. In particular, B(x) N0X = Ax(x).

If ye X, then y; ¢ M (X), so we consider the case where y ¢ X. As y, y; and
px(y) are aligned, we have that B(y;)  B(y), in particular, as Ax(y) = {px ()}
and Ax(y;) # @, we can deduced that B(y;) N0X = {px(y)}. This implies that

* H verifies the properties of a deformation retract from .4, (X)€ to X:

X € M.(X)F

HO =y
H(1,y)=px(y)eX
VivyeX, H(t,y) =y

H is continuous (by Lemma 5.3.4).

As a consequence ./, (X)€ = X. This directly implies:
M (X)X (5.1)

To conclude the proof, we want to use Alexander duality to “apply” the comple-
mentary operator on Equation (5.1). To do that, we use Corollary 5.4.3, an extension
of Alexander duality that is introduced later.

X and ., (X) satisfies the assumptions for Corollary 5.4.3. Indeed, X is a closed
nonempty subanalytic set of R} by Definition 5.3.5. Moreover, My (X) is closed and
subanalytic as it is the intersection of two closed subanalytic sets .4, (X) and X,
by Proposition 5.3.2. Lastly, ., (X) is nonempty because it either contains peo (if X
is bounded) or a point in R” (if X is unbounded).

Hence, using Corollary 5.4.3 on X and .4, (X) gives for all g, Hy(X) = Hy—g-1(X)
and H, (M. (X)4) = Hy g1 (M. (X)). Therefore, the homology isomorphisms
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of Equation (5.1) translates to:
M (X)X

XC¢isalsoa regular object. Indeed, if py, is in the interior of X, then X¢ =R"\ X is
subanalytic (Proposition 5.3.2-1). If p is in the interior of X¢, then X° = {poo}UR™\ X
is still subanalytic. po, can’t be in 0X because dX is bounded in R”. Therefore,
using Proposition 5.3.2-1 again, X¢ is subanalytic. Moreover, it is a regular object
because X = dX° is nonempty bounded in R”.

Allin all, applying the whole proof on X¢ gives ./, (X) = X. O

Allin all, the medial axes characterize the homology of an object and its complement

in the Alexandorff extension R7.

5.4. Computing Hole-Balls from the Medial Axes

5.4.1. Overview of our approaches

Computing the persistence diagram of the sd f-filtration and the topologically critical
points associated to each hole is sufficient to obtain the hole-balls. We show that
computing the persistence on a filtration built using the medial axis of our object is
sufficient to obtain these information.

1.

; - ‘ i ] axis filtration
: Medial axes | Medial axis
« approach computation ]
Outer medial Alexander

___________ Hole-balls @ @

3 Link filtration Medial axis > Link filtration

approach ¢ computation

Persistence diagram
(including T"B-pairs)

Inner medial Thickness-balls 0

Partial persistence
diagram

axis filtration

duality Breadth-balls @

Figure 5.4 — Overview of the two approaches for measuring holes.

We develop two approaches, which are summarized in Figure 5.4.

The first one is the link approach and is developed in Section 5.4.2. It consists in
building a single filtration that links the inner and outer medial axes along the sd f
values. We conjecture that computing the persistence of this filtration gives every
hole-ball and the full persistence diagram of the sd f-filtration. We can thus obtain
the T'B-pairs.

. The second approach is the medial axes approach and is developed in Section 5.4.3.

It consists in building two distinct filtrations: one based on the sd f-filtration
restricted to the inner medial axis, the other based on the opposite sd f-filtration
restricted to the outer medial axis.
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We show that every T-ball can be obtained from the persistence of the inner medial
axis filtration and every B-ball can be deduced from the persistence of the outer
medial axis filtration using Alexander duality.

In practice, this approach is faster because the total size of the inner and outer
medial axis filtration is smaller than the size of the filtration used in the link ap-
proach. Moreover, both persistence computations can be executed in parallel.
In addition, this approach has a stronger theoretical foundations than the link
approach. However, it only computes a partial persistence diagram and does not
provide the TB-pairs. This might not be a problem, as the user might only be
interested in the balls and not in their homological relations.

5.4.2. Link approach

ook L 1

Figure 5.5 — The link filtration (in green) of an object X. The sd f -filtration is shown
in grey and the outer medial axis in blue.

In the sd f-filtration, it appears that interesting homological information are lo-
calized on specific locations in space-time: topologically critical points and their
associated birth and death dates. Therefore, the whole sd f-filtration is not necessary
and we can focus on smaller sets. As the medial axis preserves homology and topo-
logically critical points (see Section 5.4.3), it appears as a good candidate to build a
simpler filtration.

The link approach was developed with the idea of reducing the sd f-filtration to its
crucial part. It consists in a single filtration that links the inner medial axis to the outer
one along the sd f values.

Definition 5.4.1. We define the following infinite bipartite graph Gx(V, E) of X with:

Vi= Mo(X) = M(X)UM(X)
E:={(¢,6) € (X)) x Mo (X) | Ax(&) N Ax (&) # 8}

We define the link function:

E:2V) - 2RY
C — Cu [J Conv(d

(¢,6)eENC?

189



5. Geometric Measures for Homological Holes — 5.4. Computing Hole-Balls from the
Medial Axes

Definition 5.4.2 (Link filtration). We define
& (X) =S (F(X) N M (X))
(& ¢ (X)) sep is a filtration. We refer to it as the link filtration (see Figure 5.5).

We conjecture that the link filtration provides the same persistence diagram as the
sd f-filtration and that it captures topologically critical points.

Conjecture 5.4.1 (Link filtration persistence).

D (F(X)) ter) = D (€ (X)) er)

In addition, the topologically critical points of (F (X)) er are exactly the intersections
of the topologically critical points of (¢ (X)) ;cp With the medial axes.

The conjecture is proved for ¢ < 0, as the link filtration coincide with the inner medial
axis filtration (F(X) N M+ (X)) ;<o introduced later in Section 5.4.3, see Theorem 5.4.8
and Proposition 5.4.9. Fortunately, experiments tend to validate the conjecture as
pointed out in Section 5.5. The main advantage of this filtration is that it can be
approached algorithmically using a Voronoi diagram, as explained in Section 5.5.

5.4.3. Medial axes approach

In spite of being essential for the computation of the T B-pairs, the link between both
medial axes is not necessary to obtain hole-balls. Moreover, this link proves to be
computationally expensive when dealing with the Voronoi filtration in practice. This
motivates the medial axes approach, in which we discard the link and build two distinct
filtrations: namely the inner and outer medial axis filtrations which respectively give
T-balls and B-balls (but do not provide T B-pairs).

This method also relies on deeper theoretical foundations, as it is based on Alexan-
der duality. Alexander duality has been investigated in Chapter 4. Let us recall here its
standard formulation.

Proposition 5.4.2 (Alexander Duality). If X is a locally contractible nonempty compact
of the n-sphere S™, then:

Vg, Hy(S"\X)~H"77'(X)

Alexander duality is an important tool in this work. It justifies that studying objects
in the Alexandorff extension of R" is more relevant than in R”. Indeed, as R} is homeo-
morphic to the n-sphere, Alexander duality can be considered in R?. Moreover, if an
object has finitely generated homology groups, its g-homology and g-cohomology
groups are isomorphic (see HATCHER 2002, Corollary 3.3). Therefore, using Proposi-
tion 5.3.2, we can deduce the following proposition:
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Corollary 5.4.3 (Alexander Duality variant). If X is a nonempty closed subanalytic set
of R%, then,
Vg, Hq (XC) = Hn—q—l (X)

5.4.3.1. Obtaining thickness balls from the inner medial axis

In this section, we deepen the link between the topology and the geometry of ., (X)
and X: the persistence diagram of the sd f-filtration on ] — 0o, 0] is the same as the one
obtained with the sd f-filtration restricted to M (X).

This result is stated in Theorem 5.4.8. It implies that computing the persistent ho-
mology of .4, (X) on ] —00,0] provides early-birth and early-death dates with their
associated topologically critical points and therefore the T-balls of X.

BeR.K.X .
3 dd

Figure 5.6 — The sd f filtration in R?: (%,(X)) te]-00,0] (@bove). The filtration of the
inner medial axis in R?: (./Z;(X)),¢|_og o) (DElOW).

Definition 5.4.3 (Inner medial axis filtration). Given ¢, we define .# (X)) =F(X)n
M+ (X). The sequence (M (X)) re]-o0,0] 18 a filtration. We refer to it as the inner medial
axis filtration. Note that this definition is similar to the definition of the A-medial
axis CHAZAL and LIEUTIER 2005.

Proposition 5.4.4. Given X aregular object and a filtration value t < 0 such that %;(X)
is nonempty:
M (F (X)) = M (X)

Proving this result requires the two following lemmas. Let t < 0 (case ¢ = 0 of
Proposition 5.4.4 is trivial). For simplicity we write %; instead of %;(X).

Lemma 5.4.5.
0F < sd fy' (1))

Proof. [Proof of Lemma 5.4.5] &; is open because sd f is continue and p, is in not
in 0X (0X is bounded in R”"). Moreover, the complementary of sd f~!([—oo, £[) in
R™ is sd f~1([t, +o0]).
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By definition, the boundary of an open T is 3T = T n T¢, where T is the closure of T
and T¢ its complementary. Hence, the boundary of &, is:

0F; = sdf~1([-oo, t) NnsdfL([t,+o0])

By continuity of sd f, the sd f value of a point in sd f~1([—oo0, t[) is in [—oo0, £].
Therefore, the sd f value of a point in 0.%; is in [—oo, t] N [£, +00] = {1}. O

Lemma 5.4.6.
Vce %, d(c,oX)=d(c,0F;)—t

Proof. [Proof of Lemma 5.4.6] Let us take ¢ in %;.

* We choose x € Ag,(c) and X € Ax(x). We have the following inequalities, by
triangle inequality and using the definition of Az, (c) and Ax(x):

d(c,0X)<d(c,x)<d(c,x)+d(x, %)
<d(c,F;)+d(x,0X)

X €0%;s0d(x,0X)=—tbyLemma 5.4.5. This implies:

d(c,0X)<d(c,F;)—t (5.2)

* Conversely, by contradiction, suppose
d(c,0X)<d(c, 0%, —t (5.3)

Then, let X € Ax(c). As d(c,0X) > —t >0, we define:

_d(c,0X)—d(c,0F,)—t

A:
2d(c,0X)

x:=Ac+(1-AN)x

Thus, we obtain:

d(c,0X)+d(c,0F;) +t
2
d(c,x) <d(c,0%;) using Equation (5.3).

dc,x)=1-MNd(c,x) =

So, as c is in %;, we have x € &%;. Moreover, we have:

d(c,0X)—d(c,0F;) —t
2
dx,x)<-t using Equation (5.3).

dx,x)= Ad(c,x) =

Thus, d(x,0X) < d(x, X) < —t, which implies x ¢ %;. By contradiction, we obtain
d(c,0X)=d(c,0%;) —t.

All in all, we obtain d(c,0X) = d(c,0%;) — t. O
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Figure 5.7 — Illustration of the different points defined in the proof of Proposi-
tion 5.4.4 and Lemma 5.4.6.

Proof. [Proof of Proposition 5.4.4]

. Proofoszt(X) CJ%Z(P/"}):
let c € 4;(X). We have directly c € .4 (X) so we choose Xy, X1 € Ax(c) such that
Xo # X1. As d(c,0X) > —t > 0, we define:

Xo = pc+ (1 —pXo X1=pc+(1—-wi

d(c,0X)

with H= E]Ov]-[

We easily have xq # x;. To prove c € M (F;), let us show that xy and x; belong to
Ag,(c). Let i € {0,1}. We only need to show d(x;, ¢) = d(c,0%;) and x; € 0.%;:

B .. dc,0X)+t
d(xi,c)=(1 H)d(c’xl)_—d(c,aX) d(c,0X)

=d(c,0X)+t=d(c,0%;) by Lemma 5.4.6

Moreover, we have d(x;,X;) = u d(c,X;) = —t. Hence, as X; € 0X, we obtain
d(x;,0X) < d(x;j, X;) < —t. This implies x; ¢ Z;.

x; isnotin &, but d(x;, c) = d(c,0%;) (with c € &;), therefore, x; belongs to 0.%;.
o Proof of M (F,) c M,(X):
let c € A4 (%,). We choose xg,x1 € Ag,(c) such that xo # x;. Let i € {0,1}. Let

X € Ax(x;). x; € 0F; so by Lemma 5.4.5 we have d(X;,x;) = —t. By triangle
inequality we have:

d(x;,c) =d(X;, x;) +d(x;,0) (5.4)
<-t+d(c,0%,)
<d(c,0X) byLemma5.4.6

As %; is in 0X we obtain d(c,0X) = d(X;, ¢) so X; belongs to Ax(c).

193



5. Geometric Measures for Homological Holes — 5.4. Computing Hole-Balls from the
Medial Axes

To conclude the proof, let us show that %y # X;: the triangle inequality Equa-
tion (5.4) is in the equal case, which means that X;, x; and c are co-linear. As
d(c,0X)>—t>0, we get:

Xo=pc+(1—puxo X1 =pc+ (1 —-pi

d(c,0X)

with p= €10,1]

Hence, we have Xy # X; since xp # x;. O

Proposition 5.4.4 implies the following property:

Corollary 5.4.7. Given X aregular object and t <0 such that F(X) # @:

F(X) = M(X)

Proof. %:(X) is a regular object. Indeed, it is closed with nonempty bounded
boundary, subanalytic (see CHAZAL and LIEUTIER 2005) and its medial axis is closed
(by Proposition 5.4.4). Theorem 5.3.3 on %;(X) gives:

M (F (X)) = F(X)

Combined to Proposition 5.4.4 we get the desired result. O

As a consequence, the sd f-filtration persistence diagram of X on ] — oo, 0] can be
obtained by performing the persistence algorithm on its inner medial axis.

Theorem 5.4.8 (Hole measures from inner medial axis). Given X aregular object of
R]:
D ((F: 00 se1-000) = 2 () 1) o0

The studied interval is | — 00, 0], so this diagram gives every early-birth and early-
death date, but we also need the ball centers in order to fully obtain the T-balls.
Fortunately, we have the following proposition, which can be deduced from results in
CAzALs et al. 2008; STERSMA 1996 stating that topologically critical points lie on the
medial axis.

Proposition 5.4.9. The topologically critical points of (% (X)) tej—00,0] are exactly the
topologically critical points of (A(X))

—00,0]*

As a result, the persistence algorithm of (J%Z (X)) el fully provides the T-balls.

—00,0]

5.4.3.2. Obtaining breadth balls from the outer medial axis

In this part we aim at capturing the persistence on [0, +oo[ (i.e. the B-balls, late-death
and late-birth dates) using the outer medial axis and Alexander duality. To begin with,
given our regular object X, we define the filtration of the complement:
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OC000®
OO0

Figure 5.8 — The sd [ filtration in R2: (F;(X°)) ;¢]_c0,0) (@bove). The filtration of the
outer medial axis in R%: (1(X)),¢)_o0,0 (below). R is displayed as the 2-sphere.

Definition 5.4.4 (sd f¢ filtration). (F;(X°)) e is a filtration. We refer to it as the sd f°
filtration (see Figure 5.8). Intuitively, erosions in the sd f-filtration correspond to
dilations in the sd f* filtration and vice-versa.

Theorem 5.4.8 states that the persistence diagram of the sd f-filtration of X on
] —00,0] can be obtained from the diagram of the sd f-filtration restricted to M (X).
Conversely, we now prove Theorem 5.4.12, which states that the persistence diagram
of the sd f-filtration of X on [0, +oo[ can be deduced from the diagram of the sd f¢-
filtration restricted to ./, (X).

First, we need the two following lemma. Applying Corollary 5.4.7 to X°¢ gives the
following lemma.

Lemma 5.4.10. Given X aregular object and t <0 such that #,(X°) # ¢:
F(X) = M (X

As in Section 5.4.3.1, this implies that the persistence diagram of X° on ] —o00,0] can
be obtained by computing the persistence diagram of the inner medial axis of X°.

Then, we use an extension of Alexander duality to deduce the persistence diagram
of X on [0, +oo[. Formally, applying Theorem 3.2 of KALISNIK 2013 to the filtration
(F1(X)) tef0,+00[ gives the following lemma.

Lemma 5.4.11 (Persistent Alexander duality).
D (Fe XD et so0t) = 2° ((F1X) 1 -o001)

Where 2°(-) stands for the dual of the underlying persistence diagram following Alexan-
der duality: the i-holes of coordinates (x,y) become (n— i —1)-holes of coordinates
(—y,—x) (with a special case for 0-dimensional holes).
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Remark. (%;(X))te(0,+00[ Satisfies the necessary assumption of KALISNIK 2013 be-
cause every %;(X) is subanalytic.

All in all, combining Lemmas 5.4.10 and 5.4.11, we obtain the following theorem.

Theorem 5.4.12 (Hole measures from outer medial axis). Given X a regular object of
R?,
D ((F100)sei0 +001) = 2 (LX) ) 00

In particular, computing the persistent homology on .4, (X) with the sd f-filtration
provides every late-death and late-birth dates of X.

To fully find the B-balls of X, we also need a proposition analogous to Proposi-
tion 5.4.9, which can be deduced from results in CAZALS et al. 2008; SIERSMA 1996
combined with Lemma 5.4.11:

Proposition 5.4.13. The topologically critical points of (% (X)) tej0, +0o[ aT€ exactly the
topologically critical points of (M(X°)) el but they appear in the reverse order.

—00,0]’

Hence, the persistence diagram of the outer medial axis .#, (X) with the sd f¢-
filtration induces every late-death and late-birth date of X with their critical points.
Therefore, it fully provides the B-balls.

All in all, computing the persistence of the inner and outer medial axes of X (using
their appropriate filtration) gives enough information to obtain every hole-ball of X.
Though, in general, this information is not sufficient to recover the whole persistence
diagram.

5.5. Implementation and Validation on 3D Objects

5.5.1. Discretization of our approaches

The medial axis is central in our work. For implementation purpose, a discrete repre-
sentation of the medial axis is needed. Since exact computation of the medial axis is
computationally expensive (CULVER et al. 2004), we actually approximate it.

Computation of the medial axis

The computation of the medial axis is still an active research topic, and many algo-
rithms have been proposed in the literature, as exposed for instance in TAGLIASACCHI
etal. 2016.

A large number of them rely on the notion of Voronoi diagram (and its dual the
Delaunay triangulation) of a sampling of the object’s boundary. The main idea is
that Voronoi vertices of a sufficiently dense sampling of X tend to lie close to . (X),
although exceptions can occur in R”, n = 3, see ATTALI et al. 2009. These methods typi-
cally filter the Voronoi diagram or select a subset of it. Such methods include AMENTA,
CHOI, et al. 2000; CHAZAL and LIEUTIER 2005; T. K. DEY and ZHAO 2004, as well

196



5. Geometric Measures for Homological Holes — 5.5. Implementation and Validation
on 3D Objects

as GIESEN, RAMOS, et al. 2011, which introduces the core, a related structure with
properties well suited to our work.

These methods usually provide topological guarantees under assumptions on the
initial sampling. Precisely, they require an ¢-sampling, with sufficiently small &,
see Definition 5.5.2 and Fig. 5.9. We also mention the method of WANG et al. 2024,
which computes an approximation of the medial axis from a power diagram, and then
revises it to correct its topological mistakes.

S |
\i\'/

Figure 5.9 — Three samplings of the surface and their Voronoi diagrams, together
with the resulting medial axes approximation in red (inner) and blue (outer). The first
sampling is a uniformly dense sampling. The second one is an £-sampling, whose
density adapts to the distance to the medial axis. The third one is a sampling not
dense enough to ensure topological correctness of the medial axes approximation.

Recently, learning-based approaches also emerged, such as KONG et al. 2024 and CLE-
MOT and DIGNE 2023, which computes the medial axis from an implicit neural repre-
sentation of the sd f. Other 3D medial axis computation methods include variational
approaches (HUANG et al. 2024), voxel-based approaches (YAN et al. 2018) or opti-
mization techniques (REBAIN et al. 2019).

The Voronoi filtration and the discrete medial axes filtrations

For our purposes, we require an approximation of the medial axes that both preserves
the topology of the input object and provides a structure for homology computations.
For this reason, we choose an approach based on the Voronoi diagram of a sampling
of 0X. Indeed, the Voronoi diagram induces a CW-complex structure on which we can
build filtrations and perform persistent homology computations. Moreover, it provides
topological guarantees when the sampling is sufficiently dense (see Section 5.5.4)
and gives enough information to capture the relevant topologically critical points
(see Section 5.5.5).

Regarding the link approach, the Voronoi diagram of a surface sampling directly
induces an approximation of the link function. More precisely, the duals of Delaunay
faces lying on 0X give an approximation of {. We define the Voronoi filtration, which
can be considered as a discrete version of the link filtration:
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Figure 5.10 — The Voronoi filtration of a sampling of 0 X, which can be understood as
the discrete counterpart of the link filtration in Figure 5.5. The blue points represent
the Voronoi vertices that approximate the outer medial axis.

Definition 5.5.1 (Voronoi Filtration). Consider the nD Voronoi diagram of a sampling
on 0X. We build a filtration by assigning a value to each Voronoi cell: the value of a
Voronoi vertex is its sd f value. The value of a g-cell c is defined as the maximum of the
values of its (g — 1)-dimensional boundary cells. The resulting filtration is called the
Voronoi filtration and is the discrete counterpart of the link filtration. See Figure 5.10
for an illustration.

Regarding the medial axes approach, we consider the medial axis approximation
given by the Voronoi cells that do not intersect 0.X. For sake of simplicity, we do not
apply any additional filtering to this approximation, unlike in CHAZAL and LIEUTIER
2005; AMENTA, CHOI, et al. 2000; GIESEN, RAMOS, et al. 2011, as we believe that such
filtering does not affect the resulting hole-balls. The inner and outer medial axis
filtrations are then defined using the sd f values assigned to Voronoi vertices.

Remark. In practice, these discrete filtrations based on Voronoi diagrams may fail to
converge to the desired T B-pairs, even when the sampling density tends to infinity.
To address this issue, it is necessary to refine the filtration by incorporating not only
Voronoi vertices but also Delaunay critical points, as discussed in Section 5.5.5.

5.5.2. Implementation and results

We implemented the two methods for 3D models in C++ using CGAL (THE CGAL
PROJECT 2025) for geometry and PHAT BAUER et al. 2014 for persistent homology. We
experimented our methods on different 3D models, mostly from the Thingil0k ZHOU
et al. 2016 dataset. We focused on objects that we regarded as topologically interesting
(non trivial shapes with multiple holes of different dimensions) and we used uni-
form samplings with different densities to build the medial axis approximation using
Voronoi diagram. The code can be find on a GitHub repository GAZULL, GONZALEZ-
LORENZO, et al. 2023.

Given a correct approximation of the medial axis, the results obtained using the
medial axes approach are valid. We tested the method on tricky objects such as the
knot Figure 5.14), which seems complicated but has only one 1-dimensional hole. We
also tested the method on egg-in-a-box Figure 5.12), which consists in a component
within another component. The algorithm returned the appropriate 0-dimensional
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Figure 5.12 — 0-dimensional (left) and
2-dimensional (right) hole-balls of egg-
in-a-box.

Figure 5.11 — 0-dimensional (left) and
1-dimensional (right) hole-balls of
triakis-tetrahedron.

Figure 5.13 — 0-dimensional (left) and Figure 5.14 - 0-dimensional (left) and
1-dimensional (right) hole-balls of a 1-dimensional (right) hole-balls of
hollow-cubic-ball. knot.

Figure 5.15 — 0-dimensional (left) and ~ Figure 5.16 — 0-dimensional (left) and
1-dimensional (right) hole-balls of 1-dimensional (right) hole-balls of
four-components with three 1-holes. eight.

hole-balls corresponding to the two components and the 2-dimensional hole-balls
corresponding to the inside of the box. We tested the approach on symmetrical objects
such as the hollow-cubic-ball Figure 5.13) and the triakis-tetrahedron Figure 5.11). As
expected, the algorithm returned 1-dimensional T-balls (respectively B-balls) with
almost exactly the same radii.

Given the same approximation of the medial axis, the link filtration and the medial
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axes approach gives similar results: nearly the same thickness and breadth values
and most of the time close ball centers. In addition, the link filtration provided the
expected T B-pairs. For instance, in the four-components object Figure 5.15), each
0-dimensional T-ball inside a component is related to the 0-dimensional B-ball that
links this component to the others. Similarly, the 1-dimensional T-ball of a holy
component is related to the 1-dimensional B-ball in the same component. In the eight
object Figure 5.16), each 1-dimensional T-ball is related to its tangent B-ball.

All in all, this provides an experimental validation of the Link approach, which is not
theoretically established (see Conjecture 5.4.1).

Notice that in some cases, the ball centers returned by the two methods are far apart.
This is due to the unstability of topologically critical points which might not be unique,
for instance on long portions with a constant distance to medial axes (as between the
rings in Figure 5.17 Figure 5.17).

Figure 5.17 — Comparison between the hole-balls computed by both approaches.
Two images on the left: 0-dimensional (left) and 1-dimensional (right) hole-balls
of two-rings using medial axes approach. Two images on the right: 0-dimensional
(left) and 1-dimensional (right) hole-balls of two-rings using link approach.

5.5.3. Non-present hole-balls also gives information

Both of our methods compute not only the actual holes of an object but also every
late-birth and early-death holes. It is possible to extend the definition of hole-balls to
these non-present holes, potentially inducing negative thickness or breadth.

Even though these holes are not present in the object, their hole-balls give interest-
ing intuitive geometrical information. For instance, non-present holes of dimension 0
can give a hint about how to segment an object in a meaningful way (see Figure 5.18(a)).
Non-present holes of dimension 2 can tell where the object looks like a “cage” and
where is the easiest place for a ball to escape it (see Figure 5.18(b)). It may be in-
teresting to investigate this idea a bit further, to maybe use our method for general
topological feature detection.

5.5.4. Limitation: obtaining an appropriate sampling

The major practical limitation to our approach is the quality of the sampling. In order
to obtain the theoretical homological guarantees that ensure the correctness of our
methods, we need a sufficiently accurate sampling. Precisely, the perfectly suited
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Figure 5.18 — Two images on the left: hole-balls of 0-holes (including non-present
holes) for hollow-cubic-ball and knot. Light blue balls are B-balls with B < 0. Two
images on the right: hole-balls of non-present 2-holes for hollow-cubic-ball and
triakis-tetrahedron. Magenta balls are T-balls with T <0.

sampling would be an e-sampling, that is, a sampling whose density varies according
to the distance to the medial axis (see Figure 5.9):

Definition 5.5.2 (GIESEN, RAMOS, et al. 2011). An e-sampling of the 0X isa set P c 90X
such that:
VxeodX,IpeP/ d(x,p)<e-d(x, M.(X))

It has been showed in GIESEN, RAMOS, et al. 2011; AMENTA, CHOI, et al. 2000 that
an e-sampling with € small enough provides topological guarantees. In practice, the
choice of density is important: a sampling not sufficiently dense would result in wrong
hole-balls (see Figure 5.19 and Figure 5.19), whereas an overly dense one could be too
computationally expensive.

Figure 5.19 — 1-dimensional T-balls (first image), 1-dimensional B-balls (second
image) of a gear obtained from an appropriate sampling. 1-dimensional T-balls
(third image), 1-dimensional B-balls (fourth image) of a gear obtained from a bad
sampling.

Unfortunately, computing an e-sampling is challenging, and the related literature
is sparse. An algorithm for such computation is proposed in BOISSONNAT et al. 2005.
It relies on the computation of a lower bound of the distance to the medial axis. In
practice, this lower bound is often obtained by approximating the medial axis itself,
which creates a circular dependence. An alternative sampling approach is proposed
in CHENG et al. 2004, which may also be suitable for our work. Another idea would be
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to run the full hole-ball algorithm on an initial small sampling, and then refine it near
the topologically critical points.

5.5.5. Catching the right ball centers

Using both methods with filtration defined by the sd f values at Voronoi vertices
can however result in balls not located exactly where they are expected to be. This
is due to the fact that some topologically critical points may not be approached by
Voronoi vertices, even though they belong to the induced medial axis approximation
(see Figure 5.20). This can happen even if the density of the initial sampling tends to

infinity.

(@) (b) () (d)

Figure 5.20 — Two squares and its medial axis in green (a), its topologically critical
points (b), the Voronoi vertices of a surface sampling (c) and the Delaunay critical
points of this sampling (d). The Voronoi vertices miss the central topologically
critical point (c) whereas the Delaunay critical points catch all of them (d).

Figure 5.21 — fwo-cubes object and its 0-dimensional hole-balls obtained with (left)
and without (right) taking into account Delaunay critical points.
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Inspired by GIESEN, RAMOS, et al. 2011; CAZALS et al. 2008; SIERSMA 1996, we
consider the following definition:

Definition 5.5.3 (Delaunay critical points). Given a Delaunay triangulation of a point
set P, a Delaunay critical point is the intersection point of a Delaunay face with its
dual Voronoi face (if the intersection exists). These critical points actually correspond
to topologically critical points of the discrete object P.

Despite the fact that topologically critical points are not approached by Voronoi ver-
tices in some particular cases, we conjecture that under some regularity assumptions
they can always be approached by Delaunay critical points (see Figure 5.20):

Conjecture 5.5.1. Let X be a regular object of R}. Suppose that for all €, P; is an
e-sampling of 0X. Denote T (P;) the Delaunay critical points induced by P,. Then for
all topologically critical points c of X,

e—0

d(c,T(Pg)) —0

We implemented an improvement of our methods that incorporates Delaunay
critical points within the filtrations. As computing intersections between Delaunay
and Voronoi cells is cheap, the extra cost is negligible. This improvement has been
tested experimentally without any wrong results (see Figure 5.21). Conjecture 5.5.1
would theoretically guarantee that our implemented methods indeed approximate the
hole measures, as increasing the sampling precision would make the balls converge to
the true hole-balls.

5.5.6. Complexity

The complexity of the algorithm highly depends on the initial sampling used to com-
pute the Voronoi approximation: the complexity of the persistence algorithm is O(m3)
where m is the number of cells in the filtration (see H. EDELSBRUNNER and HARER
2008). In our methods, m is bounded by the size of the Voronoi approximation of
the medial axis. Fortunately, if the sampling of size N is uniform enough, it is known
that the computation and the size of the Voronoi diagram is linear in NV (see AMENTA,
ATTALI, et al. 2007; DWYER 1991). This implies that the theoretical complexity in time
of our two methods is O(N3).

Fortunately, with a sparse matrix implementation, the persistence algorithm takes
less than a cubic time in practice: as pointed out in H. EDELSBRUNNER and HARER
2008 the running time is at most proportional to the sum of squares of hole lifetimes.
This gives a total complexity of O(8N?) where f§ is the number of holes and N the
number of samples.

It is worth noting that the medial axes approach is theoretically faster. Indeed,
the Voronoi filtration has a lot more cells than the discrete medial axes filtrations
combined (about the number of Delaunay cells that belong to the object boundary).
This is the counterpart of only computing a partial persistence diagram.
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Medial axes approach Link approach
3D model p N Total size | Filtration | Persistence | Size of | Filtration | Persistence
of filtrations | time (s) time (s) filtration | time (s) time (s)
gear 13| 11182 261 406 24.92 2.94 321825 16.81 10.40
four-components 7] 6536 145 166 12.47 1.70 181 405 8.35 5.69
hollow-cubic-ball 6 5434 108 674 9.74 1.57 126 513 6.83 4.19
triakis-tetrahedron | 12 | 3745 81178 6.42 1.32 100 751 4.16 3.05
knot 2 3200 74 896 6.02 1.19 91 325 4.13 2.83
egg-in-a-box 3 1727 27184 2.63 0.70 32011 1.62 1.01
two-rings 4 1000 22 564 1.54 0.64 26473 1.08 1.02
eight 3 315 7 396 0.51 0.29 8699 0.33 0.42
two-cubes 2 196 2300 0.25 0.11 2541 0.20 0.25

Table 5.1 — Summary of the experiments, comparing number of holes (f), sampling
size (N), filtration size (total number of elements in the inner and outer medial
filtrations combined, and number of elements in the Voronoi filtration), running
time for the construction of the filtration(s), and running time for the persistent
homology computation.

Table 5.1 aggregates the running times of our implementation of the two approaches.
As expected the persistence running time in the medial axes approach is lower than
in the link approach (about 3 times lower). Nevertheless, concerning the filtration(s)
construction, the medial axes approach is about 1.5 slower than the link approach,
due to our current implementation. We believe there is room for optimization in
our implementation, especially regarding the filtration(s) construction step, which is
currently much slower than the persistence step using PHAT.

5.6. Prospects: Defining and Computing Hole
Shapes

This small section briefly presents ongoing research that aims at defining and comput-
ing the “geometrical shape” of a hole, using the distance field flow complex. We focus
on the main ideas and intuitions, and omit technical subtleties.

Let X be an object in R". We denote by d f the unsigned distance function that
assigns to each point in R” its distance to the boundary of X. This function is not
smooth, as its gradient is not well defined on the medial axis. However, it is possible to
define a generalized notion of gradient on the medial axis that extends the “steepest
ascent” property of the classical gradient (see for instance GIESEN, RAMOS, et al. 2011;
SONG et al. 2025; T. K. DEY, GIESEN, et al. 2005).

We proceed as follows. Given a point x € R”, we define its driver d(x) as the center
of the smallest ball containing Ax(x). Then, the generalized gradient of d f is

x—d(x)

vd =
T =

and is zero whenever x = d(x).
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Points x such that Vd f (x) = 0 are called critical points. In general, such points do not
necessarily coincide with topologically critical points. However, it has been showed
in SONG et al. 2025 that for generic embeddings of manifolds, these two notions
coincide. In these generic settings, critical points are isolated and non-degenerate
and we can use standard results of Morse theory. In particular, every critical point x is
associated with a Morse index A, roughly representing in how many directions this
point is a maximum.

Figure 5.22 — A 2D object and its medial axis (top left). The top-right image represents
the d f-flow and its critical points, which are colored according to their Morse index
(red for index 1, yellow for index 2). The bottom image is the resulting d f-flow
complex, with cells colored according to their corresponding critical points.

The generalized gradient induces a flow, called the d f -flow which intuitively moves
points away from the boundary. By analyzing the asymptotic behavior of this flow,
we can define the associated flow complex (see GIESEN and JOHN 2008; CAZALS et al.
2008).

Definition 5.6.1 (flow complex). We associate to each critical point x the set of all
points that flow toward it, when flowing to infinity. This set is called the d f -flow cell
of x and is denoted by cy.

Under non-degeneracy assumptions, every ¢, and is homeomorphic to a ball of
dimension A1,: the dimension of the cell coincides with the Morse index. Moreover,
the set of all d f-flow cells defines a CW-complex structure on R”, called the d f -flow
complex. See Figure 5.22 for an illustration.

This flow complex admits a natural filtration: each flow cell ¢, arrives at time
d fx(x). This filtration is related to the classical d f-filtration, but it directly encodes
the locations and times at which topological changes occur. We conjecture that the
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persistence of this filtration recovers the persistence of the d f-filtration of X. Such a
result could improve the efficiency of our methods for computing hole balls.

Figure 5.23 — A Delaunay triangulation (top left), its dual Voronoi diagram (top
right) computed from a boundary sampling, and the resulting d f-flow complex
approximation (bottom). The Delaunay critical points (intersections of Delaunay
cells with their dual Voronoi cell) of index 1 and 2 are colored in red and yellow,
as well as their corresponding cells. Critical points that lie on the boundary are
discarded. Although this discrete complex has more noise than the ideal continuous
one in Figure 5.22, we expect that their persistence diagrams are close and that we
could filter non relevant topological artifacts.

Moreover, we conjecture that the flow complex can be approximated from a finite
sampling using the Delaunay triangulation. In this discrete case, critical points cor-
respond to intersections between Delaunay cells and their dual Voronoi cells. The
associated flow cells can then be approximated with unions of Delaunay cells. See
Figure 5.23 for an illustration.

This formalism could also provide geometric information about homological holes.
In particular, flow cells tend to fill holes in accordance with their geometry. This
approach is particularly valuable in dimension three and higher, see Figure 5.24. This
observation motivates the definition of a notion of “hole shape” based on the d f-flow
complex.

A possible idea would be to associate to each critical point a union of neighboring
flow cells. The shape of a g-hole would then be represented by a (g + 1)-dimensional
surface that fills the hole while respecting the geometry of the object.

We aim to develop a theoretical definition of hole shape, with maybe stability
properties. A challenge is to propose a definition in the general settings, where critical
points can be degenerate and non isolated. A promising idea is to use the notions
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Figure 5.24 — Examples of outer d f-flow complexes for three 3D shapes. Infinite flow
cells are omitted for clarity. Interestingly, 2-cells fill 1-dimensional holes according
to the flow and following the geometry of the shape.

of Conley index and Conley complex. We also aim to build algorithms to compute or
approximate these shapes for discrete data. These works constitute the subject of a
master degree research internship, conducted by Madhav CHERUPILIL SAJEEV.

5.7. Conclusion

We developed new methods to compute geometric measures of holes in volumetric
shapes. In addition we implemented it for 3D objects represented by a surface mesh.
Our approach is based on persistent homology and uses the notion of medial axis,
which provides a powerful link between geometry and topology. Both of our methods
intend to compute every hole-ball of the analyzed shape, and one of both also provides
the pairing between thickness-balls and breadth-balls. An advantage of our approach
is that it directly focuses on the part that carries the information we need: the medial
axis. From a complexity point of view, this is significant because the computation of
hole measures does not require an expensive triangulation of the space but simply a
discretization of the medial axes.

From a theoretical point of view, we extended the definition of hole measure to
arbitrary volumetric objects and put forward the theoretical links between geometry
and topology that are provided by medial axes and persistent homology. Yet, to fully
ensure the correctness of our methods, some conjectures about algebraic topology
and discrete geometry still remain to be proved (see Conjectures 5.4.1 and 5.5.1).

Future work and prospects

As highlighted in Section 5.5.4, the main practical challenge of our approach is to have
a sufficiently precise sampling. A future work would be to integrate an appropriate
sampling algorithm in the pipeline, so that the user only needs to provide a mesh of the
boundary of the object. More generally, more robust or theoretically founded medial
axis approximations could be used. Potential candidates include the core GIESEN,
RAMOS, et al. 2011 and the approximation proposed in WANG et al. 2024.
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From a validation perspective, it would be relevant to compute hole-balls on CAD
models of the ABC dataset KOCH et al. 2019 and compare them to the known geomet-
rical parameters of their holes. Intuitively, the hole measure should be consistent with
these parameters. This could be used as a formal topological method in CAD reverse
engineering.

Besides our current ongoing work about the definition and computation of hole
shapes, another relevant geometric hole descriptor is the notion of minimal gener-
ators. Minimal generators are homology generators that minimize a quantity (typ-
ically a length, area or volume depending on the dimension of the cycle), see for
instance OBAYASHI 2017; T. DEY et al. 2020. The extended notion of minimal persistent
generators was introduced in T. K. DEY, HOU, et al. 2019. They correspond to minimal
generators along a filtration and can be associated to points in a persistent diagram. It
would be interesting to put in parallel minimal persistent cycles, homology quartets
(see Section 4.2.6), hole-balls, and hole shapes, as they all provide complementary
representations of topological holes.
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Apart from the detailed conclusions of each chapter, we summarize here the three
global contributions of this thesis.

HDVFs as a theoretical framework to study the combinatorics of homology
computations

This thesis highlights that homology computations are not purely algebraic but also
inherently combinatorial. Homological discrete vector fields (HDVFs) provide a rele-
vant framework for studying homology computations from this combinatorial point of
view, as they encompass several standard computational homology methods (Smith
normal form, discrete Morse theory, persistent homology).

In Chapter 2, we prove that perfect HDVFs are equivalent to tri-partitions, another
computational homology structure defined from different combinatorial concepts
(trees and cotrees). This equivalence yields a deeper mutual understanding of both
structures.

We further show that the homology and cohomology bases obtained by HDVFs,
and by related methods, are constrained by combinatorics. More precisely, these
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bases coincide exactly with explicit bases, a class of bases that generalize the notion of
strictly fundamental bases in graph theory.

The HDVF framework also leads to constructive versions of classical homology
morphisms. In Chapter 4, we introduce a constructive version of Alexander duality
based on HDVFs. This particular construction also highlights that non-perfect HDVFs,
which correspond to partial homology computations, are also relevant for theoretical
purposes. More generally, these constructions raise the question of whether a given
homology morphism is constructible by an HDVE

Several research directions emerge from this combinatorial point of view:

* Extending this combinatorial framework to related subjects of computational topol-
ogy and homological algebra, including zigzag persistence, multidimensional per-
sistence, combinatorial Laplacians, Conley complexes, and chain homotopies.

* [nvestigating the role of combinatorics in practical applications that rely on ho-
mology computations, for instance hole-filling or hole-opening methods based on
homology generators.

* Extending HDVFs to homology over Z. This represents a major challenge, as the
greedy completion of HDVFs no longer holds, whereas it is a central ingredient of the
theory.

Studying homology computations from global points of view

This thesis investigates homology computations from multiple global perspectives.
In Chapter 3, we refine the relationship between HDVFs and persistent homology.

We show that every filtration induces a unique perfect HDVF and that every perfect

HDVF is induced by at least one filtration. Therefore, perfect HDVFs provide a higher-

level representation of filtration spaces and their associated homology computations.

More generally, our results suggest the following hierarchy:

filtrations — perfect HDVFs and tri-partitions — explicit bases — homology configurations

In addition, HDVFs can be organized into a graph whose vertices are HDVFs and
whose edges correspond to elementary swapping operations. Chapter 3 investigates
this graph both theoretically and experimentally. In particular, we provide a con-
structive proof of the connectedness of the graph of perfect HDVFs, and develop an
algorithm for navigating this graph to adapt a given HDVF to a given explicit basis.

From a higher point of view, homology configurations, introduced in Chapter 4, clas-
sify perfect HDVFs, explicit bases, and tri-partitions. They reveal additional properties
of homology computations. For instance, homology and cohomology configurations
coincide, highlighting the intricate relationship between homology and cohomology
computations. Homology configurations also provide a framework for characterizing
the homological morphisms constructible by HDVFs and related methods. Remark-
ably, configurations of maximal dimension define a combinatorial invariant, and thus
a topological invariant for complexes of dimension at most three. This illustrates how
the study of homology computations can reveal additional topological information.
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These global points of view raise several perspectives:

* Investigating further (both experimentally and theoretically) the global structure of
the graph of HDVFs.

* Refining our understanding of the interactions between the different levels of the
hierarchy, in particular the set of filtrations associated to a given HDVF or configu-
ration.

* Exploring alternative descriptions of the space of homology computations, for in-
stance through vines and vineyards or through matroid theory.

* Finally, homology configurations open the broader question of combinatorial in-
variants. It would be interesting to compare different invariants and study their
discriminative power. It would also be relevant to investigate what happens to them
in dimensions greater than three, where the Hauptvermutung no longer applies.

Representations of homological holes
A recurring theme of this thesis is the representation of homological holes.

The classical way of representing holes is with homology or cohomology generators
and bases. In Chapter 4, we introduce a complementary representation, namely the
homology quartets, based on our constructive version of Alexander duality. They
consist of four chains that intuitively surround, fill, traverse, and cut a hole.

In Chapter 5, we propose a geometric representation based on persistent homology.
This representation consists of two balls: the breadth ball, corresponding to the largest
ball contained in a hole, and the thickness ball, corresponding to the smallest ball
capable of opening it. We introduce two theoretical methods to compute them, based
on the medial axis. We then implement discrete approximations of these constructions
and discuss the associated algorithmic challenges.

These works raise several future perspectives:

* Addressing the sampling issues related to the discretizations of the methods of Chap-
ter 5.

* Defining and computing a geometric notion of hole shape. A challenge is to obtain a
definition that remains valid in the presence of degeneracies.

e Studying the classical problem of minimal generators and minimal bases, from the
perspective of explicit bases and homology configurations.

* Finally, it would be relevant to aggregate the representations introduced in this thesis,
both to compare them and to provide richer geometric-topological descriptors.
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A. Supplementary proofs

Lemma (Lemma 1.6.13). Let X = (B, S, C) be a HDVF for (K,0) with reduction (f, g, h).
Suppose that there is C* < Cy such that for all y € C*, g(y) is a cycle, and such that
(F ()/)]K)yec* is linearly independent in H,(K).

Then, there exists X' = (P',S', C') a perfect HDVF for (K, 0) such that X < X' and C* < C'.

Proof. [Proof of Lemma 1.6.13] Using the completion Corollary 1.6.11, there exists
X" =(P",§",C") a perfect HDVF for (K’,0) with reduction (f”,g", h") such that
Pc P"and Sc< S”, but a priori C* is not included in C".

The idea of the proofis to first show the injectivity of jcmnc+ o f” oiprnc+ and then

use it to find a set I' € C"\C* such that X' := er)"mc* X" is a valid operation.

1. First, we show that " o ic+ is injective:
Suppose that there is ¢ € Span C* such that f”(c) = 0. By Lemma 1.6.3, we write
g(c) = ¢+ s with s € Span S < Span §”. With Definition 1.4.2-5. we have:

glo)=g"f"glc)+0on"g(c)+h"dg(c)

=g"f"(c+s)+0h"g(c) because g =0

— g//f//(c) + g//f//(s) +6h//g(c)

=g"f"(c)+0h"g(c) as f"oigr=0and s € SpanS"”
=0h"g(c) e (K" because "' (c) =0

Hence, g(c) is aboundary in K’ so [g(c)]K’ = 0. By assumption, {[gq(y)]K'}Yec* is
linearly independent, and c € Span C*, therefore we obtain that ¢ = 0.

2. Second, we show the injectivity of jcrn g o f" o iprncs:
Suppose that there is ¢ € Span (P" n C*) such that jonc+ f"(c) =0. Asim f" ¢
Span C”, this implies that f”(c) € Span (C" n C*).

As f"oicn = idcr, we obtain that f”(f"(c)) = f"(c). As a consequence, we
have f"’(c— f"(c)) = 0 which implies ¢ = f"(c) by injectivity of f"oic« (1.).
However, we have c € Span (P”"nC*) and f”(c) € Span (C"nC*), so ¢ = 0 (because
P'AC" = ).

3. Third, we show that C* = (P"nC*)u(C"nC*):
By contradiction suppose y € S" n C*. We have g(y) € y + Span S by definition of
g for a HDVF (Proposition 1.6.1), hence we obtain g(y) € y + SpanS” as Sc §”.
Moreover, g(y) is a cycle (by assumption) so we have g(y) € kerdn (y + Span S”).

Hence, asy € S, g(y) is a cycle only composed of cells in S”, which implies that
g(y) =0 by Lemma 1.6.3. By injectivity of g, we obtain y = 0 which is impossible.
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As a result, S"nC* = @ and we obtain C* = (C* n P")u (C* n C") because
(P",8",C") is a partition.

Finally, we can define the suited HDVF X'

As jencr o f oiprnc+ is injective (2.), it admits a invertible sub-matrix of maximal
rank. Hence, there exists a subset I' € C"\C* such that jro jonc+ f"iprnc+ is an
invertible square matrix. Therefore, jro f” oiprycec+ is invertible, so by Defini-
tion 1.6.3, Mg,, ~c- 1s avalid generalized operation for X 48

To conclude, denote X' = (P',S',C') := M;,,nc* X", we have:

P'=P"uD\(P"'nC*) §=8" C=(C"uP"nCH)\I
e Pc P'because P< P"and Pn(P"NnC*) = .

e Sc S'because Sc §".

e C*c(C'because C*=(C"nC*Hu((P"'nC*)3)andI'nC* = @. O

Proposition (Proposition 4.3.9). Every subdivision K' of a complex K can be decom-
posed as a sequence of elementary subdivisions: K =K’ <K' <...< KN =K',

Proof. [Proof of Proposition 4.3.9] Let (K, 0) be a subdivision of (K, ), with inclusion
function i, y defined as previously. We order the cells of K by increasing dimension:
71,T2,...TN. Denote T := i_l(rj) cK'.

Let j € [0, N]. We define K/ := Ty u---u Tj U {7 j11,...,Tn}, and K/ =SpanK/. We
have K=K and KN =K.

We denote i : K/ — K/~! the cell inclusion and x/ : KI=! — KJ the corresponding
injective map, defined on cells and extended linearly:

. 7; ifoceT; ; (t;) ifo=r1;
ijl@)=3"1 ! UG ER G !
o otherwise o otherwise

Hence, composing y*s from k=0to k= jresultsin y' =/ := yJo.--oy! : K — KV:

; ifk<j

1—j T — X (Tk) 1 ]

xm { ith>j

We define 8/ : K/ — K/, defined on cells and extended linearly:

Oj(a) _ )(1_’j00(0) ifoel{tji,..., TN}
0'(0) ifoehu---uT;

We now prove by induction on j that (K/,87) is a well defined complex that is a
subdivision of (K/~!,8/~1). To do this, we need to prove that 8/ 09’ = 0, Iij_1 ()| =lo|

and 8/ y/ = y/8/71.
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Base case. (K°,0°) = (K,0) is a well defined geometric complex by assumption.

Induction case. Suppose that 0% 0% =0, li; ' (o) =|o| and 0%y * = y*ko%1 for all

k<j.

* First we have easily |i;!(0)| = |o|. Indeed, |17 (v )| = |Tj| = |i ' (z )| = |71. Oth-

erwiseif o #7;, 117 (0)] = l{o} = |o].

* Second, we prove 0/ 04/ = 0. Leto € KJ. First case: o € Tyu---uTj, then
0/ (o) = 0'(0). As the cells are ordered by increasing dimension, the cells of ' (o)
are alsoin T, U---u Tj. As aresult, 8/ (8'(0)) = 8'd'(0) = 0.

Second case: 0 € {Tj41,...,Tn}, then 8/ (o) = y' ~/d(0). Let us decompose d(0) =
X+, with x E.Span{rl,...,rj} and y € Span{t;.y,...,7n}. We have )(1_’16(0) =
)(1_’1 (x)+ Xl_’](y) = x(x)+y, with y(x) eSpanTj LI --- LU T;. Hence, we get:

3/ (0) =0/ y(x)+0/ (1) ="y () + '~/ a(y)
= y0(x) + ¥ "oy as y0=0'y
x € Span{rty,..., 7} so d(x) € Span{ry,...,7;} because the cells are ordered by

increasing dimension. Hence, yd(x) = y'~/d(x). As aresult, /07 (0) = y' 7 d(x+
y)=x'"7100(0) = 0.

Finally, we prove Of)(j = )(jaj_l. First case: 0 € Thu---uTj_1, then 0/"Y(o) =0 (0).
As the cells are ordered by increasing dimension, the cells of 4'(¢) are also in
Tyu---uTj_1,50(d'(0),7) = 0. Hence,

/077 0) =0 (0)
=0/ (0) asgeTyu-UTj

=0/ y/ (0) aso#T;j

Second case: 0 = 7. As the cells are ordered by increasing dimension, the cells
ofaf_l(rj) arein Ty U---U Tj_;. Moreover, the cells of d(7;) are in {7y,...,7;-1}.
Hence,

Yo trp=0""10)

:)(1_’11_16(1]0 ast;€{tr),..., TN}
=x0(t) as 0(t;) € Span{ry,...,Tj-1}
=0'y(t)) as y0=0'y
=y (r})

:Gj)cj(rj) asxj(rj)ESpanTll_l---uTj
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Third case: 0 € {Tj+1,...,Tn}, then dJ (o) = 7(1_’16(0). Hence,

ol x) () =0/ () =y~ d(0)
:)(jo)(j_l...)(la(U)
:onaj—lxj—lmxl(a) as k< j, akxk:xkak—l

=y/0/ (o) aso€frj,...,Tnt O
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Figure B.1 - Folding a dodecagon into a tri-torus. Acrylic painting presented during
the Illustration as a Mathematical Research Technique workshop at IHP in Paris, in
March 2026.
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Figure B.2 — PhD desk: proofs on post-its and mathematic trinkets.
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Figure B.3 — Continuous deformation of the complement of a torus in S® (a) into
two intertwined annuli (e), illustrating Alexander duality. S is represented with
two 3-balls (hemispheres) glued together along their spherical boundary. This
representation is known as the Gott projection. (') shows a cross-sectional view of
(a). (b) also includes a cross-sectional view, for clarity.
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Figure B.4 — A scan of the PhD companion notebook.
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